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Abstract

Nonlinear tracking control of unmanned underwater
vehicles �UUVs� in � degrees of freedom �DOF� is dis�
cussed� The ��parameter unit quaternion is used in
a singularity�free representation of attitude� Several
control laws based on a generalized Lyapunov func�
tion for the attitude dynamics are derived� including
feedback from the vector quaternion� the Euler rota�
tion vector and the Rodrigues parameter vector� A
new feedback gain matrix for translational motion is
also proposed� Lyapunov analysis is used in the track�
ing error convergence analysis� Extensions to adap�
tive control are made� The control laws are tested in
a simulation study�

�� Introduction

For rigid�bodies in � DOF the non�linear dynamic
equations of motion have a systematic structure
which becomes apparent when applying vector nota�
tion� This is exploited in the control literature� par�
ticularly in the control of robot manipulators� A non�
linear adaptive tracking control law exploiting the
passivity property of robot manipulators was derived
by Slotine and Li �Slotine � Li �	
��� Later exten�
sions to � DOF spacecraft attitude control were made
by Slotine and Benedetto �Slotine � Benedetto �		
�
in terms of the ��parameter Gibb�s vector �Rodrigues
parameter�� However� this representation contains a
singularity �Stuelpnagel �	���� so only local conver�
gence can be guaranteed�

In the attitude control literature it is common to use
Euler parameters� or unit quaternions� to represent
attitude� This is a ��parameter singularity�free rep�

resentation� The earliest results concentrated on set�
point regulation� see e�g� �Wie� Weiss � Arapostathis
�	
	� and the references therein� whereas the more
general problem of tracking has been discussed more
recently� Dwyer III �Dwyer� III �	
�� proposed us�
ing exact linearization to solve the attitude tracking
problem whereas Wen and Kreutz�Delgado �Wen �
Kreutz�Delgado �		�� used a scalar gain PD�control
law with feed�forward�

The results of Slotine and Benedetto �Slotine �
Benedetto �		
� was reformulated in terms of Eu�
ler parameters by Egeland and Godhavn �Egeland �
Godhavn �		�� in order to prove global convergence�
In the latter passivity was used in the convergence
analysis� and hence the feedback gain matrix was al�
lowed to be time�varying and positive de�nite�

In this paper� these two works are extended to track�
ing control of UUVs in � DOF� Nonlinear couplings
between the translational and rotational dynamics
due to rigid�body and hydrodynamic e�ects are con�
sidered� Lyapunov analysis for non�autonomous sys�
tems is applied to prove global convergence� This
work is also closely related to �Fossen � Sagatun
�		�� where Euler angles are used for attitude rep�
resentation� �Fjellstad � Fossen �		�b� where set�
point regulation is considered� and �Fjellstad � Fos�
sen �		�a� where similar tracking control laws have
been presented without utilizing the unit quaternion
group structure in the attitude error representation�



�� Mathematical Modelling

Kinematic Equations of Motion

The kinematic model describes the geometrical rela�
tionship between the earth��xed and the vehicle��xed

motion� The transformation matrix J�q� � R���
re�

lates the body��xed coordinate frame �B�frame� to
the inertial coordinate frame �I�frame� according to

�� � R� �H� � � R�
��

�� � J�q�� �
�

�x
�q

�
�

�
R�q� ����
����

�

�
U �q�

� �
v

�

�
���

where x � �x� y� z�
T � R�

is the I�frame position of
the vehicle and q � ��� �T�

T

� ��� ��� ��� ���
T � H is

the unit quaternion used to describe attitude� v �

�u� v� w�
T � R�

and � � �p� q� r�
T � R�

are the linear
and angular velocities of the vehicle in the B�frame�
The elements of the unit quaternion q � H are called
Euler parameters and they satisfy ��������

�
���

�
� � ��

The matrices R and U are de�ned below�

Linear velocity transformation �rotation ma�
trix�

The rotation matrix R � SO���� that is Special Or�
thogonal group of order �� from I to B in terms of the
Euler parameters is written as�

R�q� � I � ��S��� � �S���� ���

where the skew�symmetric matrix S�a� � �ST�a� is
de�ned such that for arbitrary vectors a� b � R�

we
have a � b � S�a�b� There is a two�to�one corre�
spondence between H and SO���� From ��� it follows
that q and �q represent the same orientation� This
double covering of SO��� is usually solved by choos�
ing the desired quaternion qd � H such that �d � 

is non�negative�

The quaternion q � H can be interpreted as a com�
plex number with � being the real part and � the com�
plex part� Hence� the complex conjugate of q � H is
de�ned as�

q
�
�

�
�
��

�
� H ���

Consequently� the inverse rotation matrix can be
written as�

R���q� � RT�q� � R�q� � SO��� ���

Successive rotations involves multiplication between
two rotation matrices� It can be shown that�

R�q��R�q�� � R�q�q�� � SO��� ���

where quaternion multiplication is applied�

Angular velocity transformation

The angular velocity transformation matrix U �q� can
be written as�

U �q� �

� ��T
�I��� � S���

�
�

� ��T
T �q�

�
� R���

���

Since UT�q�U �q� � I���� the rotational part of ���

yields � �U
T

�q � ���

� � �UT�q� �q ���

�� � �UT�q��q �
�

The transformation matrix J�q� � R
���

has full
rank� that is rank�J�q�� � �� q � H� Hence the
kinematic equations contain no singular points� The
computation of the kinematic equations involves mul�
tiplications and additions only� No function evalua�
tions are needed� Moreover� the rotational kinematic
equations are linear�

UUV Dynamic Equations of Motion

The � DOF dynamic equations of motion of a vehi�
cle can be expressed in the B�frame as �Fjellstad �
Fossen �		�a��

M �� �C���� �D���� � g�q� � � �	�

where

M �

�
M �� M��

M �� M��

�
� R���

� M ij � R���
��
�

C��� �

�
����

�S�M ��v �M����

�S�M��v �M ����
�S�M��v �M ����

�
� R���

����

For marine vehicles the inertia matrix M and the
Coriolis and centrifugal matrix C��� include added
inertia due to hydrodynamic terms� D��� contains
hydrodynamic damping terms� g�q� is a vector of
gravitational and buoyant forces and moments and
� is the control vector of forces and moments to be
speci�ed�

It is assumed thatM �MT is constant and positive
de�nite� In addition� C��� de�ned in ���� is skew�
symmetrical and D��� is strictly positive� that is�

yTMy � 
 �y �� � ����

C��� � �CT��� � SS��� ����

yTD���y � 
 �y �� � ����



Attitude Error Dynamics

The rotation matrix R � SO��� from the I�frame to
the B�frame represents the actual attitude of the ve�
hicle� Let Rd denote the desired attitude� that is the
rotation matrix from the I�frame to a desired coordi�
nate frame� denoted as the D�frame�

The control objective is to make the B�frame coincide
with the D�frame such thatR � Rd� Two alternative
error matrices are�

�R� � RT

dR � SO���� �R� � RRT

d � SO���
����

where the control objective is formulated as �R� �
I��� or �R� � I���� respectively� The matrices �R�

and �R� are rotation matrices and therefore they have
a structure which can be exploited in the design of
the attitude controller� �R� is the rotation matrix
from the D�frame to the B�frame� Application of
quaternions in the parameterization of SO��� gives
R � R�q�� Rd � R�qd� and �R� � RT

dR � R��q�
where �q � qdq is obtained by combining ���� ��� and
�����

Perfect tracking in terms of quaternion parameteriza�
tion is obtained for�

q � �qd � �q �

� ��
�

�
� H ����

Notice that �R� and �R� are related through
a similarity transformation �R� � R �R�R

T �
R �R�R

��� Hence� it follows that �R� and �R� have
the same eigenvalues� that is eig� �R��� eig� �R�� �n
�� ���� � �� j���

p
�� ���

o
� Also note that �R� and

�R� are strictly positive whenever ��� � ���� that is�

��� �
�

�
	 �R� � �� �R� � � ����

The kinematic equations for the desired attitude are
de�ned as

�qd �
�

�
U �qd�

D�d �
�

�
U �qd� �R�d ��
�

to be consistent with ���� Here� D�d is the angular
velocity of the D�frame relative the I�frame decom�
posed in the D�frame� whereas �d is the same vector
decomposed in the B�frame� Hence� the attitude er�
ror di�erential equations can be written�

��q �
�

�
U ��q��� �

�
��� � � �

�
��T ��

��� � �

�
���I��� � S����� ��

��	�

where the angular velocity error is de�ned as �� �
���d� all three vectors decomposed in the B�frame�

�� Main Results

In this section we will derive a control law for tracking
based on the � DOF UUV kinematic and dynamic
equations of motion�

Control Law

De�ne the virtual body��xed velocity error vector s
as�

s
�
� � � �r� s � R�

��
�

where �r � R�
is a virtual velocity reference signal

to be de�ned later� Consider the positive de�nite
Lyapunov function candidate�

V �
�

�
sTMs � 
� � s �� � ����

The function V is decrescent� moreover�

�min�M �jjsjj� 
 �V 
 �max�M �jjsjj� ����

where jjsjj� belongs to class K�� Di�erentiation of
���� with respect to time yields�

�V � sTM �s

� sT�� �M ��r �C����r �D����r � g�
� sTD���s ����

where ���� and ���� have been used� By choosing the
control law � as�

� �M ��r �C����r �D����r � g �Kds ����

where Kd � � � R���
is positive� �V becomes�

�V � �sT�Kd �D����s � 
� � s �� � ����

�V is obviously negative de�nite�

�V 
 ���min�Kd� � �min�D����jjsjj� ����

Assume that the body��xed virtual velocity refer�
ence vector is continuously di�erentiable� that is �r �
C��R���R�

� Then application of Lyapunov�s direct
method theorem for non�autonomous systems guar�
antees globally uniformly asymptotically stability of
the equilibrium point s � � �Khalil �		��� Let us
de�ne�

�r
�
� �d ��e ����



where

�d
�
�

�
vd
�d

�
� C��R���R�

��
�

�
�
�

�
KP ����
���� ��c�W

���
I���

�
� C��R���R���

�

c � 
 ��	�

e
�
�

�
�x
��

�
� C��R���R�

� �x
�
� x� xd ��
�

The scalar functionW ���� is non�negative on the inter�
val �� � ���� �� and it vanishes only at �� � �� and�or
�� � �� W ���� also satis�es the Lipschitz condition on
the interval �� � ���� ���
We obtain the following expressions for the transla�
tional and rotational error dynamics�

�v �KP �x � � ����

�� � �c
�W

���
�� � � ����

where �v
�
� v�vd andKP and c must be chosen such

that �v� �x� �� and �� converge to � �perfect tracking��
This is discussed in the next two sections�

Convergence Analysis of the Translational Er�
ror Dynamics

Let �xd � R�q�vd� This de�nition combined with the
kinematic equation ��� gives�

�v � RT�q� ��x ����

Substituting ���� into ���� yields the following trans�
lational error dynamics�

��x�R�q�KP �x � � ����

Convergence of �x to zero is obtained by choosingKP

such that �R�q�KP is Hurwitz� Su�cient condi�
tions are that R�q�KP is positive de�nite or strictly
positive� In �Fossen � Sagatun �		�� KP �q� �
�RT�q�� � � 
 was chosen� which yields the stable
translational error dynamics ��x� ��x � ��

We propose the following candidate for KP �

KP �qd� � �RT�qd� � C��R���R���
� � � 
 ����

Then �KP �qd��d� � ��S��d�R
T�qd�� Substituting

���� into ���� gives the translational error dynamics�

��x� � �R��x � � ����

where �R� is strictly positive for ��
� � ��� �see Section

�� Consequently� the position error converges to zero
if ��� � ���� The Euler parameters are usually de�ned
from the angle�axis parameterization of SO���� For
�R� we obtain�

�� � cos
��

�
� �� � �n sin

��

�
����

�R�� and hence �R� are strictly positive if j��j � 	��
which is consistent with ���� and ����� In practice�
the desired reference attitude will be speci�ed within
the bandwidth of the actuators� Since the attitude er�
ror dynamics converges uniformly to zero� the condi�
tion will be satis�ed at least after a transient period�
The advantage of this choice for KP over the �rst
alternative is that the actual angular velocity � is
substituted by the desired angular velocity �d in the
translational part of the tracking controller� This im�
proves the robustness in case of noisy measurements�

Convergence Analysis of the Rotational Error
Dynamics

Several choices for rotational feedback are discussed�

Let W ���� be a Lyapunov function candidate� Di�er�
entiation of W ���� and substituting ���� yields�

�W ���� �
�W

���
��� � ��

�

�W

���
��T ��

� �c��W
���

����T�� � 
� � �W
���

�� 
� �� �� �

��
�

Feedback from the vector quaternion � will �rst be
discussed� De�ning W ���� as�

W ���� � �� j��j 	 �W ���� � �c��T�� ��	�

yields

�r �

�
�r�
�r�

�
�

�
vd � �RT�qd��x
�d � �c sgn������

�
��
�

in the feedback control law� The signum function is
de�ned as

sgn�x� �

� ��� x � 

�� x � 


����

The function W ���� vanishes at �� � ��� Hence�
�x � �� �� � �� are both asymptotically stable equilib�
rium points ��� � ��� Notice that the signum function
is non�zero by de�nition in order to avoid an extra
�unstable� equilibrium point at �� � 
�

�� � � is unstable� From the previous sections it fol�
lows that asymptotically convergence is obtained for



the feedback laws given by ���� where �r is computed
from the class of functions W ����� The properties and
performance of the closed loop system is changed by
simply shaping W ����� Two classical approaches are
the Euler rotation feedback and the Rodrigues param�
eter feedback� The former is obtained by choosing�

W ���� � �� ��� 	 �r� � �d � �c���� ����

whereas the latter comes from�

W ���� � � ln �j��j� 	 �r� � �d � �c

��
�� ����

A summary of the �rotational part� of the presented
feedback control laws and also some alternatives to
them� are given in Table �� In the table it is distin�
guished between asymptotic stable equilibrium points
�a�s�e�p��� unstable equilibrium points �u�e�p�� and
singular points �s�p���

W ���� a�s�e�p� u�e�p� s�p�

�� j��j �� � ��
�� �� �� � � �� � ��
� � �� �� � �� �� � �

�� j��jp�� �� � �� �� � 


cosp����
�
� �� � �� �� � 


� ln �j��j� �� � �� �� � 


�

j��jp � � �� � �� �� � 


� �

����
�p � � �� � � �� � ��

� �

����
�p � � �� � �� �� � �

Table �� Alternative choices of W ����� p is a positive
integer�

Applications to Adaptive Control

For most vehicles the parameters of the dynamic
model �	� are unknown or impeded by uncertainty�
Besides� they can be slowly time varying� The model
based control law ���� is easily extended to an adap�
tive version by utilizing that the model is linear in all
parameters� Moreover� we can write�

M �� �C���� �D���� � g � ��q��� ���� ����

where ��q��� ��� is the regressor matrix which con�
sists of known parameters and signals� and � is a

vector of unknown parameters� Let � denote the pa�
rameter estimate vector� and let the parameter error
vector be denoted by �� � � � ��� The parameter er�
ror vector is included in the Lyapunov function as
follows�

V �
�

�
sTMs�

�

�
��
T

� �� ����

Using the parameter estimates in the model based
control law ���� yields�

� � ��q����r� ��r��� �Kds ����

By choosing the parameter update law as
��� �

��� �
�����T�q����r� ��r�s� �V becomes negative de�nite�
Hence� globally uniformly asymptotically stability of
the equilibrium point s � � is obtained� Notice that
convergence of the parameter estimates to their true
values is not guaranteed�

�� Simulation study

The control laws have been simulated for an under�
water vehicle in � DOF with m � �
� kg given by the
following set of parameters�

M � diagf���� ���� ���� �
� 

� 

g
D��� � diagf�
� �

� �

� �
� �
� �
g

� diagf�

juj� �

jvj� �

jwj� �
jpj� �

jqj� �

jrjg

with C��� given by ����� The vehicle is assumed to
be neutrally buoyant� The control law parameters
were chosen as c � ��KP � RT�qd� andKd � I����
The desired position xd was generated from �rd�order
�ltering of a square wave shifting between 
 and �
�m� with period �
 �sec�� The desired attitude signal
was generated from an angle�axis parameterisation of
SO���� that is Rd � R��d�nd�� The rotation axis
was chosen constant nd � ���

p
�� �� � � ��

T

whereas
the desired angle �d was generated from �rd�order
�ltering of a square wave shifting between 
 and �	��
�rad� with period �
 �sec�� The desired attitude qd
and its derivatives were computed from� see �����

�d � cos
�d
�
� �d � sin

�d
�
nd

The desired linear and angular velocities were speci�
�ed according to�

vd � RT�q� �xd

�vd � RT�q��xd � S���RT�q� �xd

�d � �RT��q�UT�qd� �qd
��d � �RT��q�UT�qd��qd � �S����RT��q�UT�qd� �qd



which are consistent with ���� �
�� ��
� and ����� The
initial values were chosen as ���
� � ��T ��T�

T

and
����
� � �� All simulations were performed by apply�
ing Runge�Kutta�s �th�order method with sampling
time 

� �sec�� Figure � shows the simulation results
for the adaptive control law ���� in terms of vector
quaternion feedback� The parameter update gains
were chosen as � � 


�I���� The parameter es�
timate vector were set to ���
� � � initially� The
tracking performance is very good after one cycle�
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Figure �� Vector quaternion feedback� Adaptive case�

�� Conclusions

An extension of the � DOF passivity based adaptive
attitude controller of Egeland and Godhavn �Egeland
� Godhavn �		�� to � DOF vehicle control has been
made� Lyapunov analysis was used to prove conver�
gence of position and attitude�

For the rotational dynamics perfect tracking has been
shown for a controller based on a generalized Lya�
punov function� This includes feedback from the vec�
tor quaternion� the Euler rotation and the Rodrigues
parameters among others�

For the translational motion a new feedback gain ma�
trix has been proposed� The position error dynamics
is a�ected by the rotational dynamics� Moreover� the
position error converges to zero only if the attitude
error satis�es ��� � ��� �or j��j � 	���� However� for
practical implementations this is not a problem�

The adaptive version of the control scheme has also
been presented and simulated with excellent overall
system performance�
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