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Abstract� Today�s model�based dynamic positioning �DP� systems require that the ship and
thruster dynamics are known with some accuracy in order to use linear quadratic optimal control
theory� However� it is di�cult to identify the mathematical model of a dynamically positioned �DP�
ship� since the ship is not persistently excited under DP� In addition� the ship parameter�estimation
problem is nonlinear and multivariable� with only position and thruster state measurements avail�
able for parameter estimation� The process and measurement noise must also be modeled in order to
avoid parameter drift due to environmental disturbances and sensor failure� This article discusses an
o��line parallel extended Kalman �lter �EKF� algorithm utilizing two measurement series in parallel
to estimate the parameters in the DP ship model� Full�scale experiments with a supply vessel are
used to demonstrate the convergence and robustness of the proposed parameter estimator�

Key Words� Dynamic positioning systems� identi�cation algorithms� full�scale sea trials� Kalman
�ltering� self�tuning control� marine systems� ship control�

�� INTRODUCTION

Modern dynamic positioning �DP� systems are
based on model�based feedback control� The state
estimator and control law are designed by apply�
ing a low�frequency �LF� mathematical model of
the ship motions caused by currents� wind and
�nd�order wave loads� and a high�frequency �HF�
model of the �st�order ship motions caused by �st�
order wave disturbances� see �Fossen� ���	��

Model�based control systems utilizing stochastic
optimal control theory and Kalman 
ltering tech�
niques were 
rst employed with the DP problem
by �Balchen et al�� ������ Later extensions and
modi
cations of this work have been reported by
Balchen et al� ���
�a� b�� Grimble et al� ���
�a�
b�� Fung and Grimble ���
�� and S�lid et al�
���
���

In order to achieve good performance of the con�
trol system it is necessary to have a su�ciently
detailed mathematical model of the ship� ABB In�
dustri AS in Oslo has marketed a new self�tuning
model�based DP system based on the results pre�
sented in this article� The identi
ed model is used
as basis for the control system design� This sim�
pli
es the tuning of the control law� The control
system design is discussed in detail by �S�rensen
et al�� ������

�� SHIP AND THRUSTER MODELS

This section describes the mathematical model of
the thrusters and the LF motion of the ship�

���� Thruster Model

Most DP ships use thrusters and main propellers
to maintain their position and heading� The
thrust force of a pitch�controlled thruster can be
approximated by�

F �n� p� � K�n� jp� p�j �p� p�� ���

where the force coe�cient K�n� is assumed to be
constant for constant propeller revolution n� P is
the �traveled distance per revolution�� D is the
propeller diameter and�

p � P�D ���

is the pitch ratio� p� is pitch ratio o��set de
ned
such that p � p� yields zero thrust� that is�

F �n� p�� � � ���

Thrust Forces and Moment� The thrust forces
and moment vector � � IR� �surge� sway and yaw�

Journal of Control Engineering Practice� ���� �



Fig� �� Picture showing the supply vessel which was used during the sea trials in the North Sea �L � ���� m��
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Fig� �� Experimentally measured thrust �asterisks� and thruster model approx� Eq� ��� versus p � P�D� Left
plot� F ����� p� � 	�
 pjpj and F ���
� p� � ��� pjpj� Right plot� F ��	�� p� � �	� pjpj� Propeller revolution
is in rpm�

for the supply vessel in Figure � can be written�

� � T K u �	�

where u � IRr is a control variable de
ned as�

u � �jp� � p��j�p� � p���� jp� � p��j�p� � p����

���� jpr � pr�j�pr � pr���
T ���

where pi� �i � ����r� are the pitch ratio o��sets for
thruster No� i and r is the maximum number of
thrusters�

Thrust Force Coe�cient Matrix� The thrust force
coe�cient matrixK is a diagonal matrix of thrust
force coe�cients de
ned as�

K � diagfK��n��� K��n��� ���� Kr�nr�g ���

where ni �i � �����r� is the propeller revolution of
propeller number i� The thrust forces Ki�ni�ui
are distributed to the surge� sway and yaw modes
by a �� r thruster con
guration matrix T �

Thruster Con�guration Matrix� Consider the ship
in Figure �� which is equipped with two main pro�
pellers� three tunnel thrusters and one azimuth
thruster which can be rotated to an arbitrary an�
gle �� The control variables are assigned accord�
ing to�

u� � port main propeller
u� � starboard main propeller
u� � aft tunnel thruster I
u� � aft tunnel thruster II
u� � bow tunnel thruster
u� � bow azimuth thruster�

The following thruster con
guration matrix is ob�
tained�

T �

�
� � 
 
 
 cos�

 
 � � � sin�
l� �l� �l� �l� l� l� sin�

�
���

where li �i � ������ are the moment arms in yaw�
It is also seen that l� � l� �symmetrical location of
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main propellers�� The thrust demands are de
ned
such that positive thrust force�moment results in
positive motion according to the vessel�s parallel
axis system� de
ned such that positive x�direction
is forwards� positive y�direction is starboard and
positive z�direction is downwards� The origin is
located in the center of buoyancy�

���� LF Ship Dynamics

The LF ship model in surge� sway and yaw can be
described by �Fossen ���	��

M �� �C���� �D �� � �c� � � �w �
�

where � � �u� v� r�T denotes the LF velocity vec�
tor� �c � �uc� vc� rc�

T is a vector of current veloc�
ities� � is a vector of control forces and moments
and w � �w�� w�� w��

T is a vector of zero�mean
Gaussian white noise processes describing unmod�
elled dynamics and disturbances� Notice that rc
does not represent a physical current velocity� but
can be interpreted as the e�ect of currents in yaw�
The current states are useful in the parameter es�
timator since they represent slowly�varying non�
zero bias terms�

The inertia matrix including hydrodynamic added
mass terms is assumed to be positive de
nite
M �MT � � for a dynamically positioned ship�
whereas D � � is a strictly positive matrix repre�
senting linear hydrodynamic damping� Nonlinear
damping is assumed to be negligible for station�
keeping of ships� whereas the assumption of star�
board and port symmetry implies thatM and D
can be written�

M �

�
m�X �u 	 	

	 m� Y �v mxG � Y �r

	 mxG � Y �r Iz �N �r

�
���

D �

�
�Xu 	 	
	 �Yv �Yr

	 �Nv �Nr

�
� ����

The Coriolis and centrifugal matrix C��� is in�
cluded in the model to improve the convergence
of the parameter estimator� Moreover� this ma�
trix may be signi
cant for a ship operating at
some speed� whereas C��� � � for a ship at rest�
It should be noted that inclusion of C��� in the
model will not increase the number of parameters
to be estimated� since C��� is only a function of
the elements mij of the inertia matrix� see The�
orem ���� on page �� in �Fossen� ���	�� In fact
M � fmijg yields�

C��� ��
	 	 �m��v �m��r

	 	 m��u

m��v 
m��r �m��u 	

�
����

where the non�zero elements mij � �mji are de�


ned according to ��� such that�

m�� � m�X �u m�� � mxG � Y �r

m�� � m� Y �v m�� � Iz �N �r�
����

���� Kinematics

The kinematic equation of motion for a ship is�

�� � J���� ����

where � � �x� y� ��T and J��� is a rotation matrix
de
ned as�

J��� �

�
cos� � sin� 

sin� cos� 


 
 �

�
� ��	�

�� OFF�LINE PARAMETER ESTIMATOR

The o��line parameter estimator is based on the
state augmented extended Kalman 
lter �EKF��

���� State Augmented Extended Kalman Filter

Consider the following nonlinear system�

x�k � �� � f�x�k��u�k����k�� �w��k� ����

��k � �� � ��k� � ��k� ����

where x � IRn is the state vector� u � IRr is the
input vector� � � IRp is the unknown parameter
vector to be estimated and w��� � IRn are zero�
mean Gaussian white noise processes� This model
can be expressed in augmented state�space form
as�

��k � �� � F���k��u�k�� �w�k� ����

where � � �xT ��T �T is the augmented state vec�
tor� w � �wT

� ��
T �T and�

F���k��u�k�� �

�
f�x�k��u�k����k��

��k�

�
��
�

Furthermore� it is assumed that the measurement
equation can be written�

z�k� �H���k�� � v�k� ����

where z � IRm and m is the number of sen�
sors� The discrete�time extended Kalman 
lter
algorithm in Table � can then be applied to esti�
mate � � �xT ��T �T in ���� by means of the mea�
surement ����� For details on the implementation
issues� see �Gelb et al�� ��

��

���� O��Line EKF for Parallel Processing

In order to improve the convergence and perfor�
mance of the parameter estimator� the same quan�
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Table � Summary of discrete�time extended Kalman 
lter �EKF��

System model ��k � �� � F���k��u�k�� � � w�k�� w�k� � N���Q�k��
Measurement z�k� �H���k�� � v�k�� v�k� � N���R�k��

Initial conditions ����� � ��� �P ��� � P �

State estimate propagation ��k � �� � F����k��u�t��

Error covariance propagation P �k � �� � ��k� �P �k��T �k� � � �k�Q�k� � T �k�

Gain matrix K�k� � P �k�HT �k�
h
H�k�P �k�HT �k� �R�k�

i
��

State estimate update ���k� � ��k� �K�k� �z�k��H���k���

Error covariance update �P �k� � �I �K�k�H�k��P �k� �I �K�k�H�k��
T

�K�k�R�k�KT �k�

De
nitions ��k� � �F ��	

���k	

���
��k	
���k	

H�k� � �H��	

���k	

���
��k	
���k	

tity can be measured N � � times for di�er�
ent excitation sequences� Moreover� let the input
ui � IRr correspond to the state vector xi � IRn

and measurement vector zi � IRm for �i � ����N��
Under the assumption of constant parameters� the
parameter vector � � IRp will be the same for all
these subsystems� This can be expressed mathe�
matically as�

x��k � �� � f�x��k��u��k����k�� �w��k�

x��k � �� � f�x��k��u��k����k�� �w��k�

���

xN �k � �� � f�xN �k��uN �k����k�� �wN �k�

��k � �� � ��k� � ��k� ����

with measurements�

z��k� � h��x��k����k�� � v��k�

z��k� � h��x��k����k�� � v��k�

��� ����

zN �k� � hN �xN �k����k�� � vN �k��

Hence� this system can be written in augmented
state�space form according to�

��k � �� � F���k��u�k�� �w�k� ����

z�k� � H���k�� � v�k� ����

where u � �uT� � ����u
T
N �T � z � �zT� � ���� z

T
N �T � � �

�xT� � ����x
T
N ��

T �T and�

F���k��u�k�� �

�
������

f�x��k��u��k����k��
f�x��k��u��k����k��

���
f�xN �k��uN �k����k��

��k�

�
					
��	�

H���k�� �

�
����
h�x��k����k��
h�x��k����k��

���
h�xN �k����k��

�
			
 ����

It is observed that dim x � Nn� p� dim u � Nr
and dim z � Nm� It is then evident that more
information about the system is obtained by using
multiple measurement sequences� Increased infor�
mation improves parameter identi
ability and re�
duces the possibility for parameter drift� However�
it should be noted that parallel processing implies
that the parameter estimation must be performed
o��line�

For ship applications signi
cant performance im�
provement has already been reported for N � ��
see �Abkowitz� ����� ��
��� �Hwang� ��
���

EKF

SHIPEq.3
y�

�D

y�

�K

p�

p�

u�

u�

M

Fig� 	� Parallel con�guration of EKF for N � ��

	� IDENTIFICATION OF A SUPPLY VESSEL

Full�scale experiments with the supply vessel in
Figure � will be used to demonstrate the conver�
gence of the proposed parameter�estimation algo�
rithm�

	��� System Identi�cation Model

The system identi
cation model is based on the
mathematical model presented in Section �� As�
suming no environmental disturbances a dynam�
ically positioned ship can be described by the
following non�dimensional model �Bis�system� in
surge� sway and yaw �see page ��
 in Fossen
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���	��

M �� �� �� �C���� ���� �� �D�� � �� � T �� K ��u�� ����

where

M �� �

�
��X��

�u
	 	

	 �� Y ��

�v
x��
G
� Y ��

�r
	 x

��

G
� Y

��

�r
k
�
z �N

��

�r

�
����

D�� �

�
�X��

u 	 	
	 �Y ��

v �Y ��

r

	 �N
��

v �N
��

r

�
� ��
�

The thruster con
guration matrix was computed
to be�

T �� �

�
��				 ��				 	

	 	 ��				
	�	�
� �	�	�
� �	���	�

	 	 	
��				 ��				 ��				

�	����� 	����� 	���
�

�
����

whereasK �� � diagfK ��

� � K
��

� � K
��

� � K
��

� � K
��

� � K
��

� g is
the unknown matrix to be estimated� In addition
to this it will be assumed that D�� is unknown�
An a priori estimate of M �� is calculated by ap�
plying semi�empirical methods� For more details
about the computation of the added mass deriva�
tives X ��

�u � Y
��

�v � N
��

�r and Y ��

�r � see �Faltinsen� ������
The inertia matrix M �� was computed to be�

M �� �

�
����
� 	 	

	 ����	� �	�	
��
	 �	�	
�� 	���
�

�
� ����

Hence K �� and D�� are the only remaining un�
known matrices in the DP model �����

	��� Sea Trials

In order to improve the convergence of the pa�
rameter estimator it is proposed to use several o��
line measurement series generated by a number of
carefully prede
ned maneuvers� For instance� it
is advantageous to decouple the surge mode from
the sway and yaw modes in order to improve the
convergence of the parameter estimator� This is
motivated by the block diagonal structure of M ��

and D���

Decoupled Ship Maneuvers� The following three
decoupled ship maneuvers are proposed�

��� uncoupled surge� the ship is only allowed
to move in surge �constant heading� by means
of the main propellers u� and u�� The head�
ing is controlled by means of one of the bow
thrusters� At least two maneuvers should be
performed� see Figure ��

��� coupled sway and yaw� the ship should
perform two coupled maneuvers in sway and
yaw by means of the three tunnel thrusters�

u�� u� and u�� Two maneuvers should be per�
formed� see Figure ��

�	� azimuth test� the last test involves running
the azimuth thruster u� alone� Two measure�
ment series are required� see Figure ��

	��� Implementation Issues

This implies that at least � sea trials must be per�
formed forN � �� The 
rst two sea trials are used
to identify the parameters K ��

� � K ��

� and X ��

u in
the decoupled surge equation�

���X ��

�u� �u
�� �X ��

uu
�� � K ��

� u
��

� �K ��

�u
��

� ����

�x�� � u�� ����

where X ��

�u is computed by using strip theory
�Faltinsen� ������ The parameter vector cor�
responding to this system is denoted as ���� �

�K ��

� � X
��

u �
T � The estimated parameter vector ��

��

�

in surge is frozen and used as input for the sec�
ond system identi
cation scheme �SI��� that is the
coupled sway and yaw identi
cation� Similarly�
the output from the second parameter�estimation

scheme ��
��

� is frozen and used as input for the
last parameter�estimation scheme �SI��� that is
��
��

� � The last scheme is used to estimate only one
parameter� that is ���� � K ��

� whereas the second
parameter�estimation scheme is used to estimate
the coupling terms in sway and yaw� see Figure
	� In the last two parameter�estimation schemes

SI2 SI3SI1

y�y�y�

�� �� ��

u� u�u�

��

Fig� 
� Decoupled parameter estimation in terms of
three system identi�cation schemes SI��SI	�

the ship is commanded to change heading during
the maneuvers� which implies that the nonlinear
kinematic equation�

���� � J ���� ��� ��� ����

where ��� � �x��� y��� ����T � should be used together
with the dynamic model ����� Hence the unknown
parameter vector corresponding to sea trial � is
���� � �Y ��

v � Y
��

r � N
��

v � N
��

r �K
��

� �K
��

� �
T � In this example

the tunnel thrusters at the stern are of same type
�K ��

� � K ��

� �� It is convenient to rewrite ���� and
���� in terms of the vessel momentum�

h�� �M �� � �� ��	�

Journal of Control Engineering Practice� ���� �



0 200 400 600
-500

0

500

1000

1500

samples

surge position [m]

0 200 400 600
-1

0

1

2

3

4

samples

surge velocity [m/s]

0 200 400 600
130

131

132

133

134

135

samples

yaw angle [deg]

0 200 400 600
-100

-50

0

50

100

samples

P/D main propellers [%]

Fig� �� Sea Trial �� Full�scale experiment with a supply vessel �uncoupled surge��

-50 0 50 100 150
-100

-50

0

50
xy-plot [m]

0 200 400 600
-100

-50

0

50

100

150

samples

P/D bow thruster [%]

0 200 400 600
-100

-50

0

50

100

samples

P/D stern thrusters [%]

0 200 400 600
100

150

200

250

samples

yaw angle [deg]

Fig� �� Sea Trial �� Full�scale experiment with a supply vessel �coupled sway and yaw��

0 200 400 600
-150

-100

-50

0

50

100

samples

azimuth thruster [%]

0 200 400 600
0

50

100

150

200

samples

yaw angle [deg]

0 200 400 600
-1.5

-1

-0.5

0

0.5

1

samples

yaw angle rate [deg/s]

-50 0 50 100 150
-30

-20

-10

0

10
xy-plot [m]

Fig� �� Sea Trial 	� Full�scale experiment with a supply vessel �azimuth test��

� Journal of Control Engineering Practice� ����



0 100 200 300 400 500 600
-0.4

-0.2

0

0.2

0.4

samples

Ah elements

0 100 200 300 400 500 600
-5

0

5

10

15

20
x 10

-3

samples

K elements

Fig� �� Parameter estimates ���� ��
��

	 versus time for the supply vessel�

and a momentum bias term bh which yields the
following model�

�h
��

� Ch�h
���h�� �

A��

h��
��� h�� � T �� K�������u�� � bh �wh ����

���� � J �������M
��
�� h�� ����

�bh � wb ����

��
��

� w� ��
�

Here wh�wb and w� are zero�mean Gaussian
white noise processes� bh is a slowly�varying pa�
rameter representing unmodelled dynamics and
environmental disturbances� and ��� is the param�
eter vector to be estimated� The new matrices in
the model are de
ned according to�

Ah � �DM ����

Ch�h� � C�M��h�� �	��

Since M is assumed to be known with su�cient
accuracy� the only unknown quantities in ���� 
��
� are Ah and K� The main motivation for
using the momentum equation instead of the stan�
dard dynamic equations of motion is the improved
performance of the state and parameter estimator�
Moreover estimation of the states h �M��� and
bh� together with the parameter vector �� is eas�
ier to perform than estimation of ���� bh and ��
Hence� the resulting model can be written�

x��k � �� � f �x��k��u��k����k�� �w��k� �	��

x��k � �� � f �x��k��u��k����k�� �w��k� �	��

��k � �� � ��k� �w��k� �	��

where xi � �hTi ��
T
i � b

T
hi�

T � wi � �whi�w
T
bi�

T

�i � �� �� and with the obvious de
nition of f �
If position �x� y� and heading ��� are measured�

���� becomes�

z��k� � H� x��k� � v��k� �		�

z��k� � H� x��k� � v��k�� �	��

	�	� Experimental Results

Six maneuvers with the supply vessel were used to
estimate the DP model� The unknown parameter
vector ��� � ����� � ���� �

��

� �
T is organized according

to�

A��

h �

�
���� 
 


 ���� ����

 ���� ����

�
�	��

K �� � diagf���� � �
��

� � �
��


 � �
��


 � �
��

� � �
��

�g� �	��

The parameter estimates for the o��line parallel
con
guration of the EKF algorithm are shown in
Figure 
� while the steady�state numerical values
are given below�

Identi�ed Momentum Equation�

�A
��

h �

�
�
�
	�� 
 



 �
�
�
� 
�
���

 �
�

�� �
��
�


�
�	
�

�K
��

� ����diagf���� ���� ���� ���� ��
� ���g� �	��

From ���� it is seen that�

�D
��

� � �A
��

hM
����

����

Substituting ���� and �	
� into ����� yields�

�D
��

�

�

�
	�� 
 



 
����	 �
�
��


 �
�


� 
�
	
�

�
� ����
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Identi�ed State�Space Model� The estimated
model ���� can be related to the DP control model
by assuming that Ch�h� � �� Hence�

�� �� � A��� �� �B� �� ����

whereA�� �M
��
�� �A

��

hM
�� andB�� �M

��
��� The

numerical values are�

�A
��

�

�
�
�
	�� 
 



 �
�
��� �
�

	


 �
�


� �
��
��

�
����

�B
��
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The non�dimensional eigenvalues of A�� are�

�Yaw� ���� � ����	��
�Sway� ���� � �������
�Surge� ���� � ������


����

The dimensional time constants are given by
�Ti � �������i �

p
L�g��

�Yaw� T� � ���� �s�
�Sway� T� � 		�� �s�
�Surge� T� � 
��
 �s�

����

For more details about the DP control system de�
sign� see �S�rensen et al�� ������

�� CONCLUSIONS

In this paper a new approach for the identi
�
cation of dynamically positioned ships has been
proposed� Three di�erent ship maneuvers were
used in a decoupled identi
cation scheme based on
an o��line parallel con
guration of the extended
Kalman 
lter algorithm� Simulation studies
showed that the proposed parameter�estimation
scheme was remarkably accurate for ship models
that were coupled in surge� sway and yaw� The
parameter�estimation algorithm has been imple�
mented and tested on a supply vessel� The es�
timated model of the supply vessel has been im�
plemented� and used for model�based DP control
system design� The estimated values of this ship
showed good agreement with experimental results
from model tests�
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