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Nonlinear Control of Dynamic Positioned Ships Using Only

Position Feedback: An Observer Backstepping Approach

Aslaug Grgvlen and Thor 1. Fossen

Abstract

Dynamic positioning (DP) systems for ships are usu-
ally designed under the assumption that the kinematic
equations can be linearized about a constant yaw an-
gle such that linear theory can be applied. This pa-
per proposes a globally uniformly asymptotically stable
(GUAS) nonlinear control law where this assumption
is removed. A nonlinear observer is included in the de-
sign such that only position measurements are required.
GUAS is proven by applying the backstepping design
methodology and Lyapunov stability theory. The con-
trol law is simulated on a thruster controlled ship.

1 Imtroduction

Conventional DP-systems for ships are designed by lin-
earizing the kinematic equations of motions about dif-
ferent yaw angles such that linear optimal control the-
ory and a gain-scheduling technique can be applied.
In addition to this, a Kalman filter is used to produce
noise-free estimates of the velocities and positions when
only positions are measured, see [1], [2], [3] and [4].

The main motivation for this paper is to remove these
assumptions by using nonlinear observer and feed-
back control theory. Linearization of the kinematics
is avoided by using a modified version of the nonlin-
ear observer presented in [5]. Next, nonlinear feedback
from the state estimates is obtained by using the ob-
server backstepping design methodology [6]. The re-
sults of [6] are further improved by replacing the mea-
sured output with a filtered output when designing the
feedback control. Hence, the control inputs are gener-
ated by using filtered estimates of both the velocities
and positions. Finally, GUAS is proven for the total
system (ship model, observer and control system).

2 Ship Model
The nonlinear ship model is based on [7].

2.1 Kinematics
The position (z, y) and yaw angle ¢ of the vessel is
expressed in the earth-fixed reference frame while the

surge, sway and yaw velocities (u, v, r) are expressed in
the body-fixed frame. Hence:

n=J(nv (1)

2.2 Dynamics

The case study of this paper i1s an anchored ship
equipped with thrusters for DP. The mooring forces are
modeled as spring forces, K (n — 1y) where 1, is the
equilibrium position of the vessel. For simplicity it is
assumed that 1, = 0. Thus, the body-fixed equations
of motion in surge, sway and yaw can be written:

Myv+Dv+Kn=r (3)

Here, 7 = [y, 72, 73]7 is a control vector of forces
and moment in surge, sway and yaw provided by the
thruster system. The matrices M, D and K for a typ-
ical floating production ship are given in Appendix B.

2.3 Resulting System Model
The resulting system model is written as:

n = Jp (4)
v = —An—Av+ Bt (5)

where
Al=M'K, A,=M"'D, B=M"' (6

It is assumed that only position and heading measure-
ments 1 are available.

3 Nonlinear Observer Design

The nonlinear observer 1s found by using Lyapunov the-
ory which puts constraints on the choice of the filter
gains. This is based on [5], where a nonlinear model-
based observer for an underwater vehicle with filter
gains which are functions of the measured attitude are
proposed. The yaw angle v is assumed to be measured



with good accuracy by using a gyro compass. The po-
sition measurements x and y are assumed measured by
using DGPS. An observer for (4)-(5) is constructed as:

= J@Ww+ K (7)
= —Al’f]— Azl)—i—BT —|—K2ﬁ (8)

>3-

S

where 17 = i — i) 1s the position estimation error. If,
v = v — v, the total error system becomes:

n = JW)r-Kin (9)

v = —Apij— A — Kof (10)
Notice that the measured yaw angle v is used to com-
pute J(¢) while ¢ is used for state feedback. The com-
putation of J(¢) is quite accurate since the gyro com-
pass measurement noise will be less than 0.1 (deg) most
of the time. However, good filtering of z and y is im-

portant since DGPS-measurement noise will be in the

range of 1-3 (m).

The matrices K1 and K5 in (9)—(10) must be chosen
such that the observer is GUAS. This is obtained by
defining a Lyapunov function candidate:

_ . 1/ _ . -
Vous(ih,2) = 5 (7 Prin+ 97 Pop) - (11)
where Py = Pf and Py = Pg are positive definite

matrices. Hence:

: T ~ 1 . B =T -
Vobs = 1 Pim+ §(VTP2V+V P,v)
= (J)w - Kin)" Py
1. - - .
+ §I/TP2(—A17] — A —Koip)  (12)

1 - - - .
+ 5(—A17] — AQV — KQ’I])TPQV

= (I (W)P, — PyA; — PoK)ij
- 1. .
- KT P7— §I/T(P2A2 + AT Py

Vobs can be made negative definite by defining:

FAN
JY ()P, — PyA — PsKy = 0 (13)
FAN
K?Pl = @ (14)
1
§(P2A2—|—A§P2) 2 @, (15

where @, = Qf and Q, = Qg are positive definite
design matrices. Hence:

Vos = =1 Q11— 07 Qo0 <0, Vi £ 0,0 # 0 (16)
which proves that the observer is GUAS. The defini-
tions (13)—(15) are satisfied if:

K, = P'Q (17)
Ks(v) = P7LIT()P— A (18)
Notice that K5 is an explicit function of ). Also notice

that only P1, @, and Q, are design matrices since Ps
is given by (15).

4 Velocity and Position Observer Backstepping

In this section a GUAS nonlinear control law using the
observer in Section 3 is derived. The observer (7)—(8)
can be written in component form:

sl = COSZTs3 'i‘4—SiHl‘3 'i‘5—|—]€11‘1 —|—]€21‘2—|—]€31‘3
i‘z = sin 3 i‘4 + coszxs - i‘g, + k4i‘1 + k5i‘2 + k’6i‘3
Bs = e+ ke + ksio + ko
By = —ay#1 — asia +biuy + kio%y + ki1 Ty + kiofs
i‘g, = —Clgi‘z — Cl4i‘5 — Cl5i‘6

+ bous + bzuz + k13%1 + k1a%2 + ki5E3
i‘6 = —a6i‘2 — Cl7i‘5 — Clgi‘6

+baus + bsuz + k1e®1 + k17¥2 + kis¥zs  (19)

where the matrix elements are defined according to:

ki ko ks kio ki1 k12
K1 = ke ks ke K2 = kiz  kia  kis
kr ks ko kie kit kis
ai 0 0 as 0 0
A1:|:0 as 0:|A2:|:0 ay a5:|
0 as O 0 ar as
by 0 0
B=| 0 b 03
0 by bs
The position and attitude variables #1, #2 and #3 (#, y
and ) are the variables in interest of controlling. Let
¢ >0and d; >0 (i =1...6) be 12 design constants
to be defined later.

Step 1: The first tracking objective is 1 — x14. Since
x1, o and x3 are measured with sensor noise, they are
replaced by their estimates and the error variable is
defined as z; = &1 — 214 where z14 1s the desired state.
Thus, using (19), Z; can be written as

Z1 = COST3-T4—SINT3 Ty (20)

+ k121 + koZ2 + k3Zs — T14
The idea of backstepping is to choose one of the state
variables as virtual controls. Equation (20) does not

imply an obvious choice of which variable to choose as
virtual control. However, we suggest:

£ = cosx3- T4 —sinxs - T (21)

The estimation errors &1, &2 and &3 in (20) are treated
as unknown disturbances which requires that the stabi-
lizing function «; must include an additional damping
term. Moreover:

] = —C121 — dl(k‘% + ]Cg + kg)zl + i‘ld (22)

This specific choice will prove to be very useful when
stability is investigated later on in this section.

Step 2: The error variable of the first virtual control
is defined as:

Z9 = fl — X (23)

= CcoSx3-Ty—sSINT3- Ty — &



Substitution of (23) into (20), yields:

z = —ci1z1+ ki@ + koZa + k33 (24)
— dl(k‘% + ]Cg + kg)zl + 25
Time differentiation and reordering of (23) under the

assumption that ki, k2 and ks are constants, see (17),
yields:

o= G-
= cosxszbiu; — sinx3bsus — sin £3bzus
— sinxg(L4te — azta — a4y — asde)
+ coswg(—Tsis — ar1dy — agdy) — 14
— cle — 2c1d1(/€f + k% + kg)zl + c129
— d(kT 4 k3 4 k3) 20+ di (kT 4 kS A+ k3)z
+ (kipcosws — kizsin s
+kyey 4 kidy (k3 + k3 + k2))i (25)
+ (k11 cosws — kiasinas
+ kacy + kody (B 4 k3 + k3)) 32
+ (k12 cosws — kissin s
+ ksct 4 kady (k7 + k3 + k3))&s

— (sinxgz - &4 + cos 3 - T5)T6

1>

210Uy + aaabaus + aagbzuz + 12
+ Wor 1 + wWarlo + woszls + wWasls
where g1, ag9, a3, woa, wos and wsog are given in

Appendix A. The feedback control is chosen without
using the error terms Z1, 2 and &3, that is:

a21b1u; + aaabaus + aazbzus
= —C9%y — Z1 — 1/)2 (26)
— dy(w3) + Wiy + w3z + wig) 22

which substituted into (25) gives:

Zo = —CoZo + wor®1 + warla + wasds + wasls

— da(w3) + Wiy + wis +wig)za — 21 (27)

The feedback control in (26) is only one equation to
be satisfied by the three controls uy, us and uz. The
next steps will find two more equations for the control
variables to satisfy.

Step 3: The next tracking objective is z3 = &9 — zag
where x4 1s the desired path of xs:
Zz3 = sInx3- T4+ cosxs- Ty
+ ka2 + ksZo + keZs — T2g (28)
This is very similar to (20), and the choices of virtual

control &3 and the stabilizing function ag can be done
in the same way:

&3
o3 = —C3%23 — d3(l€i + kgz, + kg)ZB + ll‘2d (30)

SIN T3 - L4 + COS T3 - Ty (29)

Step 4: The virtual control has the error variable
Z4 = €3 — (X3 (31)
which substituted into (28) using (29) and (30), yields
(assuming k4, ks and ks constant, see (17)):
Z3 = —c343+ ka®i + ksZo + keT3 (32)
— dg(k'z + ]C?’ + ]Cg)z:«; + 24
Hence, z4 is found by time differentiation and reorder-
ing of (31), that is:
G0= G-dy

sin z3bjuy + cos x3bous + cos £3bsus

+sinas(—25i6 — a1y — daly)
+ cos w3(#ad6 — azla — as¥5 — asde) — Fag
— C?;Zg — 263d3(l€i + k?, + kg)zg + 324
— d3(kY + k3 + k)23 + da(ki 4 k5 + kg)za
+ (kiosin @z + kigcosaz + kacs

+ kads (ki + k3 + k§)) 21 (33)
+ (k11 sinag + k1gcosaz + kses

+ ksds(k3 4 kZ + k3)) &2
+ (k12sin @z + k5 cosxz + kecs

+ keds (k3 + kZ 4 k§))Z3

+ (cosag - &4 —sinzs - T5)is

aarbiuy + aanbous + aasbsus + s
+ w41T1 + warT5 + wa3zT3 + WaeTe
See Appendix A for the definitions of the terms in (33).
Next, the following choice of feedback control is made:
aarbiuy + aazbous + aasbsus
= —cazq — 23 — Ya (34)
- d4(“il + Wiz + ‘-"23 + ‘-"26)24
which 1s the second equation to be satisfied by the three
controls u, us and uz. Finally, the equation for z4 can
be derived by substituting (34) into (33):
24 = —Cq2q w1 +waals + wasls + wiee

— dy(wd) +wiy +wis +wig)za — 23 (35)

Step 5: z3 obtained from the observer can be used for
state feedback. The tracking error is z5 = &3 — 234:

5 — i‘6 — X34 (36)
Hence, we can choose:

& = s (37)
&y = —CyZ5 —|—l‘3d—d5(]€$—|—k§ —|—]€g)25 (38)

Step 6: The virtual control has the error variable zg =
&5 — a5 which leads to:

Zs = —Csis+ kr¥i 4+ ksZa + koZ3
—d5(k2 4 k24 k)25 + 26 (39)



o= &s—as
= byus + bsus (40)

— agTy — arls — agls

— cgzg, — 2cs,d5(k$ + ké + kg)zg, + c526

— (d3zs + dszs) (k7 + k3 + k3)

+ (k16 + kres + krds (k% + k3 + k3))#,

+ (ki7 + kses + ksds(kZ + k3 + k2))Zo

+ (kis + kocs + kods(k? + k2 + k3))@3

1>

+agabsus + agsbsus + s

+ we1Z1 + Wead2 + Wesls
The following choice of feedback is made:

agabaug + agsbsus (41)

= —ce25 — 25 — s — ds(Wg 4wy + wis) 7
and the final equation for zg can be found:

Z6 = —CeZe + we1l1 + wWealaz + wesls
— do(w5y + Wiy + Wiz)zs — 25 (42)
Resulting Control Law: The previous outline found
three equations that the control variables must satisfy.

Solving (26), (34) and (41) for uy, uz and wug, the fol-

lowing control law is obtained:

Uy 1 c2z2 + Y2
us | = =8 caza + Ya

xS cez6 + Yo
Fd2(w3) +wi; +wis +whe)z + 21 (43)
Fda(wyy +wip +wis +wig)ra + 4a ]
Fdo(wsy +way + was)ze + 25
where

az1br  aazby an3bs
S = | oubr  ouzby  cusbs (44)

0 agabs  ae3bs

Feasibility and Stability: The control law (43) is
well defined only if the matrix S is invertible for all .
This can be further investigated by computing:

cosw3 +by —sinwz-by —sinzz - by
det(S) = sinxs - by cos 3 - by cos g - by
0 ba bs

= by(bobs — bsbs) = det(M™Y) >0 (45)

Moreover det(S) > 0 since inertia is a positive quan-
tity. Hence, the matrix S 1s non-singular for all zs.
Stability of the observer and controller can be proven
by considering the resulting state-space model:

2 = —c121 + k%1 + koZo + k33
— di (ki + k3 + k3)z1 + 2
Zy = —C22 + wW21¥1 + Wanly + wasls + wasls

— dy(wh) 4 w3y + Wiz +wig)ze — 21
Z3 = —cgz3 + ka®1 + ksZa + k63
— d3(k] + k2 + k3)zs + 24

Z4 = —CaZ4 + w4121 + wWasko + wisls + waske

2 2 2 2
— da(wiy +wys +wis +wig)ra — 23

Zs = —cs25 + k&1 + kaZa + koZs
—ds(k2+ k2 + k)25 + 26
Ze = —CZe + we1d1 + weala + wesls (46)

2 2 2
— ds(wsy + wss + wes)z6 — 75
X1 = COST3 - 1‘4 — sin xr3 - 1‘5 — kli‘l — kzi‘z — k’31‘3
i‘z = sin xr3 - 1‘4 + coszxs - 1‘5 — k4i‘1 — k5i‘2 — k’6i‘3

T3 = &g — kr¥1 — ksZa — ko3

Ty = —1 %1 — a2%a — k1o%1 — k11%2 — k1233
Ty = —ag¥s — aa¥s — asTe — k1381 — k1a%2 — k1533
Tg = —agT3z — ar¥s — ag¥e — k16%1 — k17¥2 — ka3

which can be rewritten in vector form as:

z2=-C,z—D,z+ E,z+Win+Wyp (47)
i = J(x3)o — K1) (48)
b= — Ay — Ao — Koy (49)
where z = [z21,...,2)7, 1 = [£1,%0, 237, » =

[1‘4, 1‘5, 1‘6]T and
CZ — diag(cla62a63,64a65ac6) (50)
D, = diag (di(k} + k3 +k3),
dy (w5 + why + wis + wig), da(k] + ki + k),
da(wi; + wiy + wis +wis) , ds(k? + k3 + k3),

2 2 2
dg(wsy +wiy + wis) (51)
r o 1 0 0 0 0
-1 0 0 0 0 0
_ 0 0 0 1 0 0
Ez — 0 o -1 o 0 0 (52)
0 0 0 0 0 1
L o 0 0 o -1 o
[ ky ko k3 0 0 0
“;621 122 123 0 0 wag
W, = 4 5 6 W = o o 0 ( )
n - w41 w42 w43 v = 0 0 wge 53
ke kg ko 0o o 0
L we1 we2  we3 o o 0

A Lyapunov function candidate is defined as:

1
Ven =5 (72 + 2" Pin+ 57 Pop)  (54)

where P; and P, are positive definite matrices. Time
differentiation of (54) gives:

Veon = 272414 Prij+ 0" Pois
= 2M(-C,z - D,z + E,2+ Wi+ W;D)
+ (J(z3)0 — K1n)" P1qy
+ 07 Py(—Ari) — Agp — Koi))
= —zTCZz + zTEzz
— zTDzz + zTWﬁﬁ + zTW,;ﬂ
1 1

- _ 1. - - -
~ 12 TGln — ZVTGZV — nT(K?Pl — ZGl)n

1
_ IDT(PzAz - ZGZ)ID
—T(PyA) + PyK s — I (23) P17y (55)



where we have added the zero terms %(ﬁTGlﬁ —
7' G17) and 1(07 Gap — BT GoD), with:

G, = diag(g1,91,91) (56)

G2 = diag(0,0,92) (57)
1

no= >, >0 (58)

g2 = —+ >0 (59)

The matrix E, in (52) is skew-symmetrical. Hence,
#TE.,2 =0V z. Tt is also seen that:

—2TD,2+ zTWﬁﬁ +2Tw,p

L@t G+ Gur) <0 (60)

or equivalently:

—d1(ii‘1 —z1k1)? — d1(ii‘2 — z1ks)?
_dl(iiﬁ — z1k3)? — dz(ﬁid — z9wa1)?
—dz(ii‘z — zowa9)% — dz(%% — Zowa3)
—dz(i% — zowa6)% — ds(mid — 23kq)?
_dB(iiﬁ — z3ks)? — d3(ii‘3 — z3ks)?
—d4(ii‘1 — Zqwa1)® — d4(ﬁi‘2 — Z4wy2)
—d4(ii‘3 — Zgwaz)® — d4(mi‘6 — Z4Wys)
—d5(ii‘1 — 2516'7)2 — d5(ii‘2 — 2516'8)2
—ds(ii‘s — z5ko)? — de(57-%1 — Zowe1)?
—ddii‘z — zewe2)? — d6(ﬁi‘3 — zewe3)? <0

(61)
In addition, the observer choice (18) for K5 makes the
last term in (55) equal to zero. Substituting the ob-
server gain (17) into (55) yields:

: 1
Veen < —2"C.z =" (@~ ;G
. 1,
-7 (Q, - ZGz)u (62)

Finally, @, — %Gl and Q4 — %Gz must be proven to be
positive definite. Since G and G2 defined in (56) and
(57) are diagonal matrices, this can easily be obtained
by choosing [|Q, | > 1|Ga| and [|@s]| > 1[|Gal]. The
matrices Q@ and @, also have to be chosen such that
P, and P, are positive definite matrices. Hence, ac-
cording to the LaSalle-Yoshizawa theorem [6] the sys-
tem (47)—(49) with (43) is GUAS. Notice that G; and

G5 are not needed for implementation.

5 Simulation Studies

The control law (43) with observer (7) and (8) was
simulated with C, = I and d; = 0.01 (i=1...6). The
observer gains K7 and K> were computed by using
(17) and (18) with P, = diag(400,300,300), Q, =
diag(1000, 1500,4000) and Q, = diag(100, 200, 300) -
A,. The sampling time was 0.1 s. The simulation
results are shown in Figures 1 and 2.

Xy—position Des. and actual heading angle
5 12
10 1# d
8 dj
E =)
=0 s °
4
2
-5 0
-5 0 5 0 10 20 30
x [m] Time [s]
Position error x and y Heading error
0.2 -
Y =
0.1 ‘
=
2 0
S I
-0.1
-0.2
10 20 30
Time [s] Time [s]

Figure 1: Upper plots: Simultaneously regulation of posi-
tions (z,y) to (0,0) and tracking of yaw angle ¥
to 4. Lower plots: Observer estimation errors.

Meas. noise x and y Meas. noise psi

0.1
£ o
-0.1
0 10 20 30
Time [s]
x10® 71, T2 x10° 73
1 10
5
E
=
-15

-2 -5
0 10 20 30 0 10 20 30
Time [s] Time [s]

Figure 2: Upper plots: Measurement noise for z, y and
?. Lower plots: Control inputs 71, 72 and 7s.

6 Conclusions

A globally uniformly asymptotically stable (GUAS)
nonlinear control law with observer for dynamic po-
sitioning (DP) of ships have been derived. The nonlin-
ear control law and observer are based on the nonlin-
ear kinematic equations of motion to describe the po-
sition and yaw angle of the vessel. Hence, linearization
and gain-scheduling techniques can be avoided when
designing the control law. A nonlinear observer is used
to produce noise-free estimates of velocity and posi-



Figure 3: Moored ship: Length L = 200.6 (m) and mass m = 73.097.150 (kg).

tion from noisy position measurements. The sensors
considered are a gyro compass and a GPS-receiver.
GUAS was proven by applying the backstepping de-
sign methodology and Lyapunov stability theory.

A Tables

Tables 1-3 lists the functions used in (43).

Table 1: «;;-functions.

Qg1 = COST3 41 = sinTs
Qg = —sinTs Q4o = COST3 gy = 1
Qg3 = —sinTs Q43 = COST3 ags = 1
Table 2: ;-functions.
Yo = —sinzs(Zale — asfa — asds — aste)

+ cosza(—E586 — a181 — axfa) — £1a
— cle — 2cld1(kf + kg + kg)zl 4+ c129
= dY(kY + B3 + k5)%21 + da(ky + RS + k)22

Y4 =sinzs(—&s8e — a1&1 — a2ds)
+ cosza(Zale — asdo — asds — asde) — £2q
— cgzg — 203d3(k3 + k? + kg)zg, + c324
= d5(ky 4 k3 4 k5)%zs + da(ky + k3 + k)2

Ye = —aefz — ards — agfe
— cng — 205d5(k$ + kg + kg)zs + c526
— di(k7 4 kg + k5)%2s + ds(RT + k3 + k5)ze

Table 3: w;;-functions.

wa1 = kiocoszs — kizsines + kie1 + kldl(kf + kg + kg)
wag = k11 cosxzs — kiasines + kacy + kgdl(kf + kg + kg)
waz = k1o coszs — kissines + kzer + kg,dl(kf + kg + kg)
Wog = —SINT3 - £4 — COST3 - L5

wa1 = kiosines + kiscosxs + kacs + k4d3(k3 + k? + kg)
waa = k11 sinws + kiacosxs + kses + k5d3(k3 + k? + kg)
waz = k12 sin T3 + k1.5 coszs + kges + kedg(k‘i + k? + kg)
Wae = COST3 - $a —sin Ty - 5

wel = ki1e + kves + k7d5(k$ + k§ + k§)

wez = k17 + kges + k7d5(k$ + k§ + k§)

wez = k1g + kocs + k7d5(k$ + k§ + k§)

B Data for Moored Ship

The system matrices for the moored ship shown in Fig-
ure 3 are scaled according to the Bis-system [7]:

1.0852 0 0
M = 0 2.0575  —0.4087
0 —0.4087  0.2153
0.0865 0 0
D= 0 0.0762 0.1510
0 0.0151 0.0031

K = diag(0.0389,0.0266,0)

For DP it can be shown that the system matrices sat-
isfies [7]; M = M* >0, M =0 and v" Dv > 0.
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