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Nonlinear Control of Dynamic Positioned Ships Using Only

Position Feedback� An Observer Backstepping Approach

�Aslaug Gr�vlen and Thor I
 Fossen

Abstract

Dynamic positioning �DP� systems for ships are usu�
ally designed under the assumption that the kinematic
equations can be linearized about a constant yaw an�
gle such that linear theory can be applied� This pa�
per proposes a globally uniformly asymptotically stable
�GUAS� nonlinear control law where this assumption
is removed� A nonlinear observer is included in the de�
sign such that only position measurements are required�
GUAS is proven by applying the backstepping design
methodology and Lyapunov stability theory� The con�
trol law is simulated on a thruster controlled ship�

� Introduction

Conventional DP�systems for ships are designed by lin�
earizing the kinematic equations of motions about dif�
ferent yaw angles such that linear optimal control the�
ory and a gain�scheduling technique can be applied�
In addition to this� a Kalman �lter is used to produce
noise�free estimates of the velocities and positions when
only positions are measured� see ���� �	�� �
� and ����

The main motivation for this paper is to remove these
assumptions by using nonlinear observer and feed�
back control theory� Linearization of the kinematics
is avoided by using a modi�ed version of the nonlin�
ear observer presented in ���� Next� nonlinear feedback
from the state estimates is obtained by using the ob�
server backstepping design methodology �
�� The re�
sults of �
� are further improved by replacing the mea�
sured output with a �ltered output when designing the
feedback control� Hence� the control inputs are gener�
ated by using �ltered estimates of both the velocities
and positions� Finally� GUAS is proven for the total
system �ship model� observer and control system��

� Ship Model

The nonlinear ship model is based on ����

��� Kinematics

The position �x� y� and yaw angle � of the vessel is
expressed in the earth��xed reference frame while the

surge� sway and yaw velocities �u� v� r� are expressed in
the body��xed frame� Hence�

�� � J ���� ���

where � � �x � y � � �T � � � �u � v � r �T and�

J��� �

�
cos� � sin� �

sin� cos� �

� � �

�
�	�

��� Dynamics

The case study of this paper is an anchored ship
equipped with thrusters for DP� The mooring forces are
modeled as spring forces� K�� � ��� where �� is the
equilibrium position of the vessel� For simplicity it is
assumed that �� � �� Thus� the body��xed equations
of motion in surge� sway and yaw can be written�

M �� �D� �K� � � �
�

Here� � � � �� � �� � �� �T is a control vector of forces
and moment in surge� sway and yaw provided by the
thruster system� The matrices M�D and K for a typ�
ical �oating production ship are given in Appendix B�

��� Resulting System Model

The resulting system model is written as�

�� � J���� ���

�� � �A�� �A�� �B� ���

where

A� �M
��
K� A� �M

��
D� B �M�� �
�

It is assumed that only position and heading measure�
ments � are available�

� Nonlinear Observer Design

The nonlinear observer is found by using Lyapunov the�
ory which puts constraints on the choice of the �lter
gains� This is based on ���� where a nonlinear model�
based observer for an underwater vehicle with �lter
gains which are functions of the measured attitude are
proposed� The yaw angle � is assumed to be measured



with good accuracy by using a gyro compass� The po�
sition measurements x and y are assumed measured by
using DGPS� An observer for ������� is constructed as�

��� � J����� �K��� ���
��� � �A��� �A��� �B� �K��� ���

where �� � � � �� is the position estimation error� If�
�� � � � ��� the total error system becomes�

��� � J����� �K��� ���
��� � �A��� �A��� �K��� ����

Notice that the measured yaw angle � is used to com�
pute J��� while �� is used for state feedback� The com�
putation of J ��� is quite accurate since the gyro com�
pass measurement noise will be less than ��� �deg� most
of the time� However� good �ltering of x and y is im�
portant since DGPS�measurement noise will be in the
range of ��
 �m��

The matrices K� and K� in �������� must be chosen
such that the observer is GUAS� This is obtained by
de�ning a Lyapunov function candidate�

Vobs���� ��� �
�

	

�
��TP ��� � ��TP ���

�
����

where P � � P
T
� and P � � P

T
� are positive de�nite

matrices� Hence�

�Vobs � ���
T
P ��� �

�

	
���TP �

��� � ���
T
P ����

� �J����� �K����
TP ���

�
�

	
��TP ���A��� �A��� �K���� ��	�

�
�

	
��A��� �A��� �K����

TP ���

� ��T �JT ���P � �P �A� � P �K����

� ��TKT
� P ��� �

�

	
��T �P �A� �A

T
� P ����

�Vobs can be made negative de�nite by de�ning�

J
T ���P � � P �A� � P �K�

�

� � ��
�

K
T
�P �

�

� Q� ����

�

	
�P �A� �A

T
�P ��

�
� Q� ����

where Q� � QT
� and Q� � QT

� are positive de�nite
design matrices� Hence�

�Vobs � ���TQ��� � ��TQ��� � �� ��� �� �� �� �� � ��
�

which proves that the observer is GUAS� The de�ni�
tions ��
������ are satis�ed if�

K� � P��
� Q� ����

K���� � P��
� JT ���P � �A� ����

Notice that K� is an explicit function of �� Also notice
that only P �� Q� and Q� are design matrices since P �

is given by �����

� Velocity and Position Observer Backstepping

In this section a GUAS nonlinear control law using the
observer in Section 
 is derived� The observer �������
can be written in component form�

��x� � cosx� � �x� � sinx� � �x� � k��x� � k��x� � k��x�
��x� � sinx� � �x� � cosx� � �x� � k��x� � k��x� � k��x�
��x� � �x� � k��x� � k��x� � k	�x�
��x� � �a��x� � a��x� � b�u� � k���x� � k���x� � k���x�
��x� � �a��x� � a��x� � a��x�

� b�u� � b�u� � k���x� � k���x� � k���x�
��x� � �a��x� � a��x� � a��x�

�b�u� � b�u� � k���x� � k���x� � k���x� ����

where the matrix elements are de�ned according to�

K� �

�
k� k� k�
k� k� k�
k� k� k�

�
K� �

�
k�	 k�� k��
k�� k�� k��
k�� k�� k��

�

A� �

�
a� � �
� a� �
� a� �

�
A� �

�
a� � �
� a� a�
� a� a�

�

B �

�
b� � �
� b� b�
� b� b�

�
The position and attitude variables x�� x� and x� �x� y
and �� are the variables in interest of controlling� Let
ci � � and di � � �i � � � � �
� be �	 design constants
to be de�ned later�

Step �� The �rst tracking objective is x�� x�d� Since
x�� x� and x� are measured with sensor noise� they are
replaced by their estimates and the error variable is
de�ned as z� � �x��x�d where x�d is the desired state�
Thus� using ����� �z� can be written as

�z� � cosx� � �x� � sinx� � �x� �	��

� k��x� � k��x� � k��x� � �x�d

The idea of backstepping is to choose one of the state
variables as virtual controls� Equation �	�� does not
imply an obvious choice of which variable to choose as
virtual control� However� we suggest�

�� � cos x� � �x� � sinx� � �x� �	��

The estimation errors �x�� �x� and �x� in �	�� are treated
as unknown disturbances which requires that the stabi�
lizing function �� must include an additional damping
term� Moreover�

�� � �c�z� � d��k
�
� � k�� � k���z� � �x�d �		�

This speci�c choice will prove to be very useful when
stability is investigated later on in this section�

Step �� The error variable of the �rst virtual control
is de�ned as�

z� � �� � �� �	
�

� cosx� � �x� � sinx� � �x� � ��



Substitution of �	
� into �	��� yields�

�z� � �c�z� � k��x� � k��x� � k��x� �	��

� d��k
�
� � k�� � k���z� � z�

Time di�erentiation and reordering of �	
� under the
assumption that k�� k� and k� are constants� see �����
yields�

�z� � ��� � ���

� cos x�b�u� � sinx�b�u� � sinx�b�u�

� sinx���x��x� � a��x� � a��x� � a��x��

� cosx����x��x� � a��x� � a��x��� �x�d

� c��z� � 	c�d��k
�
� � k�� � k���z� � c�z�

� d���k
�
� � k�� � k���

�z� � d��k
�
� � k�� � k���z�

� �k�� cosx� � k�� sinx�

� k�c� � k�d��k
�
� � k�� � k�����x� �	��

� �k�� cosx� � k�� sinx�

� k�c� � k�d��k
�
� � k�� � k�����x�

� �k�� cosx� � k�� sinx�

� k�c� � k�d��k
�
� � k�� � k�����x�

� �sinx� � �x� � cos x� � �x���x�
�
� ���b�u� � ���b�u� � ���b�u� � ��

� ����x� � ����x� � ����x� � ����x�

where ���� ���� ���� ���� ��� and ��� are given in
Appendix A� The feedback control is chosen without
using the error terms �x�� �x� and �x�� that is�

���b�u� � ���b�u� � ���b�u�

� �c�z� � z� � �� �	
�

� d���
�
�� � ��

�� � ��
�� � ��

���z�

which substituted into �	�� gives�

�z� � �c�z� � ����x� � ����x� � ����x� � ����x�

� d���
�
�� � ��

�� � ��
�� � ��

���z� � z� �	��

The feedback control in �	
� is only one equation to
be satis�ed by the three controls u�� u� and u�� The
next steps will �nd two more equations for the control
variables to satisfy�

Step �� The next tracking objective is z� � �x� � x�d
where x�d is the desired path of x��

�z� � sinx� � �x� � cosx� � �x�

� k��x� � k��x� � k��x� � �x�d �	��

This is very similar to �	��� and the choices of virtual
control �� and the stabilizing function �� can be done
in the same way�

�� � sinx� � �x� � cos x� � �x� �	��

�� � �c�z� � d��k
�
� � k�� � k���z� � �x�d �
��

Step �� The virtual control has the error variable

z� � �� � �� �
��

which substituted into �	�� using �	�� and �
��� yields
�assuming k�� k� and k� constant� see ������

�z� � �c�z� � k��x� � k��x� � k��x� �
	�

� d��k
�
� � k�� � k���z� � z�

Hence� �z� is found by time di�erentiation and reorder�
ing of �
��� that is�

�z� � ��� � ���

� sinx�b�u� � cos x�b�u� � cosx�b�u�

� sinx����x��x� � a��x� � a��x��

� cos x���x��x� � a��x� � a��x� � a��x��� �x�d

� c��z� � 	c�d��k
�
� � k�� � k���z� � c�z�

� d���k
�
� � k�� � k���

�z� � d��k
�
� � k�� � k���z�

� �k�� sinx� � k�� cosx� � k�c�

� k�d��k
�
� � k�� � k�����x� �

�

� �k�� sinx� � k�� cosx� � k�c�

� k�d��k
�
� � k�� � k�����x�

� �k�� sinx� � k�� cosx� � k�c�

� k�d��k
�
� � k�� � k�����x�

� �cos x� � �x� � sinx� � �x���x�
�
� ���b�u� � ���b�u� � ���b�u� � ��

� ����x� � ����x� � ����x� � ����x�

See Appendix A for the de�nitions of the terms in �

��
Next� the following choice of feedback control is made�

���b�u� � ���b�u� � ���b�u�

� �c�z� � z� � �� �
��

� d���
�
�� � ��

�� � ��
�� � ��

���z�

which is the second equation to be satis�ed by the three
controls u�� u� and u�� Finally� the equation for �z� can
be derived by substituting �
�� into �

��

�z� � �c�z� � ����x� � ����x� � ����x� � ����x�

� d���
�
�� � ��

�� � ��
�� � ��

���z� � z� �
��

Step �� �x� obtained from the observer can be used for
state feedback� The tracking error is z� � �x� � x�d�

�z� � �x� � �x�d �

�

Hence� we can choose�

�� � �x� �
��

�� � �c�z� � �x�d � d��k
�
� � k�� � k�	�z� �
��

Step 	� The virtual control has the error variable z� �
�� � �� which leads to�

�z� � �c�z� � k��x� � k��x� � k	�x�

�d��k
�
� � k�� � k�	�z� � z� �
��



�z� � ��� � ���

� b�u� � b�u� ����

� a��x� � a��x� � a��x�

� c��z� � 	c�d��k
�
� � k�� � k�	�z� � c�z�

� �d��z� � d�z���k
�
� � k�� � k�	�

� �k�� � k�c� � k�d��k
�
� � k�� � k�	���x�

� �k�� � k�c� � k�d��k
�
� � k�� � k�	���x�

� �k�� � k	c� � k	d��k
�
� � k�� � k�	���x�

�
� ����b�u� � ���b�u� � ��

� ����x� � ����x� � ����x�

The following choice of feedback is made�

���b�u� � ���b�u� ����

� �c�z� � z� � �� � d���
�
�� � ��

�� � ��
���z�

and the �nal equation for �z� can be found�

�z� � �c�z� � ����x� � ����x� � ����x�

� d���
�
�� � ��

�� � ��
���z� � z� ��	�

Resulting Control Law� The previous outline found
three equations that the control variables must satisfy�
Solving �	
�� �
�� and ���� for u�� u� and u�� the fol�
lowing control law is obtained��

u�
u�
u�

�
� �S��

�
c�z� 
 ��

c�z� 
 ��

c�z� 
 ��


d���
�

��

 ��

��

 ��

��

 ��

��
�z� 
 z�


d���
�

��

 ��

��

 ��

��

 ��

��
�z� 
 z�


d���
�

��

 ��

��

 ��

��
�z� 
 z�

� ��
�

where

S �

�
���b� ���b� ���b�
���b� ���b� ���b�

� ���b� ���b�

�
����

Feasibility and Stability� The control law ��
� is
well de�ned only if the matrix S is invertible for all x�
This can be further investigated by computing�

det�S� �

�����
cosx� � b� � sinx� � b� � sinx� � b�
sinx� � b� cos x� � b� cos x� � b�

� b� b�

�����
� b��b�b� � b�b�� � det�M��� � � ����

Moreover det�S� � � since inertia is a positive quan�
tity� Hence� the matrix S is non�singular for all x��
Stability of the observer and controller can be proven
by considering the resulting state�space model�

�z� � �c�z� � k��x� � k��x� � k��x�

� d��k
�
� � k�� � k���z� � z�

�z� � �c�z� � ����x� � ����x� � ����x� � ����x�

� d���
�
�� � ��

�� � ��
�� � ��

���z� � z�

�z� � �c�z� � k��x� � k��x� � k��x�

� d��k
�
� � k�� � k���z� � z�

�z� � �c�z� � ����x� � ����x� � ����x� � ����x�

� d���
�
�� � ��

�� � ��
�� � ��

���z� � z�

�z� � �c�z� � k��x� � k��x� � k	�x�

� d��k
�
� � k�� � k�	�z� � z�

�z� � �c�z� � ����x� � ����x� � ����x� ��
�

� d���
�
�� � ��

�� � ��
���z� � z�

��x� � cos x� � �x� � sinx� � �x� � k��x� � k��x� � k��x�
��x� � sinx� � �x� � cosx� � �x� � k��x� � k��x� � k��x�
��x� � �x� � k��x� � k��x� � k	�x�
��x� � �a��x� � a��x� � k���x� � k���x� � k���x�
��x� � �a��x� � a��x� � a��x� � k���x� � k���x� � k���x�
��x� � �a��x� � a��x� � a��x� � k���x� � k���x� � k���x�

which can be rewritten in vector form as�

�z � �Czz �Dzz �Ezz �W 
��� �W 
� �� ����

��� � J�x���� �K��� ����
��� � �A��� �A��� �K��� ����

where z � �z�� ���� z��
T � �� � ��x�� �x�� �x��

T � �� �
��x�� �x�� �x��T and

Cz � diag � c� � c� � c� � c� � c� � c� � ����

Dz � diag
�
d��k

�
� � k�� � k��� �

d���
�
�� � ��

�� � ��
�� � ��

���� d��k
�
� � k�� � k����

d���
�
�� � ��

�� � ��
�� � ��

��� � d��k
�
� � k�� � k�	��

d���
�
�� � ��

�� � ��
���
�

����

Ez �

	

 	 � 	 	 	 	

�� 	 	 	 	 	

	 	 	 � 	 	

	 	 �� 	 	 	

	 	 	 	 	 �

	 	 	 	 �� 	

�
� ��	�

W 
� �

	

 k� k� k�

��� ��� ���

k� k� k�

��� ��� ���

k� k� k�

��� ��� ���

�
�W 
� �

	

 	 	 	

	 	 ���

	 	 	

	 	 ���

	 	 	

	 	 	

�
� ��
�

A Lyapunov function candidate is de�ned as�

Vcon �
�

	

�
zT z � ��TP ��� � ��TP ���

�
����

where P � and P � are positive de�nite matrices� Time
di�erentiation of ���� gives�

�Vcon � zT �z � ���
T
P ��� � ��TP �

���

� zT ��Czz �Dzz �Ezz �W 
��� �W 
� ���

� �J �x���� �K����
TP ���

� ��TP ���A��� �A��� �K����

� �zTCzz � z
TEzz

� zTDzz � z
TW 
��� � zTW 
� ��

�
�

�
��TG��� �

�

�
��TG��� � ��T �KT

�P � �
�

�
G����

� ��T �P �A� �
�

�
G����

� ��T �P �A� � P �K� � J
T �x��P ���� ����



where we have added the zero terms �
� ���

T
G��� �

��TG���� and
�
�
���TG��� � ��TG����� with�

G� � diag� g� � g� � g� � ��
�

G� � diag� � � � � g� � ����

g� �
�X

i��

�

di
� � ����

g� �
�

d�
�

�

d�
� � ����

The matrix Ez in ��	� is skew�symmetrical� Hence�
zTEzz � � � z� It is also seen that�

�zTDzz � zTW 
��� � zTW 
� ��

��
� ���

T
G��� � ��TG���� � �

�
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In addition� the observer choice ���� for K� makes the
last term in ���� equal to zero� Substituting the ob�
server gain ���� into ���� yields�

�Vcon � �zTCzz � ��T �Q� �
�

�
G����

� ��T �Q� �
�

�
G���� �
	�

Finally�Q��
�
�G� and Q��

�
�G� must be proven to be

positive de�nite� Since G� and G� de�ned in ��
� and
���� are diagonal matrices� this can easily be obtained
by choosing kQ�k � �

�kG�k and kQ�k � �
�kG�k� The

matrices Q� and Q� also have to be chosen such that
P � and P � are positive de�nite matrices� Hence� ac�
cording to the LaSalle�Yoshizawa theorem �
� the sys�
tem ��������� with ��
� is GUAS� Notice that G� and
G� are not needed for implementation�

� Simulation Studies

The control law ��
� with observer ��� and ��� was
simulated with Cz � I and di � ���� �i�����
�� The
observer gains K� and K� were computed by using
���� and ���� with P � � diag����� 
��� 
���� Q� �
diag������ ����� ����� and Q� � diag����� 	��� 
��� �
A�� The sampling time was ��� s� The simulation
results are shown in Figures � and 	�
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	 Conclusions

A globally uniformly asymptotically stable �GUAS�
nonlinear control law with observer for dynamic po�
sitioning �DP� of ships have been derived� The nonlin�
ear control law and observer are based on the nonlin�
ear kinematic equations of motion to describe the po�
sition and yaw angle of the vessel� Hence� linearization
and gain�scheduling techniques can be avoided when
designing the control law� A nonlinear observer is used
to produce noise�free estimates of velocity and posi�



Figure �� Moored ship� Length L � 	���
 �m� and mass m � �
�������� �kg��

tion from noisy position measurements� The sensors
considered are a gyro compass and a GPS�receiver�
GUAS was proven by applying the backstepping de�
sign methodology and Lyapunov stability theory�

A Tables

Tables ��
 lists the functions used in ��
��

Table �� �ij�functions�
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B Data for Moored Ship

The system matrices for the moored ship shown in Fig�
ure 
 are scaled according to the Bis�system ����

M �

�
������ � �

� ������ �������
� ������� ������

�

D �

�
������ � �

� ������ ������
� ������ ������

�

K � diag����
��� ���	

���

For DP it can be shown that the system matrices sat�
is�es ����M �MT � �� �M � � and �TD� � ��
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