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Abstract

A nonlinear vectorial backstepping control law for
commercial ships is derived by using the concept
of vectorial backstepping. Vectorial backstepping
is done in 3 steps corresponding to the state vec-
tors of the ship dynamics, kinematics and actuator
dynamics. Emphasizes is placed on compensation
of the actuator dynamics since the bandwidth of
the propellers, thrusters and rudders often is close
to the bandwidth of the ship dynamics. Global
exponential tracking is proven by applying Lya-
punov stability analysis. The case study is simul-
taneously global exponential tracking of the surge
and sway positions (x,y) and the yaw angle 1
of a surface ship. This can only be done by ap-
plying nonlinear control theory due to the nonlin-
ear structure of the kinematic equations, Coriolis
and centripetal forces, and hydrodynamic damp-
ing forces.

1 Introduction

Conventional ship control systems are designed
under the assumption that the kinematic and dy-
namic equations of motion can be linearized such
that gain-scheduling techniques and optimal con-
trol theory can be applied, see Fossen and Grovlen
[4]. This is not a good assumption for tracking
applications where the surge and sway positions
(x,y) and yaw angle ¢» must be controlled simul-
taneously. The main reason for this, is that the ro-
tation matrix in yaw, typically must be linearized
about 36 operating points (steps of 10 degrees)
to cover the whole circle arc with adequate accu-
racy. In addition to this, assumptions like linear

damping and negligible Coriolis and centripetal
forces are only good for low-speed applications,
that is station-keeping and dynamic positioning
(DP). These limitations clearly motivate a nonlin-
ear design.

Control design for marine vessels is usually done
under the assumption that the actuator dynamics
can be neglected e.g. by choosing the bandwidth
of the control law sufficient low. This is quite re-
strictive since actuators like propellers, thrusters
and rudders have time constants in the range of
1-5 (s) which is close to the bandwidth of most
ships, i.e. 0.01-0.1 (rad/s) [1]. In this paper the
concept of wvectorial backstepping is applied, see
Fossen and Grgvlen [4] and Krstic et al. [5], since
this allows the designer to incorporate the effects
of the actuator dynamics in a systematic manner.
The term wvectorial backstepping is used since the
control law is derived in a vectorial setting by us-
ing only 3 steps corresponding to the state vectors
of the ship dynamics, kinematics and actuator dy-
namics. Global exponential stability (GES) of the
tracking control law is proven by applying Lya-
punov stability analysis. This is done by exploit-
ing nonlinear system properties like symmetry of
the inertia matrix, dissipative damping and skew-
symmetry of the Coriolis and centripetal matrix,
see Fossen [1], [2] and Fossen and Fjellstad [3].
The proposed control law is simulated on a supply
vessel.

2 The Idea of Vectorial Backstepping

In Section 3, the dynamics of a marine vessel is
written in a vectorial setting motivated by the no-
tation and structural form used in the robot liter-



ature. Before the marine vehicle control problem
is addressed, we will first demonstrate the idea of
vectorial backstepping by considering a robot ma-

nipulator. Moreover, consider the nonlinear robot
model [6]:

q =v (1
M(q)v +C(q,v)v+glq) = 7  (2)

where M(q) = M" (q) > 0 is the inertia matrix,
C(q,v) is a matrix of Coriolis and centripetal
terms defined in terms of the Christoffel symbols
and g(q) is a vector of gravitational forces and mo-
ments. q € R" is a vector of joint angles, v € R"
is a vector of joint angular rates and 7 € R" is a
vector of control torques. The main idea of vecto-
rial backstepping is illustrated in Example 1.

Example 1 (Vectorial Backstepping)
Vectorial backstepping of a 1obot manipulator
can be done in two steps:

Step 1:
Define the virtual control:
. A
q=v=s+ta (3)

where s 1s a new state variable and o is stabilizing

function which can be chosen as:
a=v, Vv,=v43—Aq (4)

where A > 0 is a diagonal design malriz and
q=9q—q is the tracking error. Combining (3)
and (4) yields:

v=—-Aq+s (5)
where (_1 =V.
Step 2:

Consider the Lyapunov function candidate:

1 e _
V=o(s"M(a)s+q K@) >0 Vs £0,g#0

2
(6)
y T .1 T _T _
V = s M(q)s—|—§s M(q)s+q K,v
1 .
= s'M(q)$+5s" M(q)s

2
~a"K,Aq + ' Kys (7)

Eqns. (3) and (4) can be combined to give:
M(q)$ = M(q)V —M(q)&
= 7= M<q)‘}7’_c<q7 V)Vr_g<q)
—C(q v)s (8)
Substituting (8) into (7) yields:
vV o= st (T — M(q)v,—C(q,v)v,—g(q) + ch_l)

1. _T _
+ST(§M(q) —C(q,v))s—q K,Aq
= s’ (1 -~ M(q)¥,~C(q,v)v,~g(q)
+K,d) - 4 K,Aq (9)
Here we have used the skew-symmetric property
s”(3M(q) — C(q,v))s = 0,Vs. This suggests that
the control law can be chosen as:
T = M<q)‘}7’ + C<q7V)V7, + g<q) - de - ch_l
(10)
where Ky = Kg >0 and Ky = Kg > 0 are design
matrices. This finally yields:
V=—s"Kss—qTK,Aq<0 Ys#0,q#0

(11)

Remark 1 The control law (10) is GES since:
V(t) < e ?*V(0) (12)
i /\min K 7/\min K ;A
max(Mur, Amax{Kq})
where My is the upper bound on the inertia matric
satisfying:

0< My <|M(a)|| < My, VYq  (14)

Remark 2 The control law (10) is equivalent
with the control law of Slotine and Lie [7] with per-
fectly known parameters (non-adaptive case) ex-
cept for the additional feedback term K,q which is
necessary to obtain GES and A which replaces the
scalar weight .

3 Nonlinear Control of Marine Vessels

It is possible to generalize the nonlinear robot con-
troller in Example 1 to surface ships described by
the following model class, Fossen [1], [2]:

n = Jmr (15)
Mi +Cv)y + D(v)v +g(n) = Bu  (16)
Ta+u = u, (17)

p. 2



M Rnxn Inertia matirx including
hydrodynamic added inertia

C() | Rr*m Coriolis/sentripetal matrix
incl. hydrodyn. added inertia

Hydrodynamic damp. matrix
D(v) | R"" (skin friction, wave drift, vortex

shedding, potential damp.)

g(n) Rl Grav. and buoyancy forces

B Rnxr Input matrix (configuration

of thrusters and propellers)

T Rrxr Diagonal matrix of actuator

time constants
J(n) | R™™ | Rotation matrix in yaw

v Rl Body-fixed velocity vector
7 R | Position/attitude vector
u R Vector of actuator states
u, Rr<1 Vector of control inputs

Table 1: Marine vessel notation.

This model describes the motion of a surface ship
in n=9 degrees of freedom (DOF). It is assumed
that 7 > n control inputs are available.

Let p.d. denote positive definite, s.p. strictly pos-
itive and s.s. skew-symmetrical matrices.

Assumption 1: The system (15), (16) and (17)
satisfies the following properties:

(i) M=Misp d = x"Mx >0,vx#0

(ii) C(v)= -CT(v)isss = x'Cv)x=0,vx

(iii) D(v)iss. p. = x'D(v)x =
1xT(D(v) + D' (v))x >0, ¥x # 0

(iv) BB and T are non-singular

(v)  J(n) is the rotation matrix in yaw =

I~ () =3"(n), vn

Assumption 2: The reference trajectory "7553)7

4, Mg and Mg is smooth and bounded.

Definition 1: The virtual reference trajectories in
body-fixed and earth-fized coordinates are defined
as:

A _
M, =g — AR (18)
- .
v, = 37 (), (19)
where 11 =1 — 1, is the earth-fived tracking error
and A > 0 is a diagonal design malriz.

Definition 2: The measure of tracking is defined
as:

s £ ) — 7, =1+ A7 (20)

The marine vehicle dynamics (15) and (16) can be
written, Fossen [1]:

M, ()it + C, (v, )0 + D, (v,n)7 + g, (n)
=J 7(n)Bu
(21)

where:

M,(n) = I T(nMI '(n)
C,(v,m) = J T(nCv)
—MI () J (7)) T} (m)
D,(v,n) = J "(n)D@)J '(n)
g(n) = I T(msn)

Definitions 1 and 2 can be used to write the marine
vehicle dynamics in the following form:

M,(n)s = —Cy(v,n)s—D,(v,n)s
+I7T (n)Bu — My ()i}, — Cy (v, n)d,
—Dy (v, m)7, — g;(n) (22)

or equivalently:

M,(n)s = —C,(v,n)s—D,(v,n)s
+J T (n)[Bu - Mz, — C(v)v,
—D)v, —g(n)] (23)

3.1 Vectorial Backstepping of Marine
Vessels

Step 1:
Define the virtual control:
= Ls+a (24)

where s is given by Definition 2 and o is a stabi-
lizing function which can be chosen as:

=), =iy — Afj (25)

where A > 0 is a diagonal matrix. Hence (24) can
be written:

n=—Af+s (26)
Consider the Lyapunov function candidate:
1_ _
Vi =57 Kyl (27)



Vi = " Kyn= -7 K, Af + 7" Kys (28)

where K,, = Kg > 0 is a design matrix.

Step 2:

Consider the Lyapunov function candidate:

1
Vo =Vi+ 55" My (n)s (29)
. _ _ _ 1.
Vo = =0 Ky Ay + s [Ky i+ M, (n)s+5 My (n)s]
(30)
Substitution of (23) into the expression for V5
yields:

1.
EMW (n)s

~C,(v.n)s — D, (v,n)]s +s" I (n)[Bu
~Mi, — C(v)v, —D(v)v, —gn)] (31)

v = _ﬁTKnAﬁ+ST[Kn":/+

Using the fact that, Fossen [1]:

o @Mn(n) ¢, v, n)) s=0, Vs  (32)

implies that (31) reduces to:
Vo = —0'KyAfj—s'Dy(v,n)s

+s" 37 () [3" (n)K, 7 + Bu
M, —C(v)v, ~D()v, —g(n) (33)

This suggests that the virtual control is chosen
according to:
BuZz+a (34)

with stabilizing function:

ay = Mo, +C(v)v,+D(v)v,+g(n)
I (mKs-I' (K7 (35)

where z is a new state variable to be interpreted
in Step 3. Hence, the resulting expression for Va
takes the form:

Vo = —"KyAn—s"(Dy(v,n) + K,)s
+s7 I T (n)z (36)

Step 3:

Consider the Lyapunov function candidate:

1
Vz =V, + 5sz (37)

Vs o= —_TKnA’ﬁ - ST<D77<V7"7) +K,)s
+z7 (I 1 (n)s + 2) (38)

From (34) we have:
a=B(Z+ &,) (39)
where BTis the pseudo-inverse:
B'=BY(BBT) ! (40)
Hence:
Ta=TB (Z + &,) (41)
Substituting the actuator dynamics (17) into this
expression yields:
u. —u=TB Z + &,) (42)
which can be solved for z to yield:
z=BT '(u. —u) - &, (43)
Substituting z into (38) yields:

Vo= —"_7TK77A"_7 - ST<D77<V7 n) +K,)s
+z" (I ' (n)s + BT '(u, —u) — &)

Finally, choosing the control law as:
u.=u+ TB(&,~J '(n)s — K z) (44)
yields:

V3 = —nTK,An —sT(D,(v,n) + K,)s—2z K,z
(15)
Hence, V3<0 Vi # 0,s # 0,2z # 0 which accord-
ing to Lyapunov stability guarantees GES of 1, s
and z.

3.2 Implementation Aspects
The control law (44) is implemented as:

u.=u+ TB[&,~J 1 (n)s — K,(Bu — )
(46)

where

a2 = Mi,+C)v,+D)y, +g(n)
—J(nK;s — I (K, 7 (47)

The main implementation problem is that ceg
must be available without using the time deriva-
tives of the states v, 1 and u corresponding to the
model (15), (16) and (17). Moreover, only mea-

surements of the states v, 1 and u are assumed.



Exact computation of &y without using the
time derivatives of the states: Let us define a
smooth vector function:

¢(v,,v) = C()r, D)y, (48)

Hence ay can be differentiated along the trajecto-
ries of v, v,, ., m,s and 7N according to:
30’.2 . 3@2 . 3&2 -

A TR TR

Since %2 = g—f, we can write:

d = 2251 (Cw) + D)o, +MP,

o), 03" (n) (K8 + Ko),
on on

—IT (K5I (K, 1 (50)

_I_

The expression:

9¢ _ SlCw)v,+D)v,
ov ov

(51)

depends on the structure of the model matrices
C(v) and D(v). If C and D are constant (linear
theory), we simply get:

9% _

=, =0 (52)

The time derivatives in (50) are computed accord-
ing to:

» = M [Bu-C@w)y— D@ —gn) (53)
o= Jn)

o= Jmv+In)w (55)

which are substituted into:

no= -y (56)

R o= i 7

5 = n+Ap (58)

v, = I ()i, - Imv,] (59)
b= 1) ()i~ I,

+I3 - () — J(m)v, — Im)2,] (60)

where n$,3) = "7553) — A(7} — 7). An attractive sim-

plification of this scheme is given below:

Approximative solution of &y without using
the time derivatives of the states: For marine
vessels a good approximation is:

J(n)=J3(m) =0 (61)

In fact this is a good approximation since the dy-
namics of a marine vessel is quite slow due to the
dissipative nature of hydrodynamic damping and
the relatively large inertia of the vessel. Typi-
cal values for the bandwidth of a ship is 0.01-0.1
(rad/s). Hence, the assumption (61) is common in

most industrial ship control systems. This implies
that Eqns. (53)—(60) reduces to:

v = M ![Bu-C()v -D(v)v —g(n)] (62)

§ = Jn)M [Bu—C)v - D) —g®)]

—flg + AT (v —7,) (63)

v, = I ()i — A (mv—i,)] (64)
b, = I (m)nf’ — AImM }[Bu—C(v)v

—D(v)v —g(n)] + Adjy| (65)

4 Simulation of a Nonlinear Supply Vessel

Consider a supply vessel with mass m = 6.4 - 108
(kg) and length L = 76.2 (m) given by the follow-
ing non-dimensional matrices (Bis-scaling) [1]:

Figure 1: Supply vessel used in the simulation study.

1.1274 0 0
M = 0 1.8902 —0.0744
0 —0.0744 0.1278



L 0
Cv) = 0
1.8902v" —0.0744r"

0 —1.8902v" +0.07447”
0 1.12740
—1.1274 0
[ 0.0414 0 0
D = 0 0.1775 —0.0141
L 0 —0.1073  0.0568
[ cosy —sing O
J(n) = siny’  cosvw O
0 0 1
T = 5.0v/g/L-Tgxe = 1.7964 - Igye
) 13.0 130 O 0 0 0
B = 103[ 0 0 116 116 6.0 6.7 }
0 0 46 —46 27 22
where v =[u",v" 7|7 and n =[x,y v |’.

The thruster inputs u = [v 1,...,u ¢]7 are scaled
such that |u”s| < 1.0 (i=1...6). The actuator time
constants are chosen as 5.0 (s) for all the thrusters
and propellers. The non-dimensional state vectors

are transformed to physical quantities by:

n = diag{L,L,1}n
v = diag{\/gL, /gL, g/L}v

The backstepping control law (46)-(47) and (62)-
(65) was simulated on a computer with K; =
K, = I3x3,A=0.1- I3x3 and non-dimensional
sampling time kA~ = 0.02 corresponding to h =
0.0557 (s). The simulation results are shown in
Figure 1 where the control law and the reference
model is started at ¢ = 15 (s). FEven though,
J(n) and J(n) are assumed to be zero in the com-
putation of ¢, excellent tracking results are ob-
tained when using a 3rd-order filtered reference
trajectory. The steady-state values of the refer-
ence model were chosen as:

Tim 7,(t) = [10 (m), —5 (m), 10 (deg)]”. ~ (66)

Also notice that all non-dimensional control inputs

u; (i=1...6) are inside their maximum values of

+1.0.

5 Conclusions

In this paper a vectorial backstepping control law
for conventional ships is derived with emphasizes
placed on the actuator dynamics. The proposed
control law is simulated on a supply vessel with
excellent results.

x- and y-pos. tracking errors (m) x 10°track. error in yaw (deg)

0.05

0 4
-0.05 2
0.1 0
-0.15 )
0 20 40 60 80 0 20 40 60
time (s) time (s)

taul,tau2 (kN) and tau3 (10kNm) Bis-scaled control inputs ul..ué

300

200

0.5
100
0
0
-100 05
-200 -1
0 20 40 60 80 0 20 40 60 80
time (s) time (s)

Figure 2: Upper left: z- and y-position tracking er-
rors. Upper righl: yaw angle tracking er-
ror. Lower left: T.= Bu,.. Lower right:
non-dimensional controls u; (i=1...6). No-
tice that u; = ug and ug = uy.
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