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Abstract

This paper gives some new semi�global results
for linear systems with simultaneous magnitude
and rate saturations� In particular� linear control
laws giving a locally attractive equilibrium are de�
rived� It is also shown that for null�controllable
systems the domain of attraction can be made ar�
bitrary large� For unstable systems� necessary con�
ditions for the existence of a linear controller re�
sulting in a local attractive equilibrium are given�
Moreover� for a large class of unstable systems the
domain of attraction can be made arbitrary large
in some directions of the state�space� Two exam�
ples illustrating the results are also included�

� Introduction

Some of the most common and signi�cant nonlin�
earities in control systems are those of the actuator
and then� in particular� magnitude and rate satu�
rations� These nonlinearities are present in virtu�
ally all physical systems� even though the degree
of importance may vary� In some control systems
the input nonlinearities may be negligible� while
in other their e�ects may be signi�cant� leading to
stability problems or aggravation of performance�

There has been a renewed interest in the prob�
lem of input saturation the last few years� and
some interesting results have been reported� These
results address primarily the problem of global
and semi�global stabilization using bounded con�
trol� The notion of semi�global exponential stabil�
ity of linear systems subject to input saturation
was �rst introduced by Lin and Saberi�� and has
later been further developed� see e�g� Saberi et al��

and Teel��� The global stabilization problem for an
integrator chain is impossible to solve using linear
control laws� However� by using a nonlinear control
law of nested saturation functions� global stability
was proven by Teel�� This result was later gener�
alized by Sussman� to null�controllable plants�
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All of the mentioned results addresses the pure
magnitude saturation problem� and not the prob�
lem of input rate saturation� It is clear that rate
saturation is more di�cult to handle than a pure
magnitude saturation� This is due to the fact that
while limits in the magnitude only changes the gain
in the closed�loop system� rate limits have mem�
ory� and thus a�ects both the magnitude and the
phase� One approach to solve this problem is to
augment the system with one integrator and then
derive a stabilizing control law for the time deriva�
tive of the input� This method usually requires in�
put measurements and the augmented system will
have state constraints� Most design methods are
unable to handle this with the results of Sussman�

and Teel�� as important exceptions�

When dealing with input nonlinearities like
magnitude and�or rate saturation� the problem is
often evaded by generating less aggressive refer�
ence trajectories and hence avoiding saturating ac�
tuators� see e�g� Miller and Pachter�� From the
practical point of view� the existing results are
mostly based on simulations or ad hoc solutions
with no stability proofs� see e�g� Berg et al�� and
Van Amerongen et al���� Thus� a stronger theo�
retical understanding is required to avoid critical
situations and guarantee performance of systems
in the precence of magnitude and rate saturations�

In this paper� we show that when the input is
subject to simultaneous magnitude and rate satu�
rations� it is possible to obtain an attractive equi�
librium using linear state feedback controllers��
Furthermore� the closed�loop systems domain of
attraction can be made arbitrary large� We an�
alyze the same problem for unstable systems and
give some new results on the domain of attraction�

�This problem has recently and independently been ad�

dressed by Lin�� The author analyzes the problem of sta�

bilizing null�controllable systems magnitude and rate satu�

rations� They propose linear control laws solving the state

and output feedback control problem� The results di�er

from the results presented here in that the controllers re�

quire feedback from the actual input�



� Problem Description

The problem we consider is stabilization of a
single�input multiple�state system with simultane�
ous magnitude and rate saturations� i�e� systems
which can be written in the form

�x � Ax	 b��
v� 
��

�v � ��

�
�

�

u� v�

�


�

where x � IRn is the state vector� u � IR is the
commanded input� v � IR is an internal state of
the input dynamics and ��
v� � U� is the actual
input to the plant� The functions �� � IR� U� and
�� � IR� U� are saturation functions de�ned as

�i
��
	
� sign
��min
j � j� �i�� �i � �� i � �� 
� 
��

which implies Ui � ���i� �i�� i � �� 
� The input
dynamics is shown in Figure ��

�
�

�

u v ���v�

Figure �� Input dynamics�

In this paper we consider the destabilizing ef�
fect of a rate limiter� Hence� we neglect the linear
part of the input dynamics� and make the following
assumption throughout the paper�

Assumption � Assume that � in 

� is su��
ciently �small�� i�e� the linear part of the input
dynamics can be neglected� �

Under Assumption�� 

� is called a pure rate sat�
uration element possessing the following property�

Property � Let 

� satisfy Assumption �� and let
v
T � � u
T � for some T � t�� Then v
t� � u
t��
t � T if �u
t� � ��� t � T � �

The object is to derive a linear controller such
that for any arbitrary large� bounded set of ini�
tial conditions� X � the equilibrium point x � � is
stable and limt�� kx
t�k � �� This problem is a
semi�global stabilization problem and it is summa�
rized in De�nition �� based on a de�nition given
by Lin and Saberi��

De�nition � 
Semi�Global Stability� The equilib�
rium point x � � is semi�globally asymptotically

exponentially� stabilizable by linear state feed�
back if� for any arbitrary large� bounded and a pri�
ori given sets of state initial conditions� X � IRn�
there exists a linear control law� u � gTx� such

that the equilibrium of the closed�loop system is
locally asymptotically 
exponentially� stable and
has X contained in its region of attraction� �

However� when the input nonlinearity has mem�
ory� like rate saturations� stability depends on the
initial condition of the input� Hence� the equilib�
rium point may be unstable and attractive at the
same time� i�e� an input initial condition may cause
the state to leave the equilibrium point and then
converge to it again as t � �� Clearly� in this
case stability is impossible to obtain� and the best
possible result is an attractive equilibrium�

Now� we are ready to derive semi�global results
for the full state feedback case� First� we consider
a class of systems called null�controllable and show
that for these systems there exists a linear control
law such that the equilibrium is locally attractive
with arbitrary large domain of attraction� Then�
su�cient conditions for the existence of a linear
controller for unstable systems are given�

� Null�Controllable Systems

In this section� we consider a class of systems sat�
isfying the following de�nition�

De�nition � 
Null�controllability� The system

�� is null�controllable with bounded controls if the
eigenvalues of A are in the closed left half�plane
and the pair 
A� b� is stabilizable� �

To stabilize the system 
���

� we use linear con�
trol laws in the form

u � �bTP 
��x� 
��

where P 
�� is the solution of the Riccati equation

ATP 
��	P 
��A�P 
��bbTP 
�� � �Q
��� 
��

with Q
�� a positive de�nite matrix 	� � 
�� ���
The following proposition regarding P 
�� will be
used throughout this section�

Proposition � Let the pair 
A� b� be null�
controllable and let P 
�� be the solution of 
��
where Q
�� is a positive de�nite matrix satisfying
lim���Q
�� � �� Then�

lim
���

P 
�� � �� 
��

and P 
�� is positive de�nite 	� � 
�� ���

Proof� See Saberi et al�� and the references
therein� �

We also need the following result for positive def�
inite matrices in the proof of the main theorem of
this section�
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Proposition � Let P 
�� be a symmetric and pos�
itive de�nite matrix� Then� there exists a symmet�
ric and positive de�nite matrix� H
��� such that
P 
�� �H
��H
���

Proof� See Strang
� �

Before stating the main theorem of this section� we
need the following preliminary result�

Lemma � Let the system 
�� be null�controllable
and let the input dynamics 

� satisfy Assump�
tion �� Then� if v
t�� � u
t�� the equilibrium point
x � � is semi�globally exponentially stabilizable by
linear state feedback�

Proof� To prove the theorem� we need to make
some de�nitions� First� let BM be a ball about the
origin such that

X 
 BM
	
� fx � IRn j kxk �Mg� 
��

and de�ne a change of coordinates

z
	
�H
��x� 
��

where P 
�� �H
��H
��� The existence of H
��
is guaranteed by Proposition 
�

Next� consider the commanded input

u � bTP 
��x � bTH
��z� 
��

which give the following system matrix 
when the
input nonlinearities are neglected�

Ac
�� �H
��
�
A� bbTP 
��

�
H��
��� 
���

First� we want to pick a � � 
�� �� such that u
t� �
��� t � t�� To obtain this� let � � ��� � � be such
that

kbTH
��k kH
��kM � ��� 	� � ��� 
���

where �� � 
�� ��� �� Proposition � and the de�ni�
tion of H
��� Proposition 
� guarantees the exis�
tence of ��� � In addition� we want to guarantee that
the time derivative of the commanded input never
exceeds the rate limit� that is �u
t� � ��� t � t�� To
do this� consider the time derivative of the input�

�u � �bTP 
�� �x � �bTP 
�� 
Ax	 bu� � 
�
�

By assumption� v
t�� � u
t�� and we want to have
v
t� � u
t�� t � t�� Consider�

�u � �bTP 
��
�
A� bbTP 
��

�
x� 
���

From 
��� and 
��� we get

�u � �bTH
��Ac
��z 
���

Now� let ��� � 
�� �� be such that

kbTH
��Ac
��k kH
��kM � ��� 	� � ��� 
���

where �� � 
�� ��� � and ��� exists� since

lim
���

Ac
�� � Ac� 
���

and it can be shown that kAck � d 
for a short
proof� see Lin��� Then� let �� � minf��� � �

�

�g and
let cM be a positive constant de�ned as

cM
	
� �max
H
����M� 
���

where �max
H
���� denotes the maximal 
positive
and real� eigenvalue of H
���� Then� in the new
coordinates� we have

z
t�� � BcM
	
� fz � IRn j kzk � cMg� 
���

since zT 
t��z
t�� � xT 
t��P 
��x
t�� � c�M � Pick
a �xed � � 
�� ��� and consider the following Lya�
punov function candidate

V � xTP �x � zTz� 
���

where z � H�x and P � � P 
�� for a �xed � �

�� ���� The time derivative of 
��� becomes

�V � zTH��
�

�
ATP � 	P �A

�
H��

� z

�
zTH�b�� 
v� � 

��

Now� observing that 
��� implies that �u
t� � ���
t � t� if z
t� � BcM � t � t�� Then� since v
t�� �
u
t��� Property � implies that v
t� � u
t�� t � t�
and thus

�V � zTH��
�

�
ATP � 	P �A

�
H��

� z

�
zTH�b��

�
bTH�z

�
� z
t� � BcM �

��

and using 
��� it follows that

�V � �zTH��
� Q�H

��
� z� z
t� � BcM � 


�

Since kz
t�k is strictly decreasing� it is clear that
z
t�� � BcM implies that z
t� � BcM � t � t�� More�
over� since x
t�� � BM implies that z
t�� � BcM
then 
�� and 


� give

�V � �xTQ�x� x
t�� � X � 

��

Hence� from 
��� and 

�� it follows that for all
x
t�� � X

kx
t�k � kMkx
t��ke
��M �t�t��� 

��

which completes the proof� �

�
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The preceding lemma requires that v
t�� � u
t���
and this can� in general� not be satis�ed� e�g� in the
case of repeated steps in a reference signal� How�
ever� as the following theorem shows for the full
state feedback case� an attractive equilibrium can
be obtained for any bounded input initial condi�
tion�

Theorem � �Null�Controllable Systems�� Let the
system 
�� be null�controllable and let the input
dynamics 

� satisfy Assumption �� Then� for any
arbitrary large� bounded and a priori given set of
state initial conditions� X � IRn� there exists a
linear control law� u � gTx� such that the equilib�
rium of the closed�loop system is locally attractive
and has X contained in its region of attraction�
Moreover� for t � 
��	��� x converges exponen�
tially to the equilibrium�

Proof� First� notice that it is impossible to pick
a � � 
�� �� which guarantee that v
t� � u
t� for
t � t� and for all v
t��� This is easily seen in the
case when sign
v
t��� �� sign
u
t���� Thus� in gen�
eral� v
t�� �� u
t�� for all � � 
�� ���

Assume that we have picked a � � 
�� �� such
that ju
t�j � ��� t � t�� Then� there exists a time
T such that v
T � � u
T �� Since T is bounded�
that is T � 
��	�� � �� there exists a ball BN
such that

x
t�� � BM � x
t� � BN � t � �t�� t�	

��
��

�� 

��

Then� Lemma � guarantees the existence of a linear
control law u � gTx such that for all x
T � � BN

kx
t�k � kNkx
T �ke
��N�t�T �� t � T� 

��

Moreover� from 

�� we get that for all x
T � � BN
there exists some constants k� and k� such that

kx
t�k � k�kx
t��k	 k�� t � �t�� T �� 

��

and it is easy to verify that

kx
t�k � 
k�kx
t��k	 k��e
��N �t�t��� t � t� 

��

for some k�� k� � � and 	x
t�� � X � �

� Unstable Systems

The results given in the previous section are not
valid if the systems matrix has one or more eigen�
values with positive real part� This follows from
the fact that

lim
���

P 
�� � P � 

��

where P �� �� Assume that there exists a positive
number q � f�� 
� � � � � 
n���g and a corresponding

r � n � q such that the system matrix 
�� can be
written in the form

A �

�
A�� A��

� A��

�

���

where A�� � IRq�q has non�positive eigenvalues�
A�� � IRr�r has positive eigenvalues� and A�� �
IRq�r � Then� the state can be divided into two
parts�

x � �xT� � x
T
� �
T � 
���

where x�
t�� � X� � IRq and x�
t�� � X� � IRr�
and we obtain the following system�

�x�
�x�

�
�

�
A�� A��

� A��

� �
x�
x�

�
	

�
b�
b�

�
�
v�� 
�
�

where x� � IRq� x� � IRr and with obvious dimen�
sions and de�nitions of b� and b��

Remark � Notice that if q does not exist� then
the system is either null�controllable and thus
A�� � A� b� � b and x� � x� or it is not possible
to obtain A�� 
 � and it follows that A�� � A�
b� � b and x� � x� �

Next� we make the following assumption on the
system 
�
�

Assumption � Assume that 
i� the pair 
A� b� is
stabilizable� 
ii� the eigenvalues of A�� have non�
positive real parts and 
iii� the eigenvalues of A��

have positive real parts� �

Using Assumption 
� the following proposition can
be stated�

Proposition � Let P 
�� be the solution of 
���
where the pair 
A� b� satisfy Assumption 
�
and Q
�� is a positive de�nite matrix satisfying
lim���Q
�� � �� Then� P 
�� is positive de�nite
	� � 
�� �� and

lim
���

P 
�� �

�
� �

� P ��

�
� 
���

Proof� Let P �� be the solution of the Algebraic
Riccati equation

AT
��P �� 	P ��A�� �P ��b�b

T
� P �� � �� 
���

Next� assume that there exists a 
 � � such that

Q
����Q
��� � �� 	 � � �� � �� � 
 
���

Continuity at � � � has been shown by
Trentelman��� i�e�

lim
���

P 
�� � P 
��� 
���

Finally� it can be veri�ed that 
��� with P �� given
by 
��� is P 
��� and the proposition is proved� �

�
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Next� de�ne

�� � kbT�H��k kH��k 
���

�� � kbT�H��Ac
��k kH��k� 
���

and let BMi
� i � �� 
� be two balls about the origin

such that

Xi 
 BMi

	
� fxi � IRni j kxik �Mig� i � �� 



���
where n� � q and n� � r� Then the following
lemma can be stated�

Lemma � Let the system 
���

� satisfy Assump�
tions � and 
� If ��M� � ��� ��M� � �� and
v
t�� � u
t��� then for any arbitrary large and
bounded X� the equilibrium x � � is exponen�
tially stabilizable by linear state feedback�

Proof� Consider the state transformation T �
IRn � IRn given by

T �

�
�I �
� I

�

���

Then de�ning x � Tx we have

�x � A
��x	 b
����
u� 
���

where x�
t�� � �X�� x�
t�� � X� and

A
�� �

�
A�� �A��

� A��

�
� b
�� �

�
�b�
b�

�
� 
�
�

Then� since

lim
���

kx
t��k � kx�
t��k �M� 
���

there exists an �� such that

��kx
t��k � ��� ��kx
t��k � ��� 
���

for all � � 
�� ����
Next� let P 
�� �� denote the solution of 
�� when

A and b are replaced with A
�� and b
��� Since

��� is independent of � it follows that

lim
���

P 
�� �� � lim
���

P 
�� �� � P � 
���

where P is given by 
���� Hence� pick � � 
�� ���
such that 
��� is satis�ed and let M be such that
kx
t��k � M � Then� there exists �� � 
�� �� such
that

kbT 
��H
�� ��k kH
�� ��kM � ��� 
���

and

kbT 
��H
�� ��Ac
�� ��k kH
�� ��kM � ��� 
���

for all � � 
�� ���� Then� the rest of the proof is
similar to the proof of Lemma �� �

The stability result for unstable systems is given
in the following theorem�

Theorem � �Unstable Systems� Let the system

���

� satisfy Assumptions � and 
� Furthermore�
let BN�

be such that x�
t�� � X� implies that
x�
T � � BN�

� for any T � 
��	��� If ��N� � ��
and ��N� � ��� then for any arbitrary large�
bounded and a priori given set of initial conditions
X�� there exists a linear control law� u � gTx� such
that the equilibrium of the closed�loop system is lo�
cally attractive and has X� � X� contained in its
region of attraction� Moreover� for t � 
��	��� x
has exponentially rate of convergence to the equi�
librium�

Proof� The proof follows from the proofs of The�
orem � and Lemma 
� �

Remark � Notice that this result is a general�
ization of the result for null�controllable systems
since X� can be arbitrary large and in the null�
controllable case X� � X � �

� Illustrative Examples

Two examples are used to illustrate the main
results of this paper� First� a null�controllable
system 
integrator chain� is used to illustrate the
destabilizing e�ect of the input initial condition�
and secondly� a locally attractive equilibrium is
shown for an unstable plant 
F��� �ghter aircraft��

��� Integrator Chain

To illustrate the destabilizing e�ect of the in�
put initial condition� consider a control system for
three integrators with input magnitude and rate
saturation� i�e�

�x �

�
� � � �

� � �
� � �

�
	x	

�
� �

�
�

�
	 ��
v� 
���

�v � ��

�
�

�

u� v�

�

���

Further� let �� � 
� �� � � and X � B�� It is
well�known that for this system it is impossible to
obtain global stability with linear control laws� and
therefore we want to obtain local stability using a
controller in the form v � bTP �x� where P � is the
solution of 
�� with

Q� �

�
� �� � �

� �� �
� � ��

�
	 
���

Then

�� � ���� � ��� � �� � ����� � ��� � 
���

�
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Thus� picking � � ������ the controller given by

u � �


������ ������ ������

�
x 
�
�

results in a locally exponentially stable system
when u
t�� � v
t��� see Figure 
�
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Figure 
� High gain linear controller when v
�� �
u
���

However� the system may turn unstable when
u
t� has an initial condition di�erent from the ini�
tial condition on v
t�� This is illustrated in Fig�
ure �� where v
t�� � 
� The initial values of x are
not de�stabilizing� since kx
t��k � � � B�� but the
initial value on v
t� drives the system unstable�

Next� it can be shown that kx
t�k � 
� for t �

��	��� Using the same Q
�� as above� it follows
that �� � ����� This gives the linear controller

u � �


������ ���
�
 ��
���

�
x� 
���

The time response of this low gain controller are
shown in Figure ��

��� F��� Control System

To illustrate the results for unstable systems� we
use a model of the short period dynamics of an F�
�� �ghter aircraft� The model� taken from Miller
and Pachter�� is linearized at a �ight condition of
������ feet in altitude and a speed of Mach ����
The state space model is�

�

�q

�
�

�
����� �����
���� ���
�

� �


q

�
	

�
������
�����

�

�


���
where q 
rad�s� is the pitch rate� 
 
rad� is the an�
gle of attack and 
 
rad� is the input� The control
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Figure �� High gain linear controller when v
�� �

�

objective is tracking of the pitch rate� Hence� we
augment the system with an integral control state
z �

R t
�
qd� � The magnitude and rate limits are

���� 
rad� and � 
rad�s� with a linear time con�
stant� � of ����� Thus� the overall system to be
controlled is given by

�x�

�
������ ����� �

���� ���
� �
� � �

�
	x	

�
������������

�

�
	��
v� 
���

�v���

�
�

����


c � v�

�
� 
���

where x � �
� q� z�T and 
c is the commanded in�
put�

The system is controllable� and to illustrate the
destabilizing e�ect of saturating actuators consider
the control law 
c � �bTPx where

�bTP �


������ ���
�� �����


�
� 
���

and P is the solution of 
�� with

Q �

�
� � � �

� � �
� � ��

�
	 � 
���

This controller was simulated with a sequence of
steps in the reference and the result is shown in
Figure �� It is seen that the closed loop system is
unstable due to the input limitations�

In order to derive a stabilizing controller for the
system� consider the positive de�nite matrix

Q
�� �

�
� � � �

� ��� �
� � ����

�
	 � 
���

�
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Figure �� Low gain linear controller when v
�� � 
�

If kx
t�k � ���� for t � 
��	�� � ����� it can be
shown that � � ��
� � �� satisfy the conditions of
Theorem 
� Using � � ��
�� yields the following
controller


c �


������ ������ ������

�
x� 
���

The simulation results are shown in Figure �� and
con�rms that the equilibrium is locally attractive�

� Conclusions

In this paper we have presented several semi�
global results for linear systems with simultaneous
magnitude and rate saturations on the input� It is
shown that for null�controllable linear systems� a
local attractive equilibrium can be obtained with
linear control laws� Moreover� it is shown that the
domain of attraction can be made arbitrary large�
Unstable plants were also considered� and a su��
cient condition for local stability was given� Full
state feedback was assumed� and the output feed�
back case will be addressed in future publications�
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