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Abstract

In this paper we present a gain scheduling technique
for stabilizing integrator chains in the presence of mag-
nitude and rate limitations on the input. The controller
was first presented in [4] where it showed excellent ex-
perimental results on a pitch axis flight control exper-
iment at Caltech in the case of input rate limits only.
The controller has several interesting features, e.g. it is
easy to tune and it gives a minimal loss in performance.
These properties are illustrated in a simulation study.

1 Introduction

Actuator magnitude and rate saturations are some
of the most common and significant nonlinearities in
control systems. These nonlinearities are present in
virtually all physical systems, even though the degree
of importance may vary. In some control systems the
input nonlinearities may be neglected, while in other
their effects may considerable, leading to stability prob-
lems or aggravation of performance if ignored in control
design. At present, there are few systematic means of
analyzing and designing nonlinear control systems in
the presence of magnitude and rate saturations.

One example of application where input magnitude
and, in particular, rate saturations have significant ef-
fect are flight control of high agility aircrafts and rudder
roll stabilization of ships. In flight control saturating
actuators influence the stability of the aircraft. In fact,
the YF-22 crash of April, 1992, has been blamed on a
pilot-induced oscillation (PIO) caused in part by rate
saturated control surfaces, see [1] and [3] for a detailed
description. This example illustrates the need for new
tools dealing with input nonlinearities.

On the practical side, input magnitude and rate sat-
urations are often handled in an ad hoc fashion and the
stability properties of a control system is investigated
through extensive simulations before implementation.
Since stability in simulations does not imply stability
of the physical control system (an example is the crash
of the YF22), stronger theoretical understanding is re-
quired as the demands for performance and agility are
increasing.

In the linear literature there exists results allowing
actuator saturations to be incorporated in the design
process. An example is the use of {; analysis and syn-
thesis techniques, see e.g.[2], The drawback with these
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approaches is that linear controllers will be generated
for linear systems. Hence, like any other method for
linear control design, the control law will in general be
very conservative since the control gains must be small
enough to tolerate the worst case scenario.

There have been several recent results in the non-
linear control literature dealing with saturations that
shed some new light to the problem. Teel introduced
the use of nested saturations for chains of integrators
(8] and this has been generalized to include much more
general systems, see e.g. [7]. More closely related to
the work presented here are the results of Megretski [6]
and Teel [9].

In this paper we take a gain scheduling approach
to the problem of stabilizing integrator chains in the
presence of magnitude and rate saturations. The algo-
rithm was first presented in [4] for input rate satura-
tions only, and the gain scheduled control law showed
excellent experimental results when implemented on a
pitch axis flight control experiment at Caltech. In this
paper we generalize the results in [4] and show that the
nonlinear and time-varying controller give a closed-loop
system which is provably convergent in the presence of
simultaneous magnitude and rate saturations.

2 Problem Statement

The problem we consider in this paper is to stabilize
an integrator chain of length n. The chain is written
in the compact form

& = Az + bu, (1)

where x € R” is the state vector and « € U; C R is the
input to the system. The input is subject to magnitude
and rate saturations, and thus the input dynamics can
be written in the form

u = oy (v) (2)
b= o G(u - v)) , 3)

where v € R is an internal state of the input dynamics
and u. € R is the commanded input. The functions o; :
R — U;, i = 1,2, where U; = [—fs, B;], are saturation
functions defined as

01,() = Slgn() mln(l ) Iaﬂ’i)7 ﬁi > 07 i = 1)2 (4)
The goal of the control design in this paper is not only
to make the closed-loop system convergent, but also to

obtain a control system with good performance. Hence,
the closed-loop system should have



e A rise time as close as possible to the rise time of
the linear system with linear controller.

e No large overshoot compared to the response of the
linear system with linear controller (also called the
“anti-windup” problem).

3 Control Law

The approach we take in this paper is gain schedul-
ing of a linear control law. The method used is given
in the following definition.

Definition 1 Let u, = —g7x be a linear control law
stabilizing the pair (A4, b) when no input dynamics are
present. Then the gain scheduled control law is defined
to be

u(t,@) £ —g"K(1(t), (5)

where
K('Y(t)) = diag(fy"(t), o a’)’(t))a (6)
and v(t) € (0, 1] is the scaling factor. A

The scaling factor is given by the following definition.

Definition 2 Let h(t) be a piecewise continuous func-
tion of time given by

h(t) =0 if w=1u,, «(t)=1 otherwise. (7)

where u and u. are the actual and commanded input,
respectively. Let T} denote the time instance when
u = u. for the kth time, 7, = Y(Tk), 70 = 1, N a
positive number and ¢(t) = (¢t — Tn). Define y(¢) as

AT
( w0 <A < =7,
Ve

A AT \P .
q
(£> if k> Nand g(t)> Al—zﬂ,
L\ g(?) e
where p > 0,9 > 1 and AT > 0. A

The control law given by Definitions 1 and 2 can be
shown to give a convergent closed-loop system. For
proof of stability, see [5).

4 Illustrative Example
Consider a chain of three integrators
& =Z2, T2 =23, T3 =1u (9)

where the input is subject to magnitude and rate con-
straints of unity value (8, = B3 = 1). The nonlinear
scheduled control law is then given by

uc(t, ) = =7 (t)er — 392 (t)z2 ~ 37(t)z,  (10)

where «(t) is given by Definition 2 with AT = 0.5 (s)
and p = 1.01. The simulation results are shown in
Figure 1, where the dashed line show the response of
the linear system with the linear controller (y(t) = 1)
while the solid line show the response of the nonlinear
system with the nonlinear controller. Note that the
nonlinear system with the linear controller is unstable
for this step input.
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Figure 1: The time response for z(0) = [0,0,0]T and
zq = [2,0,0]7.

5 Conclusions

In this paper we have given a time-varying controller
for stabilizing a chain of integrators in the presence of
magnitude and rate saturations. It is proved that the
controller gives a convergent closed-loop system, i.e.
for any bounded state initial condition the state will
converge to the origin. The main strength of the con-
troller is that it gives provable convergence without be-
ing overly conservative. This is verified in a simulation
study.
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