
LIDF Frqihuhqfh rq Frqwuro Dssolfdwlrqv lq Pdulqh V|vwhpv +FDPV*<;,
Ixnxrnd/ Mdsdq/ 5:063 Rfwrehu 4<<;

Qrqolqhdu Vkls Frqwuro
Wxwruldo Vhvvlrq

47=63�4:=33/ Wxhvgd| 5: Rfwrehu 4<<;

Wkru L1 Irvvhq dqg Mdqq Shwhu Vwudqg

Ghsduwphqw ri Hqjlqhhulqj F|ehuqhwlfv
Qruzhjldq Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj|

Q0:367 Wurqgkhlp/ Qruzd|

Uhsruw qr1 <;04<0Z



Suhidfh

Wkh vfrsh ri wkh wxwruldo lv wr suhvhqw wkh wkhruhwlf irxqgdwlrq ri qrqolqhdu edfnvwhsslqj
ghvljqv zlwk dssolfdwlrqv wr vkls frqwuro1 Wkh wxwruldo vhvvlrq lv glylghg lqwr wzr sduwv=

� Qrqolqhdu edfnvwhsslqj ghvljqv iru vklsv= wklv lqfoxghv d eulhi uhylhz ri lqwhjudo edfn0
vwhsslqj/ h{whqvlrq wr VLVR dqgPLPR v|vwhpv lq vwulfw ihhgedfn irup dqg fdvh vwxglhv
rq PLPR edfnvwhsslqj dssolhg wr dxwrslorw dqg srvlwlrq frqwuro1

� Qrqolqhdu/ rswlpdo dqg urexvw edfnvwhsslqj= h{whqvlrqv wr rswlpdo dqg urexvw qrq0
olqhdu frqwuro ri vklsv zlwk irfxv rq g|qdplf srvlwlrqlqj +GS, dqg srvlwlrq prrulqj
+SP, frqwuro1

Qrwhv dqg Uhihuhqfhv

Wkh pdwhuldo suhvhqwhg lq wklv uhsruw lv edvhg rq wkh errnv=

Irvvhq/ W1 L1 +4<<7,1 Jxlgdqfh dqg Frqwuro ri Rfhdq Yhklfohv/ Mrkq Zloh| ) Vrqv1 Owg1

Irvvhq/ W1 L1 +lq suhvv,1 Qrqolqhdu Edfnvwhsslqj Ghvljqv= Dssolfdwlrqv wr Phfkdqlfdo V|v0
whpv dqg Vkls Frqwuro/ wr eh sxeolvkhg lq 4<<<1

Wkh �hog ri qrqolqhdu vkls frqwuro lv uhodwlyho| qhz1 Vrph xvhixo uhihuhqfhv duh=

Qrqolqhdu G|qdplf Srvlwlrqlqj +GS, dqg Srvlwlrq Prrulqj +SP,

Dduvhw/ P1 I1/ M1 S1 Vwudqg dqg W1 L1 Irvvhq +4<<;,1 Qrqolqhdu Yhfwruldo Revhuyhu Edfnvwhs0
slqj Zlwk Lqwhjudo Dfwlrq dqg Zdyh Ilowhulqj iru Vklsv/ Surf1 ri wkh LIDF Frqi1 rq
Frqwuro Dssolfdwlrqv lq Pdulqh V|vwhpv +FDPV*<;,/ Ixnxrnd/ Mdsdq/ Rfwrehu 5:063/
4<<;1

Irvvhq/ W1 L1 dqg È1 Juûyohq +4<<;,1 Qrqolqhdu Rxwsxw Ihhgedfn Frqwuro ri G|qdpl0
fdoo| Srvlwlrqhg Vklsv Xvlqj Yhfwruldo Revhuyhu Edfnvwhsslqj1 LHHH Wudqvdfwlrqv rq
Frqwuro V|vwhpv Whfkqrorj|/ WFVW09+4,=454045;/ Mdqxdu| 4<<;1

Irvvhq/ W1 L1 dqg M1 S1 Vwudqg +4<<<,1 Sdvvlyh Qrqolqhdu Revhuyhu Ghvljq iru Vklsv Xv0
lqj O|dsxqry Phwkrgv= H{shulphqwdo Uhvxowv zlwk d Vxsso| Yhvvho1 Uhjxodu sdshu
Dxwrpdwlfd/ Yro1 68/ Qr1 4/ Mdqxud| 4<<<1

l



ll

Sdxovhq/ P1/ R1 Hjhodqg dqg W1 L1 Irvvhq +4<<;,1 D Sdvvlyh Ihhgedfn Frqwuroohu ZlwkZdyh
Ilowhu iru Pdulqh Yhklfohv/ Lqwhuqdwlrqdo Mrxuqdo ri Urexvw dqg Qrqolqhdu Frqwuro/ wr
dsshdu1

Urehuwvvrq/ D1 dqg U1 Mrkdqvvrq +4<<;,1 Frpphqwv rq �Qrqolqhdu Rxwsxw Ihhgedfn Frq0
wuro ri G|qdplfdoo| Srvlwlrqhg Vklsv Xvlqj Yhfwruldo Revhuyhu Edfnvwhsslqj�/ LHHH
Wudqvdfwlrqv rq Frqwuro V|vwhpv Whfkqrorj|/ WFVW09+6,=76<0774/ Pd| 4<<;

Vwudqg/ M1 S1/ N1 H}do/ W1 L1 Irvvhq dqg S1 Y1 Nrnrwrylf +4<<;,1 Qrqolqhdu Frqwuro ri
Vklsv= D Orfdoo| Rswlpdo Ghvljq/ Surf1 ri wkh LIDF QROFRV*<;/ Hqvfkhgh/ Wkh
Qhwkhuodqgv/ 406 Mxo|/ 4<<;

Vwudqg/ M1 S1/ D1 M1 Vûuhqvhq dqg W1 L1 Irvvhq +4<<:,1 Prghoolqj dqg Frqwuro ri Wkuxvwhu
Dvvlvwhg Srvlwlrq Prrulqj V|vwhpv iru Vklsv/ Surf1 ri wkh 7wk LIDF Frqi1 rq Pd0
qrhxyulqj dqg Frqwuro ri Pdulqh Fudi w/ 43045 Vhswhpehu/ 4<<:/ Eulmxql/ Furdwld1

Vwudqg/ M1 S1 dqg W1 L1 Irvvhq +4<<;,1 Qrqolqhdu Rxwsxw Ihhgedfn dqg Orfdoo| Rswlpdo
Frqwuro ri G|qdplfdoo| Srvlwlrqhg Vklsv H{shulphqwdo Uhvxowv/ Surf1 ri wkh LIDF
Frqi1 rq Frqwuro Dssolfdwlrqv lq Pdulqh V|vwhpv +FDPV*<;,/ Ixnxrnd/ Mdsdq/ Rf0
wrehu 5:063/ 4<<;1

Vwudqg/ M1 S1/ D1 M1 Vûuhqvhq dqg W1 L1 Irvvhq +4<<;,1 Ghvljq ri Dxwrpdwlf Wkuxvwhu
Dvvlvwhg Srvlwlrq Prrulqj V|vwhpv iru Vklsv/ Prgholqj/ Lghqwl�fdwlrq dqg Frqwuro
PLF04<+5,=940:81

Vwudqg/ M1 S1/ N1 H}do/ W1 L1 Irvvhq dqg S1 Y1 Nrnrwrylf +4<<;,1 Qrqolqhdu Rxwsxw Ihhgedfn
Frqwuro ri Iuhh0Iordwlqj dqg Prruhg Vklsv= D Orfdoo| Rswlpdo Dssurdfk/ Vxeplwwhg
dv d uhjxodu sdshu wr Dxwrpdwlfd1

Qrqolqhdu Zd|0Srlqw Wudfnlqj ri Vklsv

Ehujh/ V1 S1/ N1 Rkwvx dqg W1 L1 Irvvhq +4<<;,1 QrqolqhduFrqwuro ri Vklsv Plqlpl}lqj wkh
Srvlwlrq Wudfnlqj Huuruv/ Surf1 ri wkh LIDF Frqi1 rq Frqwuro Dssolfdwlrqv lq Pdulqh
V|vwhpv +FDPV*<;,/ Ixnxrnd/ Mdsdq/ Rfwrehu 5:063/ 4<<;1

Irvvhq/ W1 L1 dqg V1 S1 Ehujh1 Qrqolqhdu Yhfwruldo Edfnvwhsslqj Ghvljq iru Joredo H{sr0
qhqwldo Wudfnlqj ri Pdulqh Yhvvhov lq wkh Suhvhqfh ri Dfwxdwru G|qdplfv/ Surf1 ri
LHHH Frqihuhqfh rq Ghflvlrq dqg Frqwuro +FGF*<:,/ Vdq Glhjr/ Ghfhpehu 4<<:/ ss1
756:075751

Irvvhq/ W1 L1/ M10P1 Jrgkdyq/ V1 S1 Ehujh dqg N10S1 Olqghjddug +4<<;,1 Qrqolqhdu Frq0
wuro ri Xqghudfwxdwhg Vklsv zlwk Iruzdug Vshhg Frpshqvdwlrq/ Surf1 ri wkh LIDF
QROFRV*<;/ Hqvfkhgh/ Wkh Qhwkhuodqgv/ 406 Mxo|/ 4<<;

Jrgkdyq/ M10 P1/ W1 L1 Irvvhq dqg V1 S1 Ehujh +4<<;,1 Dgdswlyh Edfnvwhsslqj Ghvljqv
iru Wudfnlqj Frqwuro ri Vklsv/ Vshfldo Lvvxh rq Pdulqh V|vwhpv ri wkh Lqwhuqdwlrqdo
Mrxuqdo ri Dgdswlyh Frqwuro dqg Vljqdo Surfhvvlqj/ wr dsshdu1



lll

Kxvd/ N1 H1 dqg W1 L1 Irvvhq1 Edfnvwhsslqj Ghvljqv iru Qrqolqhdu Zd|0Srlqw Wudfnlqj ri
Vklsv1 Surf1 ri wkh 7wk LIDF Frqi1 rq Pdqrhxyulqj dqg Frqwuro ri Pdulqh Fudiw/
43045 Vhswhpehu/ 4<<:/ Eulmxql/ Furdwld1

Qrqolqhdu Vkls Dxwrslorwv

Irvvhq/ W1 L1 +4<<6,1 Kljk Shuirupdqfh Vkls Dxwrslorw Zlwk Zdyh Ilowhu/ Surf1 ri wkh 43wk
Vkls Frqwuro V|vwhp V|psrvlxp +VFVV*<6,/ Rwwdzd/ Fdqdgd/ Rfwrehu 5805</ 4<<61

Odxygdo/ W1 dqg W1 L1 Irvvhq +4<<;,1 Urexvw Dgdswlyh Vkls Dxwrslorw zlwk Zdyh Ilowhu
dqg Lqwhjudo Dfwlrq/ Vshfldo Lvvxh rq Pdulqh V|vwhpv Frqwuro/ Lqwhuqdwlrqdo Mrxuqdo
ri Dgdswlyh Frqwuro dqg Vljqdo Surfhvvlqj/ wr dsshdu1

PfJrrnlq/ H1 X1/ G/ M1 Pxuud|0Vplwk/ \1 Ol dqg W1 L1 Irvvhq +4<<:d,1 Sdudphwhu Rs0
wlpl}dwlrqv ri d Qrqolqhdu Wdqnhu Frqwuro V|vwhp Xvlqj Jhqhwlf Dojrulwkpv1 Surf1
ri wkh 5qg LHH2LHHH Lqwhuqdwlrqdo Frqihuhqfh rq Jhqhwlf Dojrulwkpv lq Hqjlqhhulqj
V|vwhpv= Lqqrydwlrqv dqg Dssolfdwlrqv/ 507 Vhswhpehu 4<<:/ Jodvjrz/ XN

PfJrrnlq/ H1 X1/ G1 M1 Pxuud|0Vplwk/ \1 Ol dqg W1 L1 Irvvhq +4<<:e,1 Qrqolqhdu Wdqnhu
Frqwuro V|vwhp Sdudphwhu Rswlpl}dwlrq Xvlqj Jhqhwlf Dojrulwkpv1 Surf1 ri wkh
RFHDQV*<:1

PfJrrnlq/ H1 Z1/ G1 M1 Pxuud|0Vplwk/ \1 Ol dqg W1 L1 Irvvhq +4<<;,1 Vkls Vwhhulqj Frqwuro
V|vwhp Rswlpl}dwlrq Xvlqj Jhqhwlf Dojrulwkpv/ LIDF Mrxuqdo ri Frqwuro Hqjlqhhulqj
Sudfwlvh/ wr dsshdu1

PfJrrnlq/ H1 Z1/ G1 M1 Pxuud|0Vplwk/ \1 Olq dqg W1 L1 Irvvhq +4<<;,1 H{shulphqwdo
Uhvxowv iurp Vxsso| Vkls Dxwrslorw Rswlpl}dwlrq Xvlqj Jhqhwlf Dojrulwkpv/ LHHH
Mrxuqdo ri Rfhdqlf Hqjlqhhulqj/ wr dsshdu1

Yln/ E1 dqg W1 L1 Irvvhq +4<<:,1 Vhpl0Joredo H{srqhqwldo Rxwsxw Ihhgedfn Frqwuro ri
Vklsv/ LHHH Wudqvdfwlrqv rq Frqwuro V|vwhpv Whfkqrorj|/ WFVW08+6,=69306:31

Qrqolqhdu Uxgghu0Uroo Vwdelol}dwlrq

Odxygdo/ W1 dqg W1 L1 Irvvhq +4<<:,1 Qrqolqhdu Uxgghu0Uroo Gdpslqj ri Qrq0Plqlpxp
Skdvh Vklsv Xvlqj Volglqj Prgh Frqwuro/ Surf1 ri wkh Hxurshdq Frqwuro Frqihuhqfh
+HFF*<:,/ Euxvvho/ Ehojld1

Odxygdo/ W1 dqg W1 L1 Irvvhq +4<<;,1 Uxgghu Uroo Vwdelol}dwlrq ri Vklsv Vxemhfw wr Lqsxw
Udwh Vdwxudwlrqv Xvlqj d Jdlq Vfkhgxohg Frqwuro Odz/ Surf1 ri wkh LIDF Frqi1 rq
Frqwuro Dssolfdwlrqv lq Pdulqh V|vwhpv +FDPV*<;,/ Ixnxrnd/ Mdsdq/ Rfwrehu 5:063/
4<<;1

Xqghudfwxdwhg G|qdplf Srvlwlrqlqj +GS,

Shwwhuvhq/ N1 \1 dqg W1 L1 Irvvhq +4<<;,1 Xqghudfwxdwhg Frqwuro ri Vklsv Xvlqj Lqwhjudo
Frqwuro= H{shulphqwdo Uhvxowv Zlwk F|ehuVkls L/ Surf1 ri wkh LIDF QROFRV*<;/
Hqvfkhgh/ Wkh Qhwkhuodqgv/ 406 Mxo|/ 4<<;
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Frqwhqwv

Suhidfh l

Iljxuhv yll

Wdehov l{

4 Wkh Lghd ri Lqwhjudo Edfnvwhsslqj 4
414 D Eulhi Klvwru| ri Edfnvwhsslqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4
415 Lqwhjudwru Edfnvwhsslqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5

41514 Edfnvwhsslqj yhuvxv Ihhgedfn Olqhdul}dwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

5 Qrqolqhdu Edfnvwhsslqj 44
514 VLVR Edfnvwhsslqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44

51414 Qrqolqhdu Vkls Dxwrslorw Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48
515 PLPR +Yhfwruldo, Edfnvwhsslqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

51514 Yhfwruldo Edfnvwhsslqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<
51515 H{dpsoh= Qrqolqhdu Pdvv0Gdpshu0Vsulqj V|vwhp 1 1 1 1 1 1 1 1 1 1 1 55
51516 G|qdplf Srvlwlrqlqj ri Vklsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

6 Orfdoo| Rswlpdo Edfnvwhsslqj Ghvljq 5<
614 VLVR Rswlpdo Edfnvwhsslqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63

61414 Qrwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
61415 Prgho Fodvv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64
61416 Frqwuro Remhfwlyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65
61417 Orfdoo| Rswlpdo Edfnvwhsslqj +ORE, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65
61418 Uhfxuvlyh Edfnvwhsslqj Surfhgxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;
61419 Vxppdu| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75
6141: H{dpsoh= Qrqolqhdu Pdvv0Gdpshu0Vsulqj V|vwhp 1 1 1 1 1 1 1 1 1 1 1 76

615 Orfdoo| Rswlpdo dqg Urexvw Edfnvwhsslqj Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78
61514 Prgho Fodvv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78
61515 Frqwuro Remhfwlyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79
61516 Orfdoo| Rswlpdo dqg Urexvw Edfnvwhsslqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:
61517 Uhfxuvlyh Edfnvwhsslqj Surfhgxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;

616 Orfdoo| Rswlpdo Frqwuro ri Prruhg Vklsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;

y



yl FRQWHQWV

D Vwdelolw| Wkhru| 88
D14 O|dsxqry Vwdelolw| iru Dxwrqrprxv V|vwhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88

D1414 Vwdelolw| dqg Frqyhujhqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88
D1415 O|dsxqry*v Gluhfw Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8:
D1416 Od Vdooh*v Lqyduldqw Vhw Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8;
D1417 Joredo H{srqhqwldo Vwdelolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8;

D15 O|dsxqry Vwdelolw| ri Qrq0Dxwrqrprxv V|vwhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8<
D1514 Eduedodw*v Ohppd 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 93
D1515 Od Vdooh0\rvkl}dzd*v Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 93

Uhihuhqfhv 94



Olvw ri Iljxuhv

414 5qg0rughu qrqolqhdu v|vwhp zlwk rqh vlqjoh qrqolqhdulw| sE%�� dqg d sxuh
lqwhjudru dw wkh lqsxw1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

415 Vwdelol}dwlrq ri wkh %�0v|vwhp e| phdqv ri wkh vwdelol}lqj ixqfwlrq k� '
k�E%��� Qrwh wkdw �k�E%�� zkhq lqwhjudwhg fdqfhov rxw wkh ihhgedfn whup�k�E%��� 7

416 Vwdelol}dwlrq ri wkh %20v|vwhp e| phdqv ri wkh frqwuro lqsxw � ' �E �k�c 5�c 52�1 8
417 Grplqdwlrq ri ghvwdelol}lqj whupv e| dgglqj qrqolqhdu gdpslqj1 1 1 1 1 1 1 1 ;

514 Eorfn gldjudp vkrzlqj d 6ug0rughu qrqolqhdu v|vwhp lq VLVR vwulfw ihhgedfn
irup1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

515 Vxsso| yhvvho xvhg lq wkh Qruwk Vhd1 Ohqjwk ri vkls= .S�2 p1 1 1 1 1 1 1 1 1 1 48
516 VLVR qrqolqhdu pdvv0gdpshu0vsulqj v|vwhp1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55
517 Qrqolqhdu yhfwruldo edfnvwhsslqj dssolhg wr g|qdplf srvlwlrqlqj ri vklsv1 1 1 59

614 Iuhh  rdwlqj wdqnhu1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
615 Uhodwlrqvkls ehwzhhq olqhdu OT frqwuro +orzhu eorfnv, dqg qrqolqhdu rswlpdo

edfnvwhsslqj +xsshu eorfnv,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66
616 Uhodwlrqvkls ehwzhhq olqhdu K"0frqwuro +orzhu eorfnv, dqg qrqolqhdu rswlpdo

dqg urexvw edfnvwhsslqj +xsshu eorfnv,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:
617 Vkls dqg vsuhdg prrulqj v|vwhp1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7<

D14 Pdvv0gdpshu0vsulqj v|vwhp1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8:

yll
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Olvw ri Wdeohv

D14 Fodvvl�fdwlrq ri wkhruhpv iru vwdelolw| dqg frqyhujhqfh1 1 1 1 1 1 1 1 1 1 1 1 1 89

l{



{ OLVW RI WDEOHV



Fkdswhu 4

Wkh Lghd ri Lqwhjudo Edfnvwhsslqj

Wklv fkdswhu lv rujdql}hg dv iroorzv=

� Vhfwlrq 514= D eulhi klvwru| ri edfnvwhsslqj dqg uhihuhqfhv wr uhodwhg zrun duh suh0
vhqwhg1

� Vhfwlrq 515= Wkh pdlq lghd ri lqwhjudwru edfnvwhsslqj lv h{sodlqhg e| xvlqj dq
looxvwudwlyh h{dpsoh1

414 D Eulhi Klvwru| ri Edfnvwhsslqj
Edfnvwhsslqj lv d uhfxuvlyh ghvljq phwkrgrorj| iru frqvwuxfwlrq ri erwk ihhgedfn frqwuro
odzv dqg dvvrfldwhg O|dsxqry ixqfwlrqv lq d v|vwhpdwlf pdqqhu1 Qrqolqhdu edfnvwhsslqj
ghvljqv duh vwurqjo| uhodwhg wr ihhgedfn olqhdul}dwlrq1 Krzhyhu/ zkloh ihhgedfn olqhdul}dwlrq
phwkrgv fdqfho doo qrqolqhdulwlhv lq wkh v|vwhp lw zloo eh vkrzq wkdw zkhq dsso|lqj wkh edfn0
vwhsslqj ghvljq phwkrgrorj| wkh ghvljqhu rewdlq  h{lelolw| wr h{sorlw �jrrg� qrqolqhdulwlhv
zkloh �edg� ru ghvwdelol}lqj qrqolqhdulwlhv duh grplqdwhg h1j1 e| dgglqj qrqolqhdu gdpslqj1
Khqfh/ dgglwlrqdo urexvwqhvv lv rewdlqhg1 Wklv lv lpsruwdqw lq lqgxvwuldo frqwuro v|vwhpv
vlqfh fdqfhoodwlrq ri doo qrqolqhdulwlhv uhtxluh suhflvh prghov zklfk duh gl!fxow wr rewdlq lq
sudfwlvh1

Wkh lghd ri lqwhjudwru edfnvwhsslqj vhhpv wr kdyh dsshduhg vlpxowdqhrxvo|/ riwhq lp0
solflw/ lq wkh zrunv ri Nrglwvfkhn +4<;:,/ Vrqqwdj dqg Vxvvpdqq +4<;;,/ Wvlqldv +4<;<,/ dqg
E|uqhv dqg Lvlgrul +4<;<,1 Vwdelol}dwlrq wkurxjk dq lqwhjudwru +Nrnrwrylf dqg Vxvvpdqq/
4<;<, fdq eh ylhzhg dv d vshfldo fdvh ri vwdelol}dwlrq wkurxjk dq VSU wudqvihu ixqfwlrq zklfk
lv d iuhtxhqwo| xvhg whfkqltxh lq wkh hduo| dgdswlyh ghvljqv/ vhh Sdunv +4<99,/ Odqgdx +4<:<,
dqg Qduhqgud dqg Dqqdvzdp| +4<;<,/ iru lqvwdqfh1 H{whqvlrqv wr qrqolqhdu fdvfdghv e|
xvlqj sdvvlylw| dujxphqwv kdyh ehhq grqh e| Ruwhjd +4<<4, dqg E|uqhv/ Lvlgrul dqg Zloohpv
+4<<4,1 Lqwhjudwru edfnvwhsslqj dsshduhg dv d uhfxuvlyh ghvljq whfkqltxh lq Vdehul/ Nrnr0
wrylf dqg Vxvvpdqq +4<<3, dqg lw zdv ixuwkhu ghyhorshg e| Ndqhoodnrsrxorv/ Nrnrwrylf dqg
Pruvh +4<<5,1 Wkh uhodwlrqvkls ehwzhhq edfnvwhsslqj dqg sdvvlylw| kdv ehhq hvwdeolvkhg
e| Or}dqr/ Eurjoldwr dqg Odqgdx +4<<5,1 Iru wkh lqwhuhvwhg uhdghu/ d wxwruldo ryhuylhz ri
edfnvwhsslqj lv jlyhq e| Nrnrwrylf +4<<4,1

Wkh �uvw errn ghvfulelqj wkh edfnvwhsslqj ghvljq phwkrgrorj| zdv sxeolvkhg e| Nuvwlf/
Ndqhoodnrsrxorv dqg Nrnrwrylf +4<<8,1 Lq wklv errn hpskdvlv lv sodfhg rq dgdswlyh dqg

4
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qrqolqhdu frqwuro ri VLVR v|vwhpv zlwk h{whqvlrqv wr PLPR v|vwhpv lq frpsrqhqw irup1
Sdudphwhu dgdgswdwlrq/ wxqlqj ixqfwlrqv dqg prgxodu ghvljqv iru erwk ixoo vwdwh ihhgedfn
dqg rxwsxw ihhgedfn duh dovr glvfxvvhg1

Odwhu d vhfrqg errn zdv sxeolvkhg e| Vhsxofkuh/ Mdqnrylf dqg Nrnrwrylf +4<<:,1 Wklv
wh{werrn lv dq h{whqvlrq wr iruzduglqj/ sdvvlylw| dqg fdvfdghg ghvljqv1 Vwdelolw| pdujlqv
dqg rswlpdolw| duh dovr jlyhq d pruh ghwdlohg glvfxvvlrq1

Pruh uhfhqwo| Nuvwlf dqg Ghqj +4<<;, sxeolvkhg d errn zlwk h{whqvlrq wr vwrfkdvwlf
v|vwhpv irfxvlqj rq vwrfkdvwlf vwdelolw| dqg uhjxodwlrq/ vwrfkdvwlf dgdswlyh edfnvwhsslqj
ghvljqv dqg glvwxuedqfh dwwhqxdwlrq1

Wkh pdwhuldo lq wklv uhsruw lv edvhg rq d uhfhqw errn rq qrqolqhdu edfnvwhsslqj ghvljqv
e| Irvvhq +4<<<,1 Wkh gl�huhqfh ri wklv errn dqg wkh suhylrxv wkuhh duh wkdw wkh irfxv
lv pdlg wrzdugv sudfwlfdo ghvljqv/ lpsohphqwdwlrq frqvlghudwlrqv dqg h{dpsohv edvhg rq
phfkdqlfdo v|vwhpv dqg vkls dssolfdwlrqv1 Ixoo0vfdoh h{shulphqwv zlwk wdqnhuv dqg vxsso|
yhvvhov duh xvhg wr ghprqvwudwh wkh shuirupdqfh ri wkh frqwuro v|vwhpv1 Wklv lv grqh e|
h{sorlwlqj wkh qrqolqhdu v|vwhp surshuwlhv ri phfkdqlfdo v|vwhpv olnh glvvlsdwlyqhvv +jrrg
gdpslqj,/ v|pphwu| ri wkh lqhuwld pdwul{ dqg wkh vnhz0v|pphwulf surshuw| ri wkh Frulrolv
dqg fhqwulshwdo pdwul{1 Lq dgglwlrq/ hpskdvlv lv sodfhg rq frqwuro ghvljq zlwk lqwhjudo
dfwlrq1 Wzr whfkqltxhv iru lqwhjudo dfwlrq lq qrqolqhdu v|vwhpv xvlqj edfnvwhsslqj ghvljqv
duh glvfxvvhg +Irvvhq/ Oruld dqg Whho/ 4<<;, dqg d ghwdlohg dqdo|vlv ri wkh gl�huhqw whfkqltxhv
zkhuh vr0fdoohg jrrg gdpslqj lq phfkdqlfdo v|vwhpv lv h{sorlwhg1 Ilqdoo|/ wklv errn xqolnh
wkh wkuhh rwkhuv lv zulwwhq lq d yhfwruldo vhwwlqj lq rughu wr h{sorlw wkh vwuxfwxudo surshuwlhv
ri qrqolqhdu PLPR v|vwhpv1 Wklv whfkqltxhv lv uhihuuhg wr dv yhfwruldo edfnvwhsslqj/ vhh
Irvvhq dqg Ehujh +4<<:, dqg Irvvhq dqg Juûyohq +4<<;,1

415 Lqwhjudwru Edfnvwhsslqj

Wkh pdlq lghd ri lqwhjudwru edfnvwhsslqj fdq eh ghprqvwudwhg e| frqvlghulqj d vlpsoh
qrqolqhdu vfdodu v|vwhp=

�%� ' sE%�� n %2 +414d,

�%2 ' � +414e,

+ ' %� +414f,

zkhuh %� 5 ?c %2 5 ?c + 5 ? dqg � 5 ?� Wkh vhfrqg htxdwlrq uhsuhvhqw d sxuh lqwhjudwru/ vhh
Iljxuh 4141Ohw wkh ghvljq remhfwlyh eh uhjxodwlrq ri +E|� $ f dv | $ 4� Wkh rqo| htxloleulxp
srlqw zlwk + ' f lv E%�c %2� ' Efc�sEf�� fruuhvsrqglqj wr �%� ' sE%�� n %2 ' f� Wkh ghvljq
remhfwlyh lv wr uhqghu wkh htxloleulxp srlqw JDV ru JHV1 Vlqfh wkh qrqolqhdu v|vwhp +414d,�
+414e, frqvlvwv ri wzr vwdwhv %� dqg %2c wklv zloo eh d uhfxuvlyh ghvljq lq 5 vwhsv1 Zh zloo
wkhuhiruh wuhdw +414d,�+414e, dv wzr fdvfdghg v|vwhpv hdfk zlwk d vlqjoh lqsxw dqg rxwsxw1
Zh vwduw rxu uhfxuvlyh ghvljq zlwk wkh v|vwhp %� dqg frqwlqxhv zlwk %2� Zh zloo lqwurgxfh
d fkdqjh ri frruglqdwhv gxulqj wkh uhfxuvlyh ghvljq surfhvv jlyhq e|=

3 ' !E � +415,
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Iljxuh 414= 5qg0rughu qrqolqhdu v|vwhp zlwk rqh vlqjoh qrqolqhdulw| sE%�� dqg d sxuh lqwh0
judru dw wkh lqsxw1

zkhuh 3 'd5�c 52oA c 'd%�c %2o
A dqg !E � G?? $ ?? lv d wudqvirupdwlrq wr eh lqwhusuhwhg

odwhu1 Wkh edfnvwhsslqj wudqvirupdwlrq lv d joredo gl�hprusklvp/ li wkh pdsslqj !E � lv
rq ?? zlwk frqwlqxrxvo| gl�huhqwldeoh ixqfwlrqv !E � dqg !3�E �c dqg orfdo li wkh lqyhuvh
wudqvirupdwlrq=

 ' !3�E3� +416,

rqo| h{lvwv rq d vxevsdfh ri ??�

Vwhs 4

Iru wkh �uvw v|vwhp +414d, zh fkrrvh wkh vwdwh %2 dv d yluwxdo frqwuro lqsxw zkloh zh uhfdoo wkdw
rxu ghvljq remhfwlyh lv wr uhjxodwh wkh rxwsxw + ' %� wr }hur1 Khqfh/ wkh �uvw edfnvwhsslqj
yduldeoh lv fkrvhq dv=

5� ' %� +417,

Iru wkh v|vwhp +414d, zh zloo wuhdw %2 dv d yluwxdo frqwuro lqsxw1 Wkh yluwxdo frqwuro lv
gh�qhg dv=

%2
{
' k� n 52 +418,

zkhuh

k� @ vwdelol}lqj ixqfwlrq
52 @ qhz vwdwh yduldeoh

Khqfh/ wkh 5�0v|vwhp fdq eh zulwwhq=

�5� ' sE%�� n k� n 52 +419,

Wkh qhz vwdwh yduldeoh 52 zloo qrw eh xvhg lq wkh �uvw vwhs/ exw lwv suhvhqfh lv lpsruwdqw
vlqfh 52 lv qhhghg wr frxsoh wkh 5�0v|vwhp wr wkh qh{w v|vwhp/ wkdw lv wkh 520v|vwhp wr eh
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Iljxuh 415= Vwdelol}dwlrq ri wkh %�0v|vwhp e| phdqv ri wkh vwdelol}lqj ixqfwlrq k� ' k�E%���
Qrwh wkdw �k�E%�� zkhq lqwhjudwhg fdqfhov rxw wkh ihhgedfn whup �k�E%���

frqvlghuhg lq wkh qh{w vwhs1 Pruhryhu/ lqwhjudwru edfnvwhsslqj lpsolhv wkdw wkh frruglqdwhv
gxulqj wkh uhfxuvlyh ghvljq lv fkdqjhg iurp +%�c %2, wr +5�c 52,1

Zh qrz wxuq rxu dwwhqwlrq wr wkh ghvljq ri wkh vwdelol}lqj ixqfwlrq k� zklfk zloo surylgh
wkh qhfhvvdu| ihhgedfn iru wkh 5�0v|vwhp1 Iru lqvwdqfh/ fkrrvlqj wkh vwdelol}lqj ixqfwlrq dv
+ihhgedfn olqhdul}lqj frqwuro,=

k� ' �sE%��� &�5� +41:,

|lhogv=

�5� ' �&�5� n 52 +41;,

D eorfn gldjudp vkrzlqj wkh vwdelol}lqj ixqfwlrq dqg wkh qhz vwdwh yduldeoh lv vkrzq lq
Iljxuh 4151 D O|dsxqry ixqfwlrq fdqglgdwh iru wkh 5�0v|vwhp lv=

T� '
�

2
5�

2 +41<,

�T� ' 5� �5�

' �&�5
2
� n 5�52 +4143,

zkhuh &� : f lv wkh ihhgedfn jdlq1 Khqfh/ wkh 5�0v|vwhp lv vwdelol}hg1 Zh qrz wxuq rxu
dwwhqwlrq wr wkh 520v|vwhp1

Vwhs 5

Wkh 520g|qdplfv lv frpsxwhg e| wlph gl�huhqwldwlrq ri +418,=

�52 ' �%2 � �k�

' �� �k� +4144,



4151 LQWHJUDWRU EDFNVWHSSLQJ 8

} {
4 4
@x {

5

i {+ ,
4

α
4 4
+ ,{

α
4 4
({ ,

1

}
5

x } n }@ 0 0α
4 4 5 5

1

0

Iljxuh 416= Vwdelol}dwlrq ri wkh %20v|vwhp e| phdqv ri wkh frqwuro lqsxw � ' �E �k�c 5�c 52�1

D O|dsxqry ixqfwlrq fdqglgdwh iru wkh 520v|vwhp lv=

T2 ' T� n
�

2
522 +4145,

�T2 ' �T� n �5252

' E�&�5
2
� n 5�52� n �5252

' �&�5
2
� n 52E5� n �52�

' �&�5
2
� n 52E�� �k� n 5�� +4146,

Vlqfh rxu v|vwhp lv ghvfulehg e| rqo| wzr vwdwhv wkh frqwuro lqsxw � dsshduv lq wkh vhfrqg
vwhs1 Khqfh/ fkrrvlqj wkh frqwuro odz dv=

� ' �k� � 5� � &252 +4147,

zlwk &2 : fc |lhogv=

�T2 ' �&�5
2
� � &25

2
2 	 fc ;5� 9' fc 52 9' f +4148,

Lpsohphqwdwlrq Dvshfwv

Zkhq lpsohphqwlqj wkh frqwuro odz +4147, lw lv lpsruwdqw wr dyrlg h{suhvvlrqv lqyroylqj wkh
wlph ghulydwlyhv ri wkh vwdwhv1 Iru wklv vlpsoh v|vwhp rqo| �k� pxvw eh hydoxdwhg1 Wklv fdq
eh grqh e| wlph gl�huhqwldwlrq ri k�E%�� dorqj wkh wudmhfwrulhv ri wkh vwdwhv1 Pruhryhu/ zh
fdq frpsxwh �k� zlwkrxw xvlqj wkh vwdwh ghulydwlyhv=

�k� ' �YsE%��

Y%�
�%� � &� �%�

' �
�
YsE%��

Y%�
n &�

�
EsE%�� n %2� +4149,
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Khqfh/ wkh �qdo h{suhvvlrq iru wkh frqwuro odz lv=

� ' �
�
YsE%��

Y%�
n &�

�
EsE%�� n %2�� %� � &2E%2 n sE%�� n &�%�� +414:,

Li sE%�� ' �%� +olqhdu wkhru|,/ zh vlpso| jhw=

� ' � E�� n &�� E�%� n %2�� %� � &2E%2 � %� n &�%��

' �E2 n &�&2 � &� � &2�%� � E&� n &2 � ��%2 +414;,

zklfk lv d vwdqgdug SG0frqwuro odz1 Wkh jhqhudo h{suhvvlrq iru � lv/ krzhyhu/ d qrqolqhdu
ihhgedfn frqwuro odz ghshqglqj rq wkh qrqolqhdu ixqfwlrq sE%���

Edfnvwhsslqj Frruglqdwh Wudqvirupdwlrq

Wkh edfnvwhsslqj frruglqdwh wudqvirupdwlrq 3 ' !E � wdnhv wkh irup=�
5�
52

�
'

�
%�
%2 � sE%��� &�%�

�
+414<,

zkloh wkh lqyhuvh wudqvirupdwlrq  ' !3�E3� lv=�
%�
%2

�
'

�
5�
52 n sE5�� n &�5�

�
+4153,

Wkh Ilqdo Fkhfn

Li |rx kdyh shuiruphg wkh edfnvwhsslqj ghvljq surfhgxuh fruuhfwo| wkh g|qdplfv ri wkh
forvhg0orrs v|vwhp lq +5�c 52, frruglqdwhv fdq dozd|v eh zulwwhq dv wkh vxp ri d gldjrqdo
dqg vnhz0v|pphwulf pdwul{ wlphv wkh vwdwh yhfwru1 Wklv fdq eh vhhq e| zulwlqj wkh uhvxowlqj
g|qdplfv lq wkh irup=�

�5�
�52

�
' �

�
&� f
f &2

�
� ~} �
gldjrqdo pdwul{

�
5�
52

�
n

�
f �
�� f

�
� ~} �

vnhz0v|pphwulfdo pdwul{

�
5�
52

�
+4154,

ru htxlydohqwo|

�3 ' �k3n 53 +4155,

zkhuh 3 ' d5�c 52o
A c k ' _�@}i&�c &2j : f dqg=

5 ' �5A '

�
f �
�� f

�
+4156,

zkhuh 5 vdwlv�hv 3A53 ' fc ;3� Lq vrph fdvhv wkh gldjrqdo pdwul{ zloo eh d ixqfwlrq ri wkh
vwdwh/ wkdw lv kE3� :f� Wklv lv wkh fdvh zkhq qrqolqhdu gdpslqj lv dgghg ru zkhq vrph ri
wkh qrqolqhdulwlhv qrw duh fdqfhoohg e| wkh frqwuroohu1
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Lqyhvwljdwlrq ri Vwdelolw|

Zh dovr qrwlfh wkdw=

T2 '
�

2
3A3 +4157,

�T2 ' 3A E�k3n 53�

' �3Ak3 +4158,

Khqfh/ O|dsxqry*v gluhfw phwkrg iru dxwrqrprxv v|vwhpv hqvxuhv wkdw wkh htxloleulxp srlqw
E%�c %2� ' Efc�sEf�� lv JDV1 Lq idfw/ wklv v|vwhp zloo dovr eh JHV vlqfh lw fdq eh vkrzq
wkdw wkh vwdwh yhfwru  E|� ghfd|v h{srqhqwldoo| wr }hur e| xvlqj Wkhruhp 8/ wkdw lv=

n E|�n2 � e3
�

2
qE|3|f� n E|f�n2 +4159,

zkhuh q ' b4�?Ek� : f lv wkh frqyhujhqfh udwh1
D jhqhudol}dwlrq wr d odujh fodvv ri orzhu wuldqjxodu v|vwhpv lv grqh lq wkh qh{w fkdswhu1

41514 Edfnvwhsslqj yhuvxv Ihhgedfn Olqhdul}dwlrq

Wkh edfnvwhsslqj frqwuro odz ri wkh suhylrxv vhfwlrq lv lq idfw htxdo wr d ihhgedfn olqhdul}lqj
frqwuroohu vlqfh wkh qrqolqhdu ixqfwlrq sE%�� lv shuihfwo| frpshqvdwhg iru e| fkrrvlqj wkh
vwdelol}lqj ixqfwlrq dv=

k� ' �sE%��� &�5� +415:,

Wkh glvdgydqwdjh zlwk wklv dssurdfk lv wkdw d shuihfw prgho ri sE%�� lv uhtxluhg1 Wklv lv
lpsrvvleoh lq sudfwlvh1 Frqvhtxhqwo|/ dq dssurdfk fdqfhoolqj doo wkh qrqolqhdulwlhv pd| eh
vhqvlwlyh iru prghoolqj huuruv1

H{sorlwlqj �Jrrg� Qrqolqhdulwlhv

Rqh ri wkh qlfh ihdwxuhv ri edfnvwhsslqj lv wkdw wkh vwdelol}lqj ixqfwlrqv fdq eh prgl�hg wr
h{sorlw vr0fdoohg �jrrg� qrqolqhdulwlhv1 Iru lqvwdqfh/ dvvxph wkdw=

sE%�� ' �@f%� � @�%
2
� � @2 m%�m%� +415;,

zkhuh @fc @� dqg @2 duh dvvxphg wr eh xqnqrzq srvlwlyh frqvwdqwv1 Vlqfh erwk @f%� dqg
@2 m%�m%� whqg wr gdps rxw wkh prwlrq wkhvh wzr h{suhvvlrqv vkrxog eh h{sorlwhg lq wkh
frqwuro ghvljq dqg wkhuhiruh qrw fdqfhoohg rxw1 Wklv fdq eh grqh e| fkrrvlqj=

k� ' �@�%
2
� � &�5� +415<,

zklfk rqo| fdqfhov rxw wkh ghvwdelol}lqj whup @�%
2
�� Xqiruwxqdwho|/ wklv dssurdfk lv vhqvlwlyh

iru prghoolqj huuruv vlqfh @� lv qrw shuihfwo| nqrzq1 Khqfh/ d ehwwhu dssurdfk zrxog eh wr
fkrrvh dq h{suhvvlrq iru k� qrw ghshqglqj rq @�%

2
�1 Wklv fdq eh grqh e| dgglqj qrqolqhdu

gdpslqj vxfk wkdw wkh whup @�%
2
� lv grplqdwhg1
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Iljxuh 417= Grplqdwlrq ri ghvwdelol}lqj whupv e| dgglqj qrqolqhdu gdpslqj1

Grplqdwlrq ri Ghvwdelol}lqj whupv e| Dgglqj Qrqolqhdu Gdpslqj

Wkh ghvwdelol}lqj whup @�%
2
� fdq eh grplqdwhg e| dgglqj d qrqolqhdu gdpslqj whup sursru0

wlrqdo wr %��1 Pruhryhu=

k� ' �d&� n ?�E5��o5� +4163,

zkhuh &� : f dqg

?�E5�� ' V�5
2
� � f +4164,

Wklv lv vkrzq lq Iljxuh 4171 Khqfh=

�5� ' sE5�� n Ek� n 52�

' �@f5� � @�5
2
� � @2 m5�m 5� � E&� n V�5

2
��5� n 52

' �E@f n @2 m5�mn &��5� � @�5
2
� � V�5

�
� n 52 +4165,

Frqvlghu wkh O|dsxqry ixqfwlrq=

T� '
�

2
52� +4166,

�T� ' �E@f n @2 m5�mn &��5
2
� � @�5

�
� � V�5

e
� n 5�52 +4167,

Qh{w=

T2 ' T� n
�

2
522 +4168,

�T2 ' �E@f n @2 m5�mn &��5
2
� � @�5

�
� � V�5

e
� n 52E5� n �� �k�� +4169,
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Fkrrvlqj=

� ' �k� � &252 � 5� +416:,

�qdoo| |lhogv=

�T2 ' �E@f n @2 m5�mn &��5
2
� � @�5

�
� � V�5

e
� � &25

2
2 +416;,

Wklv h{suhvvlrq fdq eh uhzulwwhq e| frpsohwlrq ri wkh vtxduhv1 Pruhryhu=

�T2 ' �
�

@�
2
s
V�

5� n
s
V�5

2
�

�2

n
@2�
eV�

52� � E@f n @2 m5�mn &��5
2
� � &25

2
2

� @2�
eV�

52� � E@f n @2 m5�mn &��5
2
� � &25

2
2 +416<,

� �
�
@f n &� � @2�

eV�

�
52� � &25

2
2 +4173,

Khqfh/ e| fkrrvlqj wkh frqwuroohu jdlqv dffruglqj wr=

V� : f +4174,

&� :
@2�
eV�

� @f +4175,

&2 : f +4176,

rxu ghvljq jrdo wr uhqghu �T2 � f lv vdwlv�hg1 Qrwlfh wkdw wkh frqwuroohu +416:, zlwk +4163,
grhv qrw uhtxluh dq| lqirupdwlrq ri wkh xqnqrzq sdudphwhuv @fc @� dqg @2� Khqfh/ d urexvw
qrqolqhdu frqwuroohu lv ghulyhg e| xvlqj edfnvwhsslqj1 Wklv uhvxow lv pruh dwwudfwlyh wkdq
wkh rqh rewdlqhg iurp ihhgedfn olqhdul}dwlrq +shuihfw prgho fdqfhoodwlrq, li urexvwqhvv lv wkh
lvvxh1
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Fkdswhu 5

Qrqolqhdu Edfnvwhsslqj

Lq wklv fkdswhu zh zloo jhqhudol}h wkh uhvxowv ri Vhfwlrq 415 wr d odujh fodvv ri qrqolqhdu
v|vwhpv1 Wkh irxqgdwlrq ri wklv fkdswhu lv edvhg rq wkh uhvxowv ri Nuvwlf/ Ndqhoodnrsrxorv
dqg Nrnrwrylf +4<<8,1 Zh zloo/ krzhyhu/ uhvwulfw rxu glvfxvvlrq wr d fodvv ri qrqolqhdu
v|vwhpv lq wuldqjxodu irup zklfk duh kljko| dssolfdeoh iru frqwuro ri phfkdqlfdo v|vwhpv dqg
vklsv1 Wkh fkdswhu lv rujdql}hg dv iroorzv=

� Vhfwlrq 514= edfnvwhsslqj ri v|vwhpv lq VLVR vwulfw ihhgedfn irup1 D qrqolqhdu vkls
dxwrslorw lv xvhg dv fdvh vwxg|1

� Vhfwlrq 515= edfnvwhsslqj ri v|vwhpv lq PLPR vwulfw ihhgedfn irup1 G|qdplf srvl0
wlrlqj +GS, ri vklsv duh xvhg dv fdvh vwxg|1

514 VLVR Edfnvwhsslqj

Lq rughu wr zulwh wkh edfnvwhsslqj frqwuro odzv lq d frpsdfw qrwdwlrq zh zloo dgrsw wkh
qrwdwlrq ri wkh Qruzhjldq pdwkhpdwlfldq/ Pdulxv Vrskxv Olh +4;75�4;<<,/ zkr lqwurgxfhg
wkh vr0fdoohg Olh ghulydwlyhv lq klv zrun1

Gh�qlwlrq 4 +Olh Ghulydwlyh, Ohw � G ?? $ ? eh d vprrwk vfdodu ixqfwlrq/ dqg u G ?? $
?? eh d vprrwk yhfwru �hog rq ??c  5 ??c wkhq wkh Olh ghulydwlyh ri wkh ixqfwlrq �E � zlwk
uhvshfw wr wkh yhfwru �hog uE � lv d vfdodu ixqfwlrq gh�qhg e|=

us�E �
{
'

Y�E �

Y 
uE � +514,

�

Wklv gh�qlwlrq lv sduwlfxodu xvhixo zkhq frpsxwlqj wkh wlph ghulydwlyh ri + dorqj wkh
wudmhfwrulhv ri  iru wkh qrqolqhdu v|vwhp=

� ' uE � n }E �� +515d,

+ ' �E � +515e,

44
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4

x {
5

0
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6 4 5 6
+ / / , j { {

5 4 5
+ / , j {

4 4
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0 0

i {
4 4
+ ,

{
6

i { {
5 4 5
+ / ,

i { { {
6 4 5 6
+ / / ,

k {+ ,
4

|

Iljxuh 514= Eorfn gldjudp vkrzlqj d 6ug0rughu qrqolqhdu v|vwhp lq VLVR vwulfw ihhgedfn
irup1

Khqfh=

�+ '
Y�E �

Y 
� 

'
Y�E �

Y 
duE � n }E ��o

' us�E � n u}�E �� +516,

Zh zloo qrz lqwurgxfh d qhz gh�qlwlrq ghvfulelqj d odujh fodvv ri VLVR wuldqjxodu v|vwhpv
wr eh xvhg lq wkh iruwfrplqj vhfwlrqv1

Gh�qlwlrq 5 +VLVR Vwulfw Ihhgedfn Irup, D qrqolqhdu v|vwhp=

� ' uE � n }E �� +517d,

+ ' �E � +517e,

zkhuh  ' d%�c ���c %?o
A5 ??c � 5 ? dqg + 5 ? lv vdlg wr eh lq VLVR vwulfw ihhgedfn irup li lw

fdq eh zulwwhq lq orzhu wuldqjxodu irup/ vhh Iljxuh 514=

�%� ' s�E%�� n }�E%��%2 +518d,

�%2 ' s2E%�c %2� n }2E%�c %2�%� +518e,

�%� ' s�E%�c %2c %�� n }�E%�c %2c %��%e +518f,
111

�%?3� ' s?3�E%�c %2c � � � c %?3�� n }?3�E%�c %2c � � � c %?3��%? +518g,

�%? ' s?E%�c %2c � � � c %&� n }?E%�c %2c � � � c %?�� +518h,

+ ' �E%�� +518i,

Wklv prgho fodvv fdq dovr eh xvhg iru wudfnlqj e| uhsodflqj +518d, zlwk=

�e ' us��E%�� n u}��E%��%2 � �+_ +519,
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zkhuh e ' + � +_ lv wkh wudfnlqj huuru dqg +_E|� 5 �o lv dq o wlphv gl�huhqwdeoh +vprrwk,
dqg erxqghg uhihuhqfh wudmhfwru|1 Uhjxodwlrq ri + wr }hur lv rewdlqhg e| fkrrvlqj �+_ ' +_ ' f
vxfk wkdw �+ ' us��E%��nu}��E%��%2� Lq pdq| fdvhv + ' %�zklfk fdq eh rewdlqhg e| fkrrvlqj
�E%�� ' %�� Ixuwkhu/ lw lv dvvxphg wkdw u}��E%�� 9' fc ;%� dqg }�E%�c %2c � � � c %�� 9' fc ; iru
+� ' 2���?�1�

Qrwlfh wkdw vwulfw ihhgedfn v|vwhpv duh dvvxphg wr eh d!qh +olqhdu, lq wkh vwdwhv %�
dqg wkh lqsxw �� Wkh v|vwhp +518d,�+518i, lv vdlg wr eh d vwulfw ihhgedfn v|vwhp vlqfh wkh
qrqolqhdulw| s�E%�c ���c %�� lv �ihg edfn� lq wkh �%�0htxdwlrq/ vhh Iljxuh 5141

Olqhdu V|vwhpv

Olqhdul}dwlrq ri +518d,�+518i, |lhogv d olqhdu v|vwhp=

� ' � n M� +51:,

+ ' UA +51;,

zkhuh wkh vwuxfwxuh ri � lv orzhu wuldqjxodu1 Pruhryhu=

� '

5
99999997

@�� K� f � � � f f
@2� @22 K2 � � � f f
@�� @�2 @�� � � � f f
111

111
111

1 1 1
111

111
@?3�c� @?3�c2 @?3�c� � � � @?3�c?3� K?3�
@?c� @?c2 @?c� � � � @?c?3� @?c?

6
:::::::8

M ' dfc fc fc ���c fc K?o
A

UA ' d�c fc fc ���c fc fo

zkhuh

@�� '
Ys�E%�c ���c %��

Y%�

����
%�J

+51<,

K� '
Y}�E%�c ���c %��

Y%�

����
%�J

+5143,

iru E�c � ' ����?��

H{dpsoh 4 +Wudqvihu Ixqfwlrqv dqg VLVR Vwulfw Ihhgedfn Irup, Frqvlghu wkh wudqv0
ihu ixqfwlrq=

�Er� '
e

r� n 2rn ern D
+5144,

D vwdwh0vsdfh uhdol}dwlrq lv irxqg e| xvlqj wkh Pdwode frppdqg= ^D/E/F/G`@wi5vv+7/^4 5
7 8`,1 Wklv uhvxowv lq=1

� '

5
7 �2 �e �D

� f f
f � f

6
8 cM '

5
7 �

f
f

6
8 c UA '

�
f f e

�
+5145,

Fkdqjlqj wkh rughu ri wkh vwdwhv %� iurp 40506 wr 60504 |lhogv=
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� '

5
7 f � f

f f �
�2 �e �D

6
8 cM '

5
7 f

f
�

6
8 c UA '

�
e f f

�
Khqfh/ wklv v|vwhp lv lq VLVR vwulfw ihhgedfn irup1

D q0wk rughu VLVR edfnvwhsslqj frqwuro odz iru qrqolqhdu v|vwhpv lq vwulfw ihhgedfn irup
lv vwdwhg ehorz1

Wkhruhp 4 +q0wk Rughu VLVR Edfnvwhsslqj Frqwuro Odz, Wkh q0wk rughu VLVR edfn0
vwhsslqj frqwuroohu=

E� � � 	 ?�

k� '
�

u}�
�E%��

d �+_ � us��E%��� &�5� � ?�E5��5�o

k2 '
�

}2E%�c%2�
d �k� � s2E%�c %2�� u}��E%��5� � &252 � ?2E52�52o

111
k� '

�
}�E%�c���c%��

d �k�3� � s�E%�c ���c %��� }�3�E%�c ���c %�3��5�3� � &�5� � ?�E5��5�o
111
k? ' �

}?E%�c���c%?�
d �k?3� � s?E%�c ���c %?�� }?3�E%�c ���c %?32�5?3� � &?5? � ??E5?�5?o

� ' k?

zkhuh 5� ' �E%��� +_c 5� ' %� � k�3� +� ' 2���?� dqg wkh vwdelol}lqj ixqfwlrqv k� duh fkrvhq
vxfk wkdw doo qrqolqhduwlhv duh fdqfhoohg/ |lhogv d JHV htxoleulxp srlqw 3 ' f iru wkh v|vwhp
+518d,�+518h,1 Wkh frqwuroohu jdlqv pxvw eh fkrvhq vxfk wkdw &� : f dqg ?�E5�� � f iru
E� ' ����?��

Surri1 Wkh surri iroorzv e| lqgxfwlrq iru � ' �c � ' 2 wr � ' ?c vhh Irvvhq +4<<<,1

Huuru G|qdplfv

Wkh uhvxowlqj huuru g|qdplfv lv zulwwhq=

�3 ' �kE3�3n 5E �3 +5146,

zkhuh 3 ' d5�c ���c 5?o
A dqg

kE3� ' _�@}i&� n ?�E5��c &2 n ?2E52�c ���c &? n ??E5?�j

5E � '

5
99997

f u}4�E%�� f u u u f f f
3u}4�E%�� f }2E%�c %2� u u u f f f

f 3}2E%�c %2� f u u u f f f
1
1
1

1
1
1

1
1
1

1 1 1
1
1
1

1
1
1

1
1
1

f f f u u u f }?3�E%�c ���c %?3�� f
f f f u u u 3}?3�E%�c ���c %?3�� f }?E%�c ���c %?�
f f f u u u f 3}?E%�c ���c %?� f

6
::::8

Khqfh/ wkh htxoleulxp srlqw 3 ' f lv JHV vlqfh 3A5E �3 'fc ; c 3 dqg kE3� :fc ;3c lpsolhv
wkdw=

T?E3� '
�

2
3A3 +5147,

�T?E3� ' �3AkE3�3 +5148,
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Iljxuh 515= Vxsso| yhvvho xvhg lq wkh Qruwk Vhd1 Ohqjwk ri vkls= .S�2 p1

Qrwlfh wkdw li wkh rxwsxw pdsslqj + ' �E%�� lv fkrvhq dv + ' %�c wkh hohphqw 7�2 ' �72� '
u}��E%�� uhgxfhv wr 7�2 ' �72� ' }�E%�� zklfk lv frqvlvwhqw zlwk wkh rwkhu qrq0}hur r�0
gldjrqdo hohphqwv ri 5�

51414 Qrqolqhdu Vkls Dxwrslorw Ghvljq

Wkh |dz g|qdplfv ri d uxgghu frqwuroohg vkls lv ghvfulehg e| wkh Qrprwr prgho +Irvvhq/
4<<7,=

�

B
Er� '

gE� n A�r�

rE� n A�r�E� n A2r�
+5149,

� g

rE� n Ar�
+514:,

zkhuh A�c A2c A� dqg g duh wkh Qrprwr wlph dqg jdlq frqvwdqwv/ A ' A� n A2 � A� lv wkh
htxlydohqw wlph frqvwdqw/ � lv wkh |dz dqjoh +khdglqj, ri wkh vkls dqg B lv wkh uxgghu dqjoh1
Wklv prgho lv riwhq h{whqghg wr lqfoxgh qrqolqhdu pdqhxyhulqj fkdudfwhulvwlfv lq rughu wr
ghvfuleh erwk frxuvh0vwdeoh dqg frxuvh0xqvwdeoh vklsv pruh dffxudwh1 Zh zloo vkrz krz
edfnvwhsslqj fdq eh dssolhg wr erwk wkh 5qg dqg 6ug rughu prghov ri Qrprwr1

Wkh Qrqolqhdu Prgho ri Qruuelq +4<96,

Frqvlghu wkh qrqolqhdu vkls prgho=

A �� nM�E ��� ' gB +514;,

M�E ��� ' ?� ��
�
n ?2 ��

2
n ?� �� n ?f +514<,
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zkhuh M� E ��� lv wkh qrqolqhdu pdqhxyhulqj fkdudfwhulvwlf1 Iru d frxuvh0xqvwdeoh vkls ?� 	 f
zkhuhdv frxuvh0vwdeoh vkls vdwlv�hv ?� : f� Iru vlqjoh0vfuhzhg vklsv +rqh surshoohu, ?f 9' f�
Vlploduo|/ v|pphwu| lq wkh kxoo lpsolhv wkdw ?2 ' f� Wkh eldv whup ?f lv xvxdoo| frpshqvdwhg
iru e| lqfoxglqj lqwhjudo dfwlrq lq wkh dxwrslorw vlqfh wklv whup lv lpsrvvleoh wr frpsxwh gxh
wr dq xqnqrzq frpsrqhqw fdxvhg e| wkh hqylurqphqwdo glvwxuedqfhv +zlqg/ zdyhv dqg
fxuuhqwv,1 Khqfh/ zh sursrvh wr xvh wkh sro|qrplqdo=

M�E ��� ' ?� ��
�
n ?� �� +5153,

lq rxu ghvljq1 Dovr qrwlfh wkdw wkh whup ?� ��
�
lv �jrrg� gdpslqj vlqfh wkh vkls0dpelhqw

zdwhu v|vwhp lv glvvlsdwlyh zkloh wkh olqhdu whup ?� �� lv ghvwdelol}lqj iru frxuvh0xqvwdeoh
vklsv1 Wklv lv xvxdoo| wkh fdvh iru odujh wdqnhuv zkhuhdv vpdoohu vklsv duh frxuvh0vwdeoh1
Krzhyhu/ ihhgedfn iurp �� zloo vwdelol}h frxuvh0xqvwdeoh vklsv1 Zh zloo looxvwudwh krz wkh
VLVR edfnvwhsslqj frqwuro odz fdq eh ghulyhg e| vroylqj wklv sureohp lq 5 vwhsv=

Vwhs 4=

Ohw wkh frqwuro remhfwlyh eh wudfnlqj ri e ' � � �_ wr }hur1 Khqfh=

5� ' e +5154,

�5� ' �� � ��_

' o � ��_ +5155,

Wdnlqj o dv yluwxdo frqwuro=

o
{
' k� n 52 +5156,

zkhuh 52 lv d qhz vwdwh yduldeoh wr eh lqwhusuhwhg odwhu/ |lhogv=

�5� ' k� n 52 � ��_ +5157,

Qh{w/ zh fkrrvh wkh vwdelol}lqj ixqfwlrq k� vxfk wkdw 5� $ f� Pruhryhu=

k� ' ��_ � &�5� � ?�E5��5� +5158,

|lhogv=

�5� ' �d&� n ?�E5��o5� n 52 +5159,

zkhuh &� : f dqg ?�E5�� � f duh ghvljq sdudphwhuv1 D O|dsxqry ixqfwlrq fdqglgdwh iru 5�
lv=

T� '
�

2
52� +515:,

�T� ' 5� �5�

' �d&� n ?�E5��o5
2
� n 5�52 +515;,
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Vwhs 5=

Wkh vhfrqg vwhs vwdelol}hv wkh 520g|qdplfv=

�52 ' �o � �k�

'
g

A
B � �

A
M� E ���� �k� +515<,

Wkh vhfrqg O|dsxqry ixqfwlrq fdqglgdwh lv=

T2 ' T� n
�

2
522 +5163,

�T2 ' �T� n 52 �52

' �d&� n ?�E5��o5
2
� n 52E5� n �52�

' �d&� n ?�E5��o5
2
� n 52

�
5� n

g

A
B � �

A
M�E ���� �k�

�
+5164,

Vlqfh wkh lqsxw B dsshduv lq �T2 zh fdq suhghvfuleh d ydoxh iru B vxfk wkdw �T2 ehfrphv
qhjdwlyh gh�qlwh1 Iru lqvwdqfh=

B '
A

g
d �k� � d&2 n ?2E52�o52 � 5�o n

�

g
M�E ��� +5165,

zkhuh &2 : f dqg ?2E52� � f duh ghvljq sdudphwhuv1 Khqfh=

�T2 ' �d&� n ?�E5��o5
2
� � d&2 n ?2E52�o5

2
2

	 fc ;5� 9' fc 52 9' f +5166,

Zkhq lpsohphqwlqj wkh frqwuro odz/ �k� lv uhzulwwhq dv=

�k� '
Yk�

Y ��_

��_ n
Yk�

Y5�
�5�

' ��_ �
�
&� n

Yd?�E5��5�o

Y5�

�
Ek� n 52 � ��_� +5167,

lq rughu wr dyrlg wkh vwdwh ghulydwlyhv lq wkh frqwuro odz1
Dovr qrwlfh wkdw/ wkh VLVR edfnvwhsslqj frqwuro odz fdq eh irxqg gluhfwo| iurp Wkhruhp

4 zlwk ? ' 2c wkdw lv=

k� ' �+_ � &�5� � ?�E5��5� +5168,

� '
A

g

�
�k� � 5� n

�

A
M�E%2�� &252 � ?2E52�52

�
+5169,

zkhuh +_ ' �_ dqg

%� ' � +516:,

%2 ' o ' �� +516;,
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Uhvxowlqj Huuru G|qdplfv

Wkh uhvxowlqj huuru g|qdplfv lv zulwwhq=�
�5�
�52

�
' �

�
&� n ?�E5�� f

f &2 n ?2E52�

� �
5�
52

�
n

�
f �
�� f

� �
5�
52

�
p

�3 ' �kE3�3n 53 +516<,

Khqfh/ wkh uhvxowlqj v|vwhp lv JHV vlqfh=

T2E3� '
�

2
3A3 +5173,

�T2E3� ' 3A d�kE3� n 5o3

' �3AkE3�

	 fc ;3 9' f +5174,

zkhuh zh kdyh xvhg wkh vnhz0v|pphwulf surshuw| 3A53 'fc ;31
Zh zloo qrz h{whqg wklv uhvxow wr wkh 6ug rughu prgho1

Wkh Qrqolqhdu Prgho ri Ehfk dqg Zdjqhu Vplwk +4<9<,

Frqvlghu wkh qrqolqhdu vkls prgho=

A�A2�
E�� n EA� n A2��� ngM�E ��� ' gEB n A� �B� +5175,

M�E ��� ' K� ��
�
n K2 ��

2
n K� �� n Kf +5176,

zkhuh M�E ��� lv wkh qrqolqhdu pdqhxyhulqj fkdudfwhulvwlf1
Wkh 6ug0rughu |dz g|qdplfv +5175, fdq eh zulwwhq lq VLVR vwulfw ihhgedfn irup dv=

�%� ' %2 +5177d,

�%2 ' %� +5177e,

�%� ' sE%2� n @%� n K� +5177f,

+ ' %� +5177g,

zkhuh sE%2� ' � g
A�A2

M�E%2�c @ ' �A�nA2
A�A2

c K ' g
A�A2

dqg=

%� ' � +5178,

%2 ' o ' �� +5179,

%� ' �o ' �� +517:,

� ' B n A� �B +517;,

Wkh uxgghu dqjoh B lv frpsxwhg e| qxphulfdo lqwhjudwlrq ri=

�B ' � �

A�
EB � �� +517<,
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zlwk � jlyhq e| wkh edfnvwhsslqj frqwuro odz +Wkhruhp 4,=

k� ' �+_ � &�5� � ?�E5��5� +5183,

k2 ' �k� � 5� � &252 � ?2E52�52 +5184,

� '
�

K
E �k2 � 52 � sE%2�� @%� � &�5� � ?�E5��5�� +5185,

Khuh 5� ' + � +_� Ihhgedfn iurp wkh |dz dqjoh � dqg |dz udwh o ' �� fdq eh uhdol}hg vlqfh
wkhvh vljqdov duh hdvlo| phdvxuhg e| d j|ur frpsdvv dqg d udwh j|ur1 Krzhyhu/ wkh vljqdo �o
lv qrw dydlodeoh iru ihhgedfn xqohvv d vwdwh revhuyhu lv frqvwuxfwhg1

515 PLPR +Yhfwruldo, Edfnvwhsslqj

Lq wklv fkdswhu zh zloo vkrz krz wkh edfnvwhsslqj frqwuro odzv iru qrqolqhdu v|vwhpv lq VLVR
vwulfw ihhgedfn irup fdq eh jhqhudol}hg wr PLPR v|vwhpv1

51514 Yhfwruldo Edfnvwhsslqj

Lw lv vwudljkwiruzdug wr h{whqg wkh uhvxowv ri wkh suhylrxv vhfwlrq e| zulwlqj wkh qrqolqhdu
v|vwhp htxdwlrqv lq d yhfwruldo vhwwlqj1 Lq rughu wr gr wklv zh zloo fdoo d yhfwru ixqfwlrq
u G ?? $ ?? d yhfwru �hog lq ??� Vlploduo|/ wkh vwdelol}lqj ixqfwlrqv k� G ?? $ ? zloo qrz
eh uhsodfhg e| vwdelol}lqj yhfwru �hogv �� G ?? $ ??1

Prwlydwhg e| wkh gh�qlwlrq ri wkh VLVR vwulfw ihhgedfn irup zh zloo qrz gh�qh d prgho
fodvv iru PLPR qrqolqhdu v|vwhpv lq orzhu eorfn wuldqjxodu irup1 Lq rughu wr vlpsoli| wkh
qrwdwlrq/ zh zloo lqwurgxfh wkh Mdfreldq ri d yhfwru �hog1

Gh�qlwlrq 6 +Mdfreldq, Ohw � G ?? $ ?? eh d vprrwk yhfwru �hog/  5 ??c wkhq wkh
Mdfreldq ri �E � lv ghqrwhg e|=

u�E � {
'

Y�E �

Y 
+5186,

Wkh Mdfreldq lv dq ?�? pdwul{ ri hohphqwv u�E ��� ' Y��*Y%� 1 Li � G ?? $ ?6 +6 	 ?�c
zh zloo uhihu wr u�E � dv d 6� ? pdwul{ ri sduwldo ghulydwlyhv1 �

Gh�qlwlrq 6 wrjhwkhu zlwk wkh VLVR uhvxowv lq wkh suhylrxv vhfwlrq prwlydwhv wkh iroorzlqj
gh�qlwlrq=

Gh�qlwlrq 7 +PLPR Vwulfw Ihhgedfn Irup, D PLPR qrqolqhdu v|vwhp=

� ' uE � nBE �� +5187d,

) ' �E � +5187e,
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zkhuh  ' d A� c 
A
2 c ���c 

A
? o

A5 ??c� 5 ?o dqg ) 5 ?6 +o � 6� lv vdlg wr eh lq PLPR vwulfw
ihhgedfn irup li lw fdq eh zulwwhq lq orzhu eorfn wuldqjxodu irup=

� � ' u�E �� nB�E �� 2 +5188d,

� 2 ' u2E �c 2� nB2E �c 2� � +5188e,

� � ' u�E �c 2c �� nB�E �c 2c �� e +5188f,
111

� ?3� ' u?3�E �c 2c � � � c ?3�� nB?3�E �c 2c � � � c ?3�� ? +5188g,

� ? ' u?E �c 2c � � � c ?� nB?E �c 2c � � � c ?�� +5188h,

) ' �E �� +5188i,

zlwk=

_�4) �_�4 ��_�4 2�����_�4 ?� _�4� +5189,

Wklv prgho fodvv fdq eh xvhg iru wudfnlqj frqwuro e| uhsodflqj +5188d, zlwk=

�i ' u�E �� u�E �� nu�E ��B�E �� 2 � �)_ +518:,

zkhuh i ' ) � )_ lv wkh wudfnlqj huuru dqg )_E|� lv dq o wlphv gl�huhqwldeoh +vprrwk, dqg
erxqghg uhihuhqfh wudmhfwru|1 Uhjxodwlrq ri ) wr }hur lv rewdlqhg e| fkrrvlqj �)_ ' )_ ' f
vxfk wkdw i ' )� Lw lv dvvxphg wkdw erwk u�B�Eu�B��

A dqg B�B
A
� iru +� ' 2���?� duh

lqyhuwleoh iru doo  � vxfk wkdw

Eu�B��
_ ' Eu�B��

A dEu� B��Eu� B��
A o3� +518;,

B_
� ' BA

� EB�B
A
� �
3� +518<,

h{lvw1 �

H{dpsoh 5 +PLPR Vwulfw Ihhgedfn Irup, Frqvlghu wkh PLPR qrqolqhdu v|vwhp=

�%� ' �%�� n %2 +5193d,

�%2 ' �%� � %2 n %� n 2�� n �2 +5193e,

�%� ' %2� n %2 n %� n �2 +5193f,

+ ' %� +5193g,

zklfk fdq eh zulwwhq dv wzr vxev|vwhpv  � ' d%�o dqg  2 ' d%2c %�o
A dffruglqj wr=

�%� ' �%�� n
�
� f

� � %2
%�

�
+5194,�

�%2
�%�

�
'

� �%� � %2 n %�
%2� n %2 n %�

�
n

�
2 �
f �

� �
��
�2

�
+5195,

+ ' %� +5196,

Vlqfh

u�B�Eu�B��
A ' B�B

A
� ' � +5197,
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dqg

_i|EB2B
A
2 � ' _i|

�
D �
� �

�
' e +5198,

wklv v|vwhp lv lq PLPR vwulfw ihhgedfn irup1�

Wkh PLPR uhfxuvlyh ghvljq surfhgxuh lv vlplodu wr wkh VLVR fdvh1 Wkh pdlq uhvxow lv
vwdwhg lq wkh iroorzlqj wkhruhp=

Wkhruhp 5 +PLPR Edfnvwhsslqj Frqwuro Odz, Wkh PLPR edfnvwhsslqj frqwuroohu=

E� � � 	 ?�

�� ' Eu�E ��B�E ���
_ d �)_ �u�E ��uE ���k�3� ���E3��3�o

�2 ' B_
2E �c 2� d ��� � u2E �c 2��u�E ��B�E ��3��k232 ��2E32�32o

111
�� ' B_

� E �c ��c �� d ���3� � u�E �c ��c ���B�3�E �c��c �3��3�3� �k�3� ���E3��3�o
111
�? ' B_

?E �c ��c ?� ��?3� � u?E �c ��c ?��B?3�E �c ��c ?3��3?3�
�k?3? ��?E3?�3?o
� ' �?

zkhuh 3� ' �E �� � )_c 3� '  � � ��3� +� ' 2���?, dqg wkh vwdelol}lqj yhfwru �hogv �� duh
fkrvhq vxfk wkdw doo qrqolqhdulwlhv duh fdqfhoohg/ |lhogv d JHV htxloleulxp srlqw 3 ' f iru
wkh v|vwhp +5188d,�+5188h, li wkh frqwuroohu jdlqv vdwlvi| k� : f dqg ��E3�� � f E� ' ����?�1

Surri1 Wkh surri iroorzv e| lqgxfwlrq iru � ' �c � ' 2 wr � ' ?c vhh Irvvhq +4<<<,�

Huuru G|qdplfv

Wkh uhvxowlqj huuru g|qdplfv lv zulwwhq=

�3 ' �kE3�3n 5E �3 +5199,

zkhuh 3 ' d3�c ���c 3�o
A dqg

k '

5
97

N4 .Q4+}4, 3 � � � 3
3 N5 .Q5+}5, � � � 3
111

111
1 1 1 3

3 3 3 Nl .Ql+}l,

6
:8

5 '

5
99997

f Q�E ��B�E �� f u u u f f f

3Q�E ��B�E �� f B2E �c 2� u u u f f f

f 3B2E �c 2� f u u u f f f

1
1
1

1
1
1

1
1
1

1 1 1
1
1
1

1
1
1

1
1
1

f f f u u u f B�3�E �c ��c �3�� f

f f f u u u 3B�3�E �c ��c �3�� f B�E �c ��c ��
f f f u u u f 3B�E �c ��c �� f

6
::::8
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51515 H{dpsoh= Qrqolqhdu Pdvv0Gdpshu0Vsulqj V|vwhp

Frqvlghu d PLPR qrqolqhdu pdvv0gdpshu0vsulqj v|vwhp lq wkh irup=

�� ' � +519:d,

��� n#E��� nkE��� ' �� +519:e,

zkhuh � 5 ?? lv wkh srvlwlrq yhfwru/ � 5 ?? lv wkh yhorflw| yhfwru/ � 5 ?o +o � ?� lv wkh
frqwuro lqsxw yhfwru/ #E�� 5??f? uhsuhvhqwv d pdwul{ ri gdpslqj frh!flhqwv/ kE�� 5 ??f?

lv d pdwul{ ri vsulqj vwl�qhvv frh!flhqwv/ � 5 ??f? lv wkh lqhuwld pdwul{ dqg � 5 ??fo lv
wkh lqsxw pdwul{1 Khqfh/ edfnvwhsslqj fdq eh shuiruphg lq wzr yhfwruldo vwhsv1

p
τ

g y y+ , η

n+ ,η η

Iljxuh 516= VLVR qrqolqhdu pdvv0gdpshu0vsulqj v|vwhp1

Vwhs 4=

Ohw � eh wkh yluwxdo frqwuro yhfwru=

�
{
' tn�� +519;,

zkhuh

t ' �� n \�� Qhz vwdwh yhfwru xvhg iru wudfnlqj frqwuro
�� Vwdelol}lqj yhfwru �hog wr eh gh�qhg odwhu

Khuh �� ' � � �_ dqg �� ' � � �_ duh wkh yhorflw| dqg srvlwlrq wudfnlqj huuruv/ uhvshf0
wlyho| dqg \ lv d gldjrqdo pdwul{ ri srvlwlyh hohphqwv1 Wkh gh�qlwlrq ri wkh t0yhfwru lv
prwlydwhg e| Vorwlqh dqg Olh +4<;:, zkr lqwurgxfhg t dv d phdvxuh ri wudfnlqj zkhq gh0
vljqlqj wkhlu dgdswlyh urerw frqwuroohu1 Lw wxuqv rxw wkdw wklv wudqvirupdwlrq kdv wkh qlfh
surshuw| ri wudqvirupdwlrq wkh qrqolqhdu vwdwh0vsdfh prgho wr wkh irup=

��tn#t ' ��� n#E��� ����o �#E���o

' ������o �#E���o �kE��� +519<,
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zkhuh �o fdq eh lqwhusuhwhg dv d �yluwxdo� uhihuhqfh wudmhfwru|=

�o ' � � t

' �_ � \�� +51:3,

Wkh srvlwlrq huuru g|qdplfv ri Vwhs 4 fdq wkhuhiruh eh zulwwhq=

��� ' � � �_

' tn����_ E��' �o ' � � t�

' �\�� n t +51:4,

Khqfh

T� '
�

2
��AkR��c kR ' kA

R : f +51:5,

dqg

�T� ' ��AkR
���

' ��AkRE�\�� n t�

' ���AkR\�� n tAkR�� +51:6,

Vwhs 5=

Lq wkh vhfrqg vwhs zh fkrrvh d O|dsxqry ixqfwlrq fdqglgdwh prwlydwhg e| wkh �svhxgr�
nlqhwlf hqhuj|/ wkdw lv=

T2'T� n
�

2
tA�tc � ' �A : f +51:7,

�T2 ' �T� n tA��t

' tA E������o �#E���o �kE��� �#E��t�� ��AkR\�� n tAkR��

' �tA#E��t n tA E������o �#E���o �kE��� nkR���� ��AkR\�� +51:8,

Khqfh/ zh duh uhdg| wr sursrvh d frqwuro odz h1j1=

�� ' ���o n#E���o nkE���_ �kR�� �k_t +51:9,

zkhuh k_ : f� Wklv uhvxowv lq=

�T2 ' �tA E#E�� nk_�t� ��A EkE�� nkR\���

	 fc ;t 9' fc �� 9' f +51::,

Vlqfh T2 lv srvlwlyh gh�qlwh dqg �T2 lv qhjdwlyh gh�qlwh lw iroorzv iurp Wkhruhp 8 wkdw wkh
htxloleulxp srlqw E��c t� ' Efc f� lv JHV1 Pruhryhu/ frqyhujhqfh ri t $ f dqg �� $ f lpsolhv
wkdw �� $ f� Zkhq lpsohphqwlqj wkh frqwuro odz +51:9, lw lv dvvxphg wkdw � kdv dq lqyhuvh
Eo � ?�=

�_ ' �A E��A �3� +51:;,

ru wkdw �3� h{lvwv iru wkh vtxduh fdvh o ' ?� Khqfh>

� ' �_d���o n#E���o nkE���_ �kR�� �k_to +51:<,
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Huuru G|qdplfv

Wkh huuru g|qdplfv 3� ' �� dqg 32 ' t ehfrphv qrq0dxwrqrprxv=�
kR f
f �

� �
�3�
�32

�
' �

�
kE�� nkR\ f

f #E�� nk_

� �
3�
32

�
n

�
f kR

�kR f

� �
3�
32

�
p

P�3 ' �NE�c��3n V3 +51;3,

Wkh huuru g|qdplfv lv JHV vlqfh=

T E3� '
�

2
3AP3 +51;4,

�T E3� ' 3A d�NE�c��3n V3o
' �3ANE�c��3
	 fc ;3 9' f +51;5,

zkhuh zh kdyh xvhg wkh vnhz0v|pphwulf surshuw| 3AV3 'fc ;3 1

51516 G|qdplf Srvlwlrqlqj ri Vklsv

Frqyhqwlrqdo vkls frqwuro v|vwhpv duh ghvljqhg xqghu wkh dvvxpswlrq wkdw wkh nlqhpdwlf
dqg g|qdplf htxdwlrqv ri prwlrq fdq eh olqhdul}hg vxfk wkdw jdlq0vfkhgxolqj whfkqltxhv
dqg rswlpdo frqwuro wkhru| fdq eh dssolhg1 Wklv lv qrw d jrrg dvvxpswlrq iru wudfnlqj
dssolfdwlrqv zkhuh wkh vxujh dqg vzd| srvlwlrqv +%c +, dqg |dz dqjoh � pxvw eh frqwuroohg
vlpxowdqhrxvo|/ vhh Irvvhq dqg Juûyohq +4<<:,1 Wkh pdlq uhdvrq iru wklv/ lv wkdw wkh ur0
wdwlrq pdwul{ lq |dz aE��/ w|slfdoo| pxvw eh olqhdul}hg derxw 69 rshudwlqj srlqwv +vwhsv
ri 43 ghjuhhv, wr fryhu wkh zkroh flufoh duf zlwk dghtxdwh dffxudf|1 Lq dgglwlrq wr wklv/
dvvxpswlrqv olnh olqhdu gdpslqj dqg qhjoljleoh Frulrolv dqg fhqwulshwdo irufhv duh rqo| jrrg
iru orz0vshhg dssolfdwlrqv/ wkdw lv vwdwlrq0nhhslqj dqg g|qdplf srvlwlrqlqj +GS,1 Wkhvh olp0
lwdwlrqv fohduo| prwlydwh d qrqolqhdu ghvljq1 PLPR qrqolqhdu edfnvwhsslqj ghvljqv fdq eh
xvhg iru wklv sxusrvh e| h{sorlwlqj qrqolqhdu v|vwhp surshuwlhv olnh v|pphwu| ri wkh lqhuwld
pdwul{/ glvvlsdwlyh gdpslqj dqg vnhz0v|pphwu| ri wkh Frulrolv dqg fhqwulshwdo pdwul{/ vhh
Irvvhq +4<<7,/ dqg Irvvhq dqg Imhoovwdg +4<<8,1

Yhfwruldo Edfnvwhsslqj ri Vklsv lq 6 GRI

Frqvlghu d vxuidfh vkls ghvfulehg e| wkh iroorzlqj prgho fodvv/ Irvvhq +4<<7,=

�� ' aE��� +51;6d,

��� n�E��� n#E��� ' �� +51;6e,

Wklv prgho ghvfulehv wkh prwlrq ri d vxuidfh vkls lq 6 ghjuhhv ri iuhhgrp +GRI, zkhuh
� ' d�c �c ooA lv wkh yhorflw| yhfwru ghfrpsrvhg lq wkh erg|0�{hg uhihuhqfh iudph/ � ' d%c +c �oA

lv wkh srvlwlrq2dwwlwxgh yhfwru ghfrpsrvhg lq Hduwk0�{hg frruglqdwhv dqg � 5 ?o lv d yhfwru
ri frqwuro lqsxwv +d}lpxwk wkuxvwhuv/ pdlq surshoohuv dqg wxqqho wkuxvwhuv,1 Lw lv dvvxphg
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wkdw � 5 ?�fo dqg o � � vxfk wkdw wkh vkls lv ixoo| dfwxdwhg ru ryhudfwxdwhg1 Wkh prgho
pdwulfhv duh gh�qhg dffruglqj wr +Irvvhq/ 4<<7,=

� '

5
7 6�f �� f f

f 6� t �� 6%C � t �o

f 6%C � t �o U5 �� �o

6
8

�E�� '

5
7 f f �E6� t ���� � E6%C � t �o�o

f f E6�f ����
E6� t ���� n E6%C � t �o�o �E6�f ���� f

6
8

#E�� '

5
7 �f� f f

f �t� �to
f �to ��o

6
8n#?E��

aE�� '

5
7 ULt� � t�?� f

t�?� ULt� f
f f �

6
8

zkhuh #?E�� �f lv d pdwul{ ri qrqolqhdu gdpslqj whupv1 Wkh qrqolqhdu v|vwhp +51;6d,�
+51;6e, vdwlvi| wkh iroorzlqj surshuwlhv=

+l, � ' �A lv srvlwlyh gh�qlwh ,  A� :fc ; 9' f
+ll, �E�� ' ��A E�� lv vnhz v|pphwulfdo ,  A�E�� 'fc; 
+lll, #E�� lv vwulfwo| srvlwlyh ,  A#E�� '�

2
 A d#E�� n#A E��o :fc ; 9' f

+ly, ��A lv qrq0vlqjxodu
+y, aE�� lv wkh urwdwlrq pdwul{ lq |dz , a3�E�� ' aA E��

Wkh frqwuro remhfwlyh lv wr wudfn d vprrwk erxqghg uhihuhqfh wudmhfwru| jlyhq e| ��_c ��_

dqg �_�

Qhz Vwdwh Yduldeohv

Wkh pdlq gl�huhqfh ehwzhhq wkh vkls wudfnlqj frqwuro sureohp dqg wkh qrqolqhdu pdvv0
gdpshu0vsulqj v|vwhp lv wkdw wkh nlqhpdwlf htxdwlrq �� ' aE��� lv qrqolqhdu iru wkh vkls1
Wklv sureohp fdq/ krzhyhu/ eh vroyhg e| dsso|lqj d qrqolqhdu vwdwh wudqvirupdwlrq prwlydwhg
e| wkh pdvv0gdpshu0vsulqj h{dpsoh lq Vhfwlrq 51515 Gh�qh wzr yluwxdo uhihuhqfh wudmhfwrulhv
dv=

��o
P

' ��_ � \�� +51;7,

�o
P

' a3�E�� ��o +51;8,

zkhuh �� ' � � �_ lv wkh Hduwk0�{hg wudfnlqj huuru dqg \ : f lv d gldjrqdo ghvljq pdwul{1
Ixuwkhupruh/ ohw t ghqrwh d phdvxuh ri wudfnlqj gh�qhg dffruglqj wr=

t
P

' �� � ��o ' ��� n \�� +51;9,
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Iljxuh 517= Qrqolqhdu yhfwruldo edfnvwhsslqj dssolhg wr g|qdplf srvlwlrqlqj ri vklsv1

Wkh pdulqh yhklfoh g|qdplfv +51;6d,�+51;6e, fdq wkhq eh zulwwhq/ Irvvhq +4<<7,=

�#E���� n�#E�c�� �� n##E�c�� �� ' a3A E���� +51;:,

zkhuh wkh Hduwk0�{hg prgho pdwulfhv duh gh�qhg dv=

�#E�� ' a3A E���a3�E��

�#E�c�� ' a3A E��d�E����a3�E�� �aE��oa3�E��

##E�c�� ' a3A E��#E��a3�E��

Khqfh/ wkh pdulqh yhklfoh g|qdplfv wdnhv wkh iroorzlqj irup=

�#E���t ' ��#E�c��t�##E�c��tna
3A E����

��#E����o ��#E�c�� ��o �##E�c�� ��o +51;;,

ru htxlydohqwo|=

�#E���t ' ��#E�c��t�##E�c��tna
3A E��d������o ��E���o �#E���oo +51;<,
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Vwhs 4=

Gh�qh wkh yluwxdo frqwuro yhfwru =

�� ' aE���
P

' tn�� +51<3,

zkhuh �� lv d vwdelol}lqj yhfwru �hog zklfk fdq eh fkrvhq dv=

��' ��o ' ��_ � \�� +51<4,

Khqfh +51<3, fdq eh zulwwhq=
���' �\�� n t +51<5,

Frqvlghu wkh O|dsxqry ixqfwlrq fdqglgdwh=

T� '
�

2
��AkR�� +51<6,

�T� ' ��AkR
���' ���AkR\�� n ��AkRt +51<7,

zkhuh kR ' kA
R : f lv d ghvljq pdwul{1

Vwhs 5= Qh{w frqvlghu wkh O|dsxqry ixqfwlrq fdqglgdwh=

T2 ' T� n
�

2
tA�#E��t +51<8,

�T2 ' ���AkR\�� n tA dkR��n�#E���tn
�

2
��#E��to +51<9,

Vxevwlwxwlrq ri +51;<, lqwr wkh h{suhvvlrq iru �T2 |lhogv=

�T2 ' ���AkR\�� n tA dkR��n
�

2
��#t��#E�c��t�##E�c��ot +51<:,

ntAa3A E��d������o ��E���o �#E���oo

Xvlqj wkh idfw wkdw/ Irvvhq +4<<7,=

tA
�
�

2
��#E����#E�c��

�
t 'fc ;t +51<;,

lpsolhv wkdw +51<:, uhgxfhv wr=

�T2 ' ���AkR\�� � tA##E�c��t

ntAa3A E��daA E��kR�� n������o��E���o�#E���oo +51<<,

Wklv vxjjhvwv wkdw wkh frqwuro odz vkrxog eh fkrvhq dv=

� ' �_d���on�E���on#E���o�aA E��k_t� aA E��kR��o +51433,

zkhuh �_lv wkh svhxgr0lqyhuvh=

�_' �A E��A �3� +51434,

Khqfh/ wkh uhvxowlqj h{suhvvlrq iru �T2 wdnhv wkh irup=
�T2 ' ���AkR\�� � tA E##E�c�� nk_�t

	 fc ;�� 9' fc t 9' f +51435,
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Huuru G|qdplfv

Wkh huuru g|qdplfv 3� ' �� dqg 32 ' t ehfrphv qrq0dxwrqrprxv=�
kR f
f �#E��

� �
�3�
�32

�
' �

�
kR\ f
f �#E�c��n##E�c�� nk_

� �
3�
32

�

n

�
f kR

�kR f

� �
3�
32

�
+51436,

p
PE���3 ' �NE�c��3n V3 +51437,

Vhw0Srlqw Uhjxodwlrq +Vwdwlrq0Nhhslqj,

D vshfldo fdvh ri GS lv vwdwlrq0nhhslqj zklfk lv rewdlqhg e| fkrrvlqj=

�_ ' frqvwdqw +51438,

Iru wklv fdvh/ wkh GS frqwuro odz wdnhv wkh iroorzlqj irup=

� ' ���on�E���on#E���o�aA E��k_t� aA E��kR�� +51439,

� ' �_� +5143:,

zkhuh

t ' �� � \�� ' aE��� � \�� +5143;,

�o ' aA E�� ��o ' aA E���� +5143<,

�� ' �\�� +51443,
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Orfdoo| Rswlpdo Edfnvwhsslqj Ghvljq

Rswlpdo dqg urexvw frqwuro ri olqhdu v|vwhpv lv zhoo hvwdeolvkhg1 Iru qrqolqhdu v|vwhpv/
krzhyhu/ rswlpdo frqwuro ghvljq lv d uhodwlyho| qhz �hog ri uhvhdufk1 Wkh pdlq revwdfoh lq
dfklhylqj rswlpdo frqwuro ri qrqolqhdu v|vwhpv lv rewdlqlqj d vroxwlrq wr wkh Kdplowrq0Mdfrel0
Ehoopdq +KME, htxdwlrq/ dqg lq wkh fdvh ri urexvw rswlpdo frqwuro/ rewdlqlqj d vroxwlrq ri
wkh Kdplowrq0Mdfrel0Lvddfv +KML, htxdwlrq1 Wklv fdq eh flufxpyhqwhg e| dq lqyhuvh rswlpdo
dssurdfk1

Lq frqwudvw wr olqhdu phwkrgv/ zkhuh wkh frvw ixqfwlrqdo wr eh plqlpl}hg lv vshfl�hg lq
dgydqfh/ wkh lqyhuvh dssurdfk lv wr �uvw �qg d vwdelol}lqj frqwuro odz dqg wkhq ghwhuplqh wkh
frvw ixqfwlrqdo zklfk lv plqlpl}hg e| wkdw sduwlfxodu frqwuro odz1 Xvlqj O|dsxqry phwkrgv/
wkhvh lqyhuvh ghvljqv frqvwuxfw wkh ydoxh ixqfwlrq zklfk vroyhv wkh fruuhvsrqglqj KME ru KML
htxdwlrqv1 Lq H}do/ Sdq dqg Nrnrwryl�f +4<<:, d orfdoo| rswlpdo dqg joredoo| lqyhuvh rswlpdo
ghvljq phwkrgrorj| zhuh ghulyhg iru VLVR qrqolqhdu v|vwhpv lq vwulfw0ihhgedfn irup1 Wklv
lv d frqvwuxfwlyh ghvljq surfhgxuh zklfk shuplwv wkh frqwuro ghvljqhu wr vshfli| wkh orfdo
ehkdylru ri wkh v|vwhp1 Lq wklv ghvljq/ wkh frvw ixqfwlrqdo iru wkh olqhdul}hg v|vwhp lv
vshfl�hg/ dqg dw wkh vdph wlph d vroxwlrq iru joredo vwdelolw| dqg rswlpdolw| ri wkh qrqolqhdu
v|vwhp lv vrxjkw1 Wkxv/ wklv qhz phwkrg lv dq h{whqvlrq ri zhoo0nqrzq olqhdu txdgudwlf
+OT, dqg K"0phwkrgv wr qrqolqhdu v|vwhpv lq vwulfw ihhgedfn irup1

Wkh qhz ghvljq phwkrgrorj| lv fdoohg orfdoo| rswlpdo edfnvwhsslqj +ORE, dqg lw lqfoxghv
wzr ghvljq phfkdqlvpv1 Iluvw/ wkh v|vwhp lv wudqviruphg lqwr qhz frruglqdwhv e| uhfxuvlyh
edfnvwhsslqj1 Khuh/ hdfk vwdelol}lqj ixqfwlrq frqvlvwv ri rqh olqhdu whup dqg rqh qrqolqhdu
whup1 Wkh olqhdu whup lv suh0gh�qhg/ vlqfh wkh ehkdylru forvh wr wkh zrunlqj srlqw lv jlyhq
e| wkh olqhdu frvw ixqfwlrqdo1 Vlpxowdqhrxvo|/ wkh qrqolqhdu whup ri wkh vwdelol}lqj ixqfwlrqv
duh xvhg lq dq lqyhuvh rswlpdo pdqqhu1

Wkh ORE ghvljqv iru VLVR v|vwhpv suhvhqwhg ehorz lv edvhg rq wkh Sk1G1 glvvhuwdwlrq
ri H}do +4<<;,1 Lq wklv zrun/ lw lv ghprqvwudwhg wkdw wkh ORE ghvljq fdq eh h{whqghg wr
wudfnlqj dqg rxwsxw ihhgedfn frqwuro1 Lq Vwudqg/ H}do/ Irvvhq dqg Nrnrwryl�f +4<<;, wkh
ORE surfhgxuh zdv h{whqghg wr PLPR v|vwhpv lq eorfn0vwulfw0ihhgedfn irup e| dsso|lqj
wkh ORE ghvljq phwkrgrorj| wr qrqolqhdu rswlpdo PLPR frqwuro ri prruhg dqg iuhh0 rdwlqj
vklsv1

5<
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Iljxuh 614= Iuhh  rdwlqj wdqnhu1

Wkh fkdswhu lv rujdql}hg dv iroorzv=

� Vhfwlrq 614= Suhvhqwv wkh orfdoo| rswlpdo edfnvwhsslqj phwkrgrorj|1 Dv dq h{dpsoh/
ORE frqwuro ghvljq lv looxvwudwhg iru d pdvv0gdpshu0vsulqj v|vwhp1

� Vhfwlrq 615= Suhvhqwv d urexvw h{whqvlrq wr wkh ORE ghvljq/ zkhuh d erxqghg glv0
wxuedqfh lv dgghg wr wkh v|vwhp1

� Vhfwlrq 616= Urexvw ORE ghvljqv duh dssolhg wr PLPR frqwuro ri prruhg dqg iuhh0
 rdwlqj vklsv1

614 VLVR Rswlpdo Edfnvwhsslqj

61414 Qrwdwlrq

Iru VLVR v|vwhpv wkh iroorzlqj qrwdwlrq lv dgrswhg=
Wkh �� � xsshu ohiw vxe0pdwul{ ri d pdwul{ � 5 ??f? lv gh�qhg iru doo � ' ����? dv=

�d�o '

5
97 @�� � � � @��

111
1 1 1

111
@�� � � � @��

6
:8

dqg wkh vdph qrwdwlrq lv xvhg iru vxevhwv ri d vwdwh yhfwru dqg d yhfwru �hog/ l1h1 d vwdwh
yhfwru frqwdlqlqj wkh �uvw �0wk hohphqw ri  5 ?? dv=

 d�o ' d%�c ���c %�o
A
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Zlwk d voljkw dexvh ri qrwdwlrq/ wkh �0wk urz yhfwru ri �d�o zloo eh ghqrwhg dv=

@d�o ' d@��c ���c @��o

Wkh }hur pdwul{ ri glphqvlrq �� � lv ghqrwhg �d�o iru doo � ' ����? dqg � 5 ??f?1

61415 Prgho Fodvv

Lq wklv vhfwlrq zh frqvlghu VLVR vwulfw0ihhgedfn v|vwhpv lq wkh iroorzlqj irup=

�%� ' s�E%�� n %2 +614d,

�%2 ' s2E%�c %2� n %� +614e,

�%� ' s�E%�c %2c %�� n %e +614f,
111

�%?3� ' s?3�E%�c %2c � � � c %?3�� n %? +614g,

�%? ' s?E%�c %2c � � � c %&� n K?� +614h,

Wklv fdq eh zulwwhq frpsdfwo| dv=

� ' uE � n M� +615,

Khuh  ' d%�c ���c %?o
A5 ??c � 5 ?1 Lw lv dvvxphg wkdw s� duh vx!flhqwo| vprrwk dqg wkdw

s�Efc ���c f� ' f1 Qrwlfh wkdw wklv gh�qlwlrq ri vwulfw0ihhgedfn v|vwhpv ghyldwhv iurp Gh�qlwlrq
5 lq Vhfwlrq 5141 Wkh gl�huhqfh lv wkdw khuh doo whupv }�E%�c ���c %�� ' � +� ' ����? � �� dqg
}?E%�c %2c � � � c %?� ' K?1

Wkh v|vwhp +615, fdq eh uh0zulwwhq dv=

� ' � n M�n�uE � +616,

zkhuh

� '
Yu

Y 

����
 'f

'

5
99999997

@�� � f � � � f f
@2� @22 � � � � f f
@�� @�2 @�� � � � f f
111

111
111

1 1 1
111

111
@?3�c� @?3�c2 @?3�c� � � � @?3�c?3� �
@?c� @?c2 @?c� � � � @?c?3� @?c?

6
:::::::8

+617,

M ' dfc fc ���c K?o
A +618,

dqg �uE � ' uE ��� 1
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61416 Frqwuro Remhfwlyhv

R4= Joredo Remhfwlyh1 Wkh xowlpdwh frqwuro remhfwlyh lv wr ghvljq d joredoo| dv|pswrwl0
fdoo| vwdelol}lqj ihhgedfn frqwuro odz � ' >E � zklfk plqlpl}hv wkh frvw ixqfwlrqdo=

a '

] "

f

d^E �noE ��2o_| +619,

vxemhfw wr wkh v|vwhp g|qdplfv=

� ' uE � n M� +61:,

Khuh ^E � dqg oE � duh qrw vshfl�hg ehiruhkdqg/ udwkhu frqvwuxfwhg gxulqj wkh frqwuro
ghvljq1 Wkxv wklv lv dq lqyhuvh dssurdfk wkdw rewdlqv dq lqyhuvh rswlpdo frqwuro odz1
Wkh uhtxluhphqwv duh=

^E � lv srvlwlyh gh�qlwh dqg oE � : f ; +61;,

R5= Orfdo Remhfwlyh1 Wkh vhfrqg frqwuro remhfwlyh lv wr �qg d frqwuro odz wkdw plqlpl}hv
wkh frvw ixqfwlrqdo

a, '

] "

f

d A" n-�2, o_| +61<,

orfdoo|/ l1h1 qhdu wkh ruljlq  ' f/ vxemhfw wr wkh olqhdul}hg v|vwhp g|qdplfv=

� ' � n M�, +6143,

Khuh/ orfdo ehkdylru ri wkh forvhg0orrs v|vwhp lv ghvljqhg e| vshfli|lqj wkh vwdwh frvw
pdwul{ " ' "A : f dqg wkh frvw - : f rq frqwuro h�ruw1 Dowkrxjk qrw vshfl�hg
ehiruhkdqg/ ^E � dqg oE � lq R4 pxvw vdwlvi| wkh orfdo remhfwlyh e| uhtxlulqj wkdw

oEf� ' -

^%%Ef� '
�

2

Y2^E%�

Y 2

����
 'f

' "

61417 Orfdoo| Rswlpdo Edfnvwhsslqj +ORE,

Iru wkh uhdghu idploldu zlwk olqhdu wkhru|/ d olqhdu frqwuro odz �, wkdw phhwv wkh orfdo frqwuro
remhfwlyh R5 fdq hdvlo| eh irxqg e| vroylqj wkh dojheudlf Ulffdwl htxdwlrq +DUH,=

��n�A���M-3�MA�n" ' f +6144,

zlwk � ' �A:f1 Wklv vroxwlrq h{lvwv surylghg wkdw E�cM� lv frqwuroodeoh dqg E�c"� lv
revhuydeoh1 Wklv olqhdu txdgudwlf +OT, frqwuroohu lv=

�, ' �-3�MA� +6145,
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Iljxuh 615= Uhodwlrqvkls ehwzhhq olqhdu OT frqwuro +orzhu eorfnv, dqg qrqolqhdu rswlpdo
edfnvwhsslqj +xsshu eorfnv,1

Wkh joredo remhfwlyh R4 fdq eh phw iru v|vwhpv lq VLVR vwulfw0ihhgedfn irup +614d,�+614h,
e| wkh ORE surfhgxuh1 D pdsslqj=

3 ' xE � +6146,

lqwr d qhz vhw ri yduldeohv 3 lv frqvwuxfwhg e| edfnvwhsslqj1 Lw zloo eh vkrzq wkdw wklv
gl�hrprusklvp fdq eh zulwwhq dv=

3 ' w n �xE � +6147,

zkhuh �xE � frqwdlqv kljkhu rughu whupv1 Wkh frqvwdqw pdwul{ w lv irxqg e| idfwrul}dwlrq ri
� lqwr=4

� ' wA{w +6148,

4Lw fdq eh vkrzq wkdw �4@5O @ X�W / zkhuh X lv d xqltxh Fkrohvn| idfwru ri S�4 @ XWX= Wkhuhiruh
wkh sdlu +�>O, lv xqltxh1 Pdwode frppdqg= X@fkro+lqy+S,,1
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zkhuh

{ '

5
9997

B� f � � � f

f B2
1 1 1 f

111
1 1 1 1 1 1

111
f � � � f B?

6
:::8' _�@} iB�c � � � c B?j +6149,

w '

5
9997

� f � � � f

�,�� �
1 1 1 f

111
1 1 1 1 1 1

111
�,?3�c� � � � �,?3�c?3� �

6
:::8 +614:,

Dsso|lqj wkh olqhdu wudqvirupdwlrq 3 ' w wr wkh olqhdu v|vwhp +6143, |lhogv=

�3 ' 7�3n M� +614;,

zkhuh 7� ' w�w3�1 Wkh vwuxfwxuh ri 7� lv

7� '

5
9999997

7@�� � f � � � f

7@2� 7@22 �
1 1 1

111
111

1 1 1 1 1 1 1 1 1 f
111

1 1 1 1 1 1 7@?3�c?3� �
7@?c� � � � � � � 7@?c?3� 7@??

6
::::::8 +614<,

E| uhsodflqj � zlwk wA{wc dqg suh0pxowlso|lqj zlwk w3A dqg srvw0pxowlso|lqj zlwk w3�c
wkh DUH +6144, wudqvirupv wr=

7�A{n{7��{M-3�MA{n 7" ' f +6153,

zkhuh 7" ' w3A"w3� ' 7"A : f�
Wkh olqhdu sduw w ri wkh gl�hrprusklvp +6147, lv jlyhq e| wkh idfwrul}dwlrq ri �1 Iru

wkh qrqolqhdu v|vwhp +61:,/ krzhyhu/ wkh wudqvirupdwlrq lqwr qhz yduldeohv pxvw eh grqh e|
d uhfxuvlyh edfnvwhsslqj surfhgxuh/ zklfk lv wkh wrslf ri wkh qh{w vhfwlrq1 Lw zloo eh vkrzq
wkdw wkh qrqolqhdu v|vwhp +61:, fdq eh uhsuhvhqwhg dv=

�3 ' 7�3n M�n�uE3� +6154,

zkhuh

	uE3� '
k
fc fc ���c 	s?E3�

lA
+6155,

Lq uhfxuvlyh edfnvwhsslqj hdfk vwdelol}lqj ixqfwlrq k� pxvw fkrvhq wr pdwfk wkh olqhdu pds0
slqj/ zkhuhdv wkh qrqolqhdu whupv fdq eh fkrvhq iuhho|1 Iru vlpsolfw| zh fkrrvh wr fdqfho
wkh qrqolqhdulwlhv dw hdfk vwhs � ' ����?��1 Lw lv/ krzhyhu/ srvvleoh wr nhhs �jrrg gdpslqj�
whupv dw hdfk vwhs ri wkh edfnvwhsslqj1
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O|dsxqry Ghvljq

Ohw=

7T ' 3A{3 +6156,

eh d O|dsxqry ixqfwlrq iru wkh wudqviruphg v|vwhp +6154,1 Wkxv=

�7T ' 3A
�
7�A{n{7�

�
3n2�MA{3n2�uA E3�MA{3 +6157,

E| vxevwlwxwlrq ri wkh DUH +6153, zh jhw=

�7T ' �3A 7"3n 3
A
{M-3�MA{3n2�MA{3n2�uA E3�MA{3 +6158,

Gxh wr wkh vwuxfwxuh ri 	uE3� dqg M zh jhw=

3A{M-3�MA{3 ' -3�K2?B
2
?5

2
?

2�MA{3 ' 2K?B?�5?

2�uA E3�MA{3 ' 2 �s?E3�K?B?5?

vxfk wkdw=

�7T ' �3A 7"3n-3�K2?B
2
?5

2
?n2K?B?�5?n2

�s?E3�K?B?5? +6159,

E| dgglqj dqg vxewudfwlqj 7oE3��2 dqg frpsohwlrq ri wkh vtxduhv vxfk wkdw

7oE3��2 n 2K?B?�5? ' 7oE3�
�
�n 7o3�E3�K?B?5?

�2
n 7o3�E3�K2?B

2
?5

2
?

wkh h{suhvvlrq iru �7T ehfrphv=

�7T ' �3A 7"3n7oE3�
�
�n 7o3�E3�K?B?5?

�2
� �

7o3�E3��-3�
�
K2?B

2
?5

2
?n2

�s?E3�K?B?5?�7oE3��2 +615:,

Wkh vhfrqg whup lq +615:, lv uhqghuhg htxdo wr }hur e| fkrrvlqj wkh rswlpdo frqwuro odz dv=

� ' �7o3�E3�MA{3 '� 7o3�E3�K?B?5? +615;,

Khqfh=

�7T ' �3A 7"3� �
7o3�E3��-3�

�
K2?B

2
?5

2
?n2

�s?E3�K?B?5?� ~} �
37̂E3�

�7oE3��2 +615<,

Lw uhpdlqv wr vkrz wkdw 7̂E3� lv d srvlwlyh gh�qlwh ixqfwlrq dqg 7oE3� lv d vwulfwo| srvlwlyh
ixqfwlrq1 Wklv lv qhfhvvdu| wr rewdlq orfdo rswlpdolw| dqg joredo lqyhuvh rswlpdolw|1
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Frvw Ixqfwlrqdo Zhljkwv

Edvhg rq +615<, lw uhpdlqv wr ghwhuplqh 7̂E3� dqg 7oE3� vxfk wkdw

7̂E3� lv srvlwlyh gh�qlwh/ dqg 7oE3� : f ;3 +6163,

zklfk orfdoo| vdwlv�hv

7oEf� ' -

7̂55Ef� '
�

2

Y 7̂E3�

Y32

����
5'f

' 7"

Wkh vroxwlrq lv frpsohwlrq ri wkh vtxduhv dqg �vwhdolqj� srvlwlyh gh�qlwhqhvv iurp 7"� Lw zloo
eh vkrzq wkdw 7̂E3� fdq eh zulwwhq dv=

7̂E3� ' 7̂JE3� n
�
7o3�E3��-3� � 7jE3�

�
K2?B

2
?5

2
? +6164,

zkhuh 7jEf� ' f dqg 7̂JE3� lv srvlwlyh gh�qlwh1 Li 7oE3� lv fkrvhq vxfk wkdw=

7o3�E3� � -3� n 7jE3� +6165,

7oEf� ' - +6166,

7oE3� : f ;3 +6167,

wkhq 7̂E3� lv srvlwlyh gh�qlwh dqg wkh ruljlq 3 ' f ri wkh qrqolqhdu v|vwhp +6154, lv uhqghuhg
joredoo| dv|pswrwlfdoo| vwdeoh +JDV,1

Surri +6164,

Ohw 3A 7"3 eh zulwwhq=

3A 7"3 '
�
3Ad?3�o 5?

� � 7"d?3�o 7̂�
7̂A� 7̂2

� �
3d?3�o
5?

�
' 3Ad?3�o 7"d?3�o3d?3�o n 25?7̂

A
� 3d?3�o n 7̂25

2
? +6168,

zkhuh 3d�o ghqrwhv d yhfwru ri wkh � �uvw yhfwru hohphqwv ri 3 dqg 7"d�o ghqrwhv wkh �0|� xsshu
vxe0pdwul{ ri 7"� Wkh h{suhvvlrq �s?E3� fdq eh idfwruhg lqwr=

�s?E3� ' 7��E3�3d?3�o n 7#2E3�5? +6169,

E| frpsohwlrq ri wkh vtxduhv zlwk uhvshfw wr 3d?3�o vxfk wkdw �7T qr orqjhu frqwdlqv furvv0whupv
ri 3d?3�o dqg 5? zh jhw=

�3A 7"3n2 �s?E3�K?B?5?
' �3Ad?3�o 7"d?3�o3d?3�o � 25?7̂

A
� 3d?3�o � 7̂25

2
? n 2K?B?7��E3�5?3d?3�o n 2K?B?7#2E3�5

2
?

' �3Ad?3�o 7"d?3�o3d?3�o � 2
�
7̂A� � K?B?7��E3�

�
5?3d?3�o � 7̂25

2
? n 2K?B?7#2E3�5

2
?

' �
���3d?3�o n 7"3�

d?3�o

�
7̂A� � K?B?7��E3�

�
5?

���2
7"d?3�o

�
�
7̂2 � 7̂A� 7"

3�
d?3�o7̂�

�
52?

n2K?B?7#2E3�5
2
? � 2K?B?7̂� 7"d?3�o7��E3�5

2
? n K2?B

2
?7��E3�7"

3�
d?3�o7�

A
� E3�5

2
?
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Gh�qh=

7̂JE3� '
���3d?3�o n 7"3�

d?3�o

�
7̂A� � K?B?7��E3�

�
5?

���2
7"d?3�o

n
�
7̂2 � 7̂A� 7"

3�
d?3�o7̂�

�
52? +616:,

Khuh wkh �uvw whup lq +616:, lv reylrxvo| srvlwlyh gh�qlwh dqg wkh vhfrqg whup lv dovr srvlwlyh/
gxh wr wkh srvlwlyh gh�qlwhqhvv ri 7"1 Khqfh/ wkh h{suhvvlrq iru �7T +615<, fdq eh zulwwhq=

�7T ' �7̂JE3� n
�
7o3�E3��-3� � 7jE3�

�
K2?B

2
?5

2
?� ~} �

37̂E3�

�7oE3��2

zkhuh srvvleoh qrq0srvlwlyh whupv duh froohfwhg lqwr d qhz yduldeoh 7jE3� zklfk lv=

7jE3� ' 2K3�? B3�? 7#2E3�� 2K3�? B3�? 7̂� 7"d?3�o7��E3� n 7��E3�7"
3�
d?3�o7�

A
� E3� +616;,

Fkrlfh ri 7oE3�

Iru wkh frqwuro odz

� ' �7o3�E3�MA{3 '� 7o3�E3�K?B?5?

vhyhudo srvvleoh fkrlfhv iru 7oE3� wkdw vdwlv�hv +6165,�+6167,1

� Rqh fkrlfh lv

7oE3� '
��

-3� n 7jE3�
�2

n7"E3�
�3�*2

+616<,

zkhuh 7"E3� lv srvlwlyh gh�qlwh dqg jxdudqwhhv wkdw 7oEf� ' -/ iru lqvwdqfh=

7"E3� ' b
7j2E3�

� n 7j2E3�
/ zkhuh b 5 Efc �o +6173,

� D ohdqhu fkrlfh ri 7oE3� lv=

7oE3� '

�
E-3� n 7jE3��

3�
G 7jE3� � f

- G 7jE3� 	 f
+6174,

zklfk grplqdwhv -3� n 7jE3� rqo| zkhq qhfhvvdu|1

Lqyhuvh Rswlpdolw|

Iurp +615<, lw lv vhhq wkdw wkh frqwuro odz +615;, lv lqyhuvh rswlpdo zlwk uhvshfw wr wkh frvw
ixqfwlrqdo

a '

] "

f

d 7̂E3�n7oE3��2o_| +6175,

zklfk orfdoo| vdwlv�hv

a, '

] "

f

d3A 7"3n-�2o_| +6176,

zklfk lq ruljlqdo frruglqdwhv htxdov wr +61<,1
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H{whqvlrq wr d Odujhu Fodvv ri Qrqolqhdu V|vwhpv

D vwudljkwiruzdug h{whqvlrq ri wkh ORE ghvljq wr d vwdwh ghshqghqw }?E �/ wkdw lv

�%? ' s?E � n }?E �7�

zkhuh }?E � 9' f/ ; dqg }?Ef� ' K?/ fdq eh irxqg e| gh�qlqj wkh frqwuro lqsxw wr eh=

� '
K?

}?E �
7�

Lq wklv fdvh wkh uhvxowlqj frvw ixqfwlrqdo ehfrphv

a '

] "

f

%
7̂E3�n7oE3�

�
K?

}?E �

�2

7�2

&
_|

61418 Uhfxuvlyh Edfnvwhsslqj Surfhgxuh

Olqhdu Edfnvwhsslqj

Dowkrxjk wkh olqhdu sduw 3 ' w ri wkh gl�hrprusklvp lv douhdg| nqrzq/ wkh pdsslqj lq
wkh iudphzrun ri edfnvwhsslqj pxvw eh ghvfulehg lq rughu wr suhsduh iru wkh qrqolqhdu
edfnvwhsslqj dw wkh qh{w vwdjh1 Zh �uvw uhzulwh wkh olqhdul}hg v|vwhp +6143, dv

�%� ' @d�o d�o n %�n� � ' ����?� � +6177,

�%? ' @d?o d?o n �, +6178,

zkhuh @d�o lv wkh �0wk urz yhfwru ri �d�o=

@d�o ' d@��c ���c @��o +6179,

Pruhryhu/ gh�qh wkh urz yhfwru=

7�d�o ' *d�ow
3�
d�o

zkhuh wkh urz yhfwruv *d�o duh h{wudfwhg iurp wd�o dffruglqj wr=

*d�o ' d,��c ���c ,��o +617:,

iru � ' ����?� �1 Wkh huuru frruglqdwhv duh jlyhq dv

5� ' %� +617;,

5� ' %� � *d�3�o d�3�oc � ' 2���? +617<,

zklfk duh jlyhq e| wkh wudqvirupdwlrq 3 ' w / zkhuh 3 ' d5�c ���c 5?o
A 1

Surshuw| 614 Iru � � & � ? G 3d&o ' wd&o d&o zkhuh wd&o lv lqyhuwleoh1

Surshuw| 615 Iru � � & 	 ? G �3d&o ' 7�d&o3d&o n

�
fd&3�o
5&n�

�
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Vwhs 4

Wkh g|qdplfv ri 5� lv=

�5� ' @��5� n %2 ' E@d�o n 7�d�o�3d�o n E%2 � 7k�� +6183,

zkhuh wkh vwdelol}lqj ixqfwlrq 7k�E5�� ' 7kd�o5�1 Wkxv/ wkh 5�0vxev|vwhp fdq eh zulwwhq dv=

�5� ' 7@d�o3d�o n 52/ 7@d�o ' @d�o n 7�d�o +6184,

Vwhs l

Gh�qh 5� ' %� � 7k�3�E3d�3�o�1 Wkh g|qdplfv ri 5� duh jlyhq e|=

�5� ' @d�ow
3�
d�o 3d�o n %�n� � Y7k�3�

Y3d�3�o

�
7�d�3�o3d�3�o n

�
fd�32o
5�

��
+6185,

E| vhohfwlqj 7k�E3d�o� ' 7�d�o3d�o ' *d�ow
3�
d�o 3d�o wklv vlpsol�hv wr=

�5� ' 7@d�o3d�o n 5�n� +6186,

zkhuh/ e| xvlqj Surshuwlhv 614 dqg 615/ |lhogv=

7@d�o ' @d�ow
3�
d�o n 7�d�o �

�
7�d�3�o

7�d�3�o 7k�3�c�3�

�
+6187,

Khuh 7k�3�c�3� lv gh�qhg dv wkh E�� ��0|� hohphqw ri 7�d�3�o1

Vwhs q

Dw wkh odvw vwhs zh gh�qh=

5? ' %? � 7k?3�E3d?3�o� +6188,

zkhuh wkh g|qdplfv lv jlyhq dv=

�5? ' @d?ow
3�3n K?�, � Y7k?3�

Y3d?3�o

�
7�d?3�o3d?3�o n

�
fd?32o
5?

��
+6189,

zklfk e| xvlqj +6187, |lhogv wkh g|qdplfv=

�5? ' 7@d?o3n K?�, +618:,

Wkh olqhdu v|vwhp fdq qrz eh zulwwhq frpsdfwo| dv �3 ' 7�3n M� lq wkh qhz frruglqdwhv1

Qrqolqhdu Edfnvwhsslqj

Qrz wkdw wkh uhfxuvlyh vwhsv ri wkh olqhdu edfnvwhsslqj duh ghvfulehg/ zh duh uhdg| wr
shuirup qrqolqhdu edfnvwhsslqj1 Lq wkh olqhdu fdvh wkh vwdelol}lqj ixqfwlrqv zhuh fkrvhq dv
7k�E3d�o� ' 7�d�o3d�o1 Lq wkh qrqolqhdu fdvh zh dgg d qrqolqhdu whup/ �k�E3d�o�c wr wkh olqhdu rqh1
Iru vlpsolflw| wkhvh qrqolqhdu whupv duh vhohfwhg wr fdqfho wkh qrqolqhdulwlhv wkdw dsshduv
dw hdfk vwhs1 Krzhyhu/ wklv surfhgxuh fdq eh prgl�hg vxfk wkdw �jrrg� qrqolqhdu gdpslqj
whupv duh h{sorlwhg1 Zlwk wkh frpsohwlrq ri hdfk vwhs d qhz vwdwh 5� ' ��E d�o� lv gh�qhg1 Dw
wkh odvw vwhs/ wkh uhfxuvlyh edfnvwhsslqj fuhdwhv d orzhu0wuldqjxodu gl�hrprusklvp 3 ' xE �
zklfk fdq eh vhsdudwhg lqwr d olqhdu whup w dqg d qrqolqhdu whup �xE � ' xE �� w 1
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Vwhs 4

Ohw 5� ' %�1 Wkx
v

�5� ' s�E5�� n %2 ' @��5� n Ys�E5�� n %2 +618;,

zkhuh Ys�E5�� ' s�E5��� @��5� dqg Ys�Ef� ' f1 Lq wkh jhqhudo vhwwlqj wklv lv zulwwhq=

�5� ' @d�o3d�o n Ys�E3d�o� n %2 +618<,

Wkh vwdelol}lqj ixqfwlrq lv fkrvhq dv 7k�E3d�o� ' 7�d�o3d�o n �k�E3d�o� zkhuh wkh �uvw whup lv gxh
wr wkh olqhdu edfnvwhsslqj dqg wkh odwwhu whup lv d qrqolqhdu whup wr eh fkrvhq1 Qrz zh jhw=

�5� ' 7@d�o3d�o n Ys�E3d�o� n �k�E3d�o� n E%2 � 7k�E3d�o�� +6193,

Dw hdfk vwhs zh fkrrvh wr fdqfho wkh qrqolqhdu whup/ dqg dw wkh �uvw vwhs wklv lv rewdlqhg
e| �k�E3d�o� ' � Ys�E3d�o�1 Wkxv/ wkh vhfrqg huuru yduldeoh lv=

52 ' %2 � 7k�E3d�o� ' %2 � 7�d�o3d�o n Ys�E3d�o� +6194,

dqg

�5� ' 7@d�o3d�o n 52 +6195,

Vwhs l

Gh�qh 5� ' ��E3d�o� ' %� � 7k�3�E3d�3�o� zkhuh 7k�3�E3d�3�o� ' 7�d�3�o3d�3�o n �k�3�E3d�3�o�1 Lq wkh
uhfxuvlyh vwhsv zh jhw=

�5� ' 7@d�o3d�o n �s�E3d�o� n E%�n� � 7k�E3d�o� +6196,

zkhuh 7@d�o lv jlyhq e| +6187, dqg

�s�E3d�o� ' �k�E3d�o� n @d�o�[d�oE3d�o� n Ys�Ex
3�
d�o E d�o��

� YYk�3�

Y3d�3�o

�
7�d�3�o3d�3�o n

�
fd�32o
5�

��
� Y7k�3�

Y3d�3�o
�ud�3�oE3d�3�o� +6197,

dqg �[d�oE3d�o� ' x3�d�o E d�o�� w3�d�o 3d�o frqwdlqv rqo| kljkhu0rughu whupv1

Dv lq Vwhs 4 zh fkrrvh Yk�E3d�o� wr holplqdwh �s�E3d�o� e|=

�k�E3d�o� ' �@d�o�[d�oE3d�o�� Ys�Ex
3�
d�o E d�o��

n
YYk�3�

Y3d�3�o

�
7�d�3�o3d�3�o n

�
fd�32o
5�

��
n

Y7k�3�

Y3d�3�o
�ud�3�oE3d�3�o� +6198,

vxfk wkdw

�5� ' 7@d�o3d�o n 52 +6199,

zkhuh 7@d�o lv jlyhq e| +6187,1
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Vwhs q

Dw wkh �qdo vwhs zh gh�qh 5? ' �?E � ' %? � 7k?3�E3d?3�o� vxfk wkdw=

�5? ' 7@d?o3n �s?E3� n K?� +619:,

zkhuh 7@d?o lv jlyhq e| +6187, iru � ' ?1 Khuh=

�s?E3� ' @d?o�[E3�n Ys�Ex
3�E ��

� YYk?3�

Y3d?3�o

�
7�d?3�o3d?3�o n

�
fd?32o
5?

��
� Y7k?3�

Y3d?3�o
�ud?3�oE3d?3�o� +619;,

zkhuh �[E3� ' x3�E � � w3�3 frqwdlqv kljkhu rughu whupv1 Zlwk wklv surfhgxuh wkh frq0
vwuxfwlrq ri wkh gl�hrprusklvp 3 ' xE � lv frpsohwhg dqg wkh ruljlqdo v|vwhp +615, kdv
ehhq wudqviruphg lqwr wkh irup=

�3 ' 7�3n�uE3� n M�

zkhuh
�uE3� '

�
fc f���fc �s?E3�

�A
H{dpsoh 6 +5qg0Rughu Qrqolqhdu V|vwhp, Frqvlghu wkh qrqolqhdu v|vwhp=

�%� ' %2� n %2

�%2 ' �

Lq wkh olqhdu fdvh/ wkh pdsslqj wr qhz vwdwh yduldeohv 3 lv jlyhq e|=�
5�
52

�
'

�
� f

�,�� �

� �
%�
%2

�
Ilqg wkh gl�hrprusklvp 3 ' xE � xvlqj edfnvwhsslqj1 Zulwh wkh wudqviruphg g|qdplfv lq
qhz frruglqdwhv1
Vroxwlrq1 Ohw 5� ' %�1 Qrz=

�5� ' �%� ' %2� n %2 ' ,��5� n E%2 n %2� � ,��5��

Khqfh=

52 ' %2 n %2� � ,��5�

dqg

xE � '

�
� f

�,�� �

� �
%�
%2

�
n

�
f
%2�

�
Qrz=

�5� ' ,��5� n 52

Wlph gl�huhqwldwlrq ri 52 |lhogv=

�52 ' �%2 n 25� �5� � ,�� �5�

' �n 2,��5
2
� n 25�52 � ,2��5� � ,��52

Qrwh wkdw wkh qrqolqhdu whupv lq �52 fruuhvsrqgv wr �s? lq +619;,1�
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61419 Vxppdu|

Wkh orfdoo| rswlpdo surfhgxuh fdq eh vxppdul}hg dv iroorzv=

41 Jlyhq d qrqolqhdu v|vwhp lq VLVR vwulfw ihhgedfn irup=

� ' uE � n M�

Olqhdul}h lw wr=

� ' � n M�n�uE �

51 Jlyhq wkh olqhdu frvw ixqfwlrqdo=

a, '

] "

f

d A" n-�2, o_|

�qg wkh srvlwlyh gh�qlwh pdwul{ � e| vroylqj wkh DUH1

61 Idfwrul}h � lqwr=

� ' wA{w

xvlqj Fkrohvn| idfwrul}dwlrq ri �3�c dqg frpsxwh w dqg {�

71 Ilqg wkh gl�hrprusklvp=

3 ' xE �

e| uhfxuvlyh edfnvwhsslqj ri wkh qrqolqhdu v|vwhp/ dv ghvfulehg lq Vhfwlrq 614181 Wkh
ruljlqdo v|vwhp lv qrz zulwwhq lq qhz frruglqdwhv

�3 ' 7�3n M�n�uE3�

zkhuh

�sE3� '
�
fc fc ���c fc �s?E3�

�A
dqg �s?E3� lv jlyhq e| +619;,1

81 Idfwrul}h 	s?E3� lqwr=

�s?E3� ' 7�A
� E3�3d?3�o n 7#2E3�5?

91 Frpsxwh wkh dqdo|wlf h{suhvvlrq iru=

7jE3� ' 2K3�? B3�? 7#2E3�� 2K3�? B3�? 7̂� 7"d?3�o7��E3� n 7��E3�7"
3�
d?3�o7�

A
� E3�

zkhuh 7" ' w3A"w3�1

:1 Wkh frqwuro odz lv jlyhq e|=

� ' �7o3�E3�MA{3 '� 7o3�E3�K?B?5?

zkhuh wzr srvvleoh fkrlfhv iru 7o3�E3� duh jlyhq lq +616<, dqg +6174,1 Wkh frqwuro odz
lq  0frruglqdwhv lv=

� ' �7o3�ExE ��MAw3A�w3�xE �
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6141: H{dpsoh= Qrqolqhdu Pdvv0Gdpshu0Vsulqj V|vwhp

Frqvlghu wkh 5qg0rughu v|vwhp=

�%� ' %2 +619<,

�%2 ' �&E%��%� � _E%2�%2 n � +61:3,

zklfk lv d pdvv0gdpshu0vsulqj v|vwhp zlwk qrqolqhdu gdpslqj dqg qrqolqhdu vsulqj vwl�qhvv
+iru vlpsolflw| wkh pdvv/ 6 ' �,1 Wklv fdq eh ylhzhg dv d prruhg vkls prylqj lq rqh ghjuhh
ri iuhhgrp h1j1 vxujh1

Wkh olqhdul}hg v|vwhp lv=

�%� ' %2 +61:4,

�%2 ' �&J%� � _J%2 n �, +61:5,

zkhuh

&J '
Y&E%��

Y%�

����
%�'f

/ _J '
Y_E%2�

Y%2

����
%2'f

+61:6,

Jlyhq d vwdwh frvw pdwul{

" '

�
^�� ^�2
^�2 ^22

�
' "A : f +61:7,

dqg d vfdodu frvw rq frqwuro h�ruw - zkloh � fdq eh frpsxwhg e| vroylqj wkh DUH +6144,1
Qh{w/ � lv zulwwhq dv � ' wA{w zkhuh=

w '

�
� f

�,�� �

�
/ { '

�
B� f
f B2

�
+61:8,

Wkh ruljlqdo vwdwh yhfwru  lv pdsshg lqwr 30yduldeohv e| 3 ' w / ru=

5� ' %�/ 52 ' %2 � ,��%� +61:9,

Wkh olqhdu v|vwhp lq qhz frruglqdwhv ehfrphv=

�3 ' 7�3n M� +61::,

zkhuh

7� ' w�w3� '

�
,�� �

�&J � ,�� � _J,�� �,�� � _J

�
+61:;,

dqg

7" ' w3A"w3� +61:<,

'

�
^�� n ,��^�2 n E^�2 n ,��^22� ,�� ^�2 n ,��^22

^�2 n ,��^22 ^22

�
+61;3,

'

�
7̂�� 7̂�2
7̂�2 7̂22

�
+61;4,
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Edfnvwhsslqj

Vwhs 4= Dv lq wkh olqhdu fdvh vhohfw 5� ' %� vxfk wkdw=

�5� ' k��5� n E%2 � ,��5�� ' ,��5� n 52 +61;5,

zkhuh wkh vhfrqg yduldeoh lv 52 ' %2 � ,��5�1

Vwhs 5= Wlph gl�huhqwldwlrq ri 52 dqg vxevwlwxwlrq iru �%2 |lhogv

�52 ' �%2 � ,�� �5� ' �&E5��5� � _E%2�%2 n �� ,2��5� � ,��52 +61;6,

Qrz/ vxevwlwxwlqj iru %2 ' 52 n ,��5�c dqg dgglqj dqg vxevwudfwlqj &J5�/ _J,��5� dqg _J5� wr
rewdlq 7�2�5� dqg 7�2252c|lhogv=

�52 ' E�&J � _J,�� � ,2���5� n E�,�� � _J�5� n �n 	s2E3� +61;7,

zkhuh 	s2E3� fdq eh zulwwhq=

	s2E3� ' 7#�E5�c 52�5� n 7#2E5�c 52�52 +61;8,

zkhuh

7#�E5�c 52� ' d&J � &E5��o n d_J � _E52 n ,��5��o ,�� +61;9,

7#2E5�c 52� ' d_J � _E52 n ,��5��o +61;:,

zklfk vdwlv�hv 7#�Efc f� ' f dqg 7#2Efc f� ' f1 Vlqfh wkh qrqolqhdulwlhv lq wklv h{dpsoh dsshdu
lq wkh odvw htxdwlrq rqo|/ wkh gl�hrprusklvp 3 ' xE � lv htxdo wr wkh olqhdu pdsslqj/ l1h1
3 ' w 1 Wkh wrwdo v|vwhp lv=

�3 ' 7�3n M�n 	6E3�3 +61;;,

zkhuh

	6E3� '

�
f f

7#�E5�c 52� 7#2E5�c 52�

�
+61;<,

Vwdelolw| Dqdo|vlv

Wkh O|dsxqry ixqfwlrq iru wkh v|vwhp lv=

7T ' 3A{3 ' B�5
2
� n B25

2
2 +61<3,

Wkh ORE frqwuro odz lv=

� ' �7o3�E3�B252 +61<4,

zkhuh 7oE3� pxvw vdwlvi|=

7o3�E3� � -3� n 7jE3� +61<5,
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dqg zkhuh 7jE3� lv jlyhq e| +616;, dv=

7jE3� ' 2B3�2 7#2E3�� 2B3�2 7̂�2 7̂��7#�E3� n 7̂2��7#
2
�E3� +61<6,

Wklv fdq eh rewdlqhg e| xvlqj rqh ri wkh dowhuqdwlyhv +616<, ru +6174,1 Wkxv/ �7T fdq eh zulwwhq
dv=

�7T ' �7̂E3�� 7oE3��2 +61<7,

zkhuh

7̂E3� ' 7̂JE3� n
�
7o3�E3��-3� � 7jE3�

�
B225

2
2 +61<8,

dqg 7̂JE3� lv jlyhq e| +616:, dv=

7̂JE3� '
��5� n 7̂3��� E7̂�2 � B27#�E3�� 52

��2
^��

n
�
7̂22 � 7̂2�2 7̂

3�
��

�
522 +61<9,

Wkh frqwuro odz lq ruljlqdo frruglqdwhv lv=

� ' �7o3�ExE ��B2E%2 � ,��%�� +61<:,

Iurp �7T zh frqfoxgh wkdw wkh v|vwhp lv JDV dqg OHV1 Pruhryhu/ erwk wkh rswlpdolw|
remhfwlyhv R4 dqg R5 duh vdwlv�hg1

Frpphqw= Qrwlfh wkdw wkh 5qg0rughu v|vwhp lq wklv h{dpsoh lv htxlydohqw zlwk wkh dxwrslorw
h{dpsoh lq Fkdswhu 514 li=

&E%�� ' f

_E%2� '
?�
A
%22 n

?2
A
%2 n

?�
A

� ' gB

dqg ?f ' f1

615 Orfdoo| Rswlpdo dqg Urexvw Edfnvwhsslqj Ghvljq

61514 Prgho Fodvv

D erxqghg xqnqrzq glvwxuedqfh vljqdo�E|c � G dfc4��?? $ ?6 lv dgghg wr wkh wuldqjxodu
v|vwhp=

�%� ' s�E%�� n %2 n �A� E%��� +61<;d,

�%2 ' s2E%�c %2� n %� n �A
2 E%�c %2�� +61<;e,

�%� ' s�E%�c %2c %�� n %e n �A� E%�c %2c %��� +61<;f,
111

�%?3� ' s?3�E%�c %2c � � � c %?3�� n %? n �A?3�E%�c %2c � � � c %?3��� +61<;g,

�%? ' s?E%�c %2c � � � c %&� n �n �A? E%�c %2c � � � c %?�� +61<;h,
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zklfk fdq eh zulwwhq frpsdfwo| dv=

� ' uE � n M�nOE �� +61<<,

Wklv v|vwhp fdq eh uhzulwwhq dv=

� ' � n M�nOJ� n�uE � n �OE �� +61433,

zkhuh � dqg M duh gh�qhg lq Vhfwlrq 614 dqg

�OE � ' OE ��OJ/ OJ ' OEf�

Wkh olqhdu sduw ri wklv v|vwhp lv=

� ' � n M�, nOJ�, +61434,

Lw lv dvvxphg wkdw s�/ }� dqg �� duh vx!flhqwo| vprrwk/ wkdw s�Ef� ' f1 Lq dgglwlrq/ ohw
�J� ' ��Ef� 5?�f61

61515 Frqwuro Remhfwlyhv

RU4= Joredo Remhfwlyh1 Wkh xowlpdwh frqwuro remhfwlyh lv wr ghvljq d joredoo| dv|pswrwl0
fdoo| vwdelol}lqj ihhgedfn frqwuro odz � ' >E � zklfk plqlpl}hv wkh frvw ixqfwlrqdo=

a '

] "

f

d^E �noE ��2 � �2�A�o_| +61435,

vxemhfw wr wkh v|vwhp g|qdplfv=

� ' uE � n M�nOE �� +61436,

Wkh ghvluhg glvwxuedqfh dwwhqxdwlrq ohyho lv uhsuhvhqwhg e| wkh vfdodu � : f1 Dv lq wkh
suhylrxv vhfwlrq lw zloo eh uhtxluhg wkdw=

^E � lv srvlwlyh gh�qlwh/ dqg oE � : f ; 
RU5= Orfdo Remhfwlyh1 Wkh vhfrqg frqwuro remhfwlyh lv wr �qg d frqwuro odz wkdw plqlpl}hv

wkh frvw ixqfwlrqdo=

a, '

] "

f

d A" n-�2, � �2�A
, �,o_| +61437,

orfdoo|/ l1h1 qhdu wkh ruljlq  ' f/ vxemhfw wr wkh olqhdul}hg v|vwhp g|qdplfv=

� ' � n M�, nOJ�, +61438,

Dv lq wkh suhylrxv vhfwlrq lw zloo eh uhtxluhg wkdw ^E � dqg oE � lq RU4 vdwlv�hv wkh
orfdo remhfwlyhv=

oEf� ' -

^%%Ef� '
�

2

Y2^E%�

Y 2

����
 'f

' "
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Iljxuh 616= Uhodwlrqvkls ehwzhhq olqhdu K"0frqwuro +orzhu eorfnv, dqg qrqolqhdu rswlpdo
dqg urexvw edfnvwhsslqj +xsshu eorfnv,1

61516 Orfdoo| Rswlpdo dqg Urexvw Edfnvwhsslqj

D olqhdu frqwuro odz �, wkdw phhwv wkh orfdo frqwuro remhfwlyh R5 iru wkh zruvw0fdvh glvwxu0
edqfh fdq hdvlo| eh irxqg e| vroylqj wkh jhqhudol}hg dojheudlf Ulffdwl htxdwlrq +JDUH,=

��n�A�n�

�
�

�2
OJO

A
J � M-3�MA

�
�n" ' f +61439,

zkhuh � ' � :f1 Wklv vroxwlrq h{lvwv iru doo � : �W : f dvvxplqj wkdw E�cM� lv frqwuroodeoh
dqg E�c"� lv revhuydeoh1 Khuh �W ghqrwhv wkh rswlpdo glvwxuedqfh dwwhqxdwlrq ohyho dqg �
wkh ghvluhg dwwhqxdwlrq ohyho1 Wkh olqhdu K"0frqwuroohu lv=

�, ' �-3�MA� +6143:,

E| idfwrul}dwlrq ri � dv lq Vhfwlrq 614 wkh olqhdu v|vwhp xqghu wkh wudqvirupdwlrq 3 ' w 
ehfrphv=

�3 ' 7�3n M�, n 7OJ�, +6143;,

zkhuh 7OJ ' w3�OJ1 Vlploduo| wkh JDUH +61439, fdq eh wudqviruphg wr=

7�A{n{7�n{

�
�

�2
7OJ

7OA
J � M-3�MA

�
{n 7" ' f +6143<,
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Dv lq wkh suhylrxv vhfwlrq wkh gl�hrprusklvp 3 ' xE � lv frqvwuxfwhg e| uhfxuvlyh edfn0
vwhsslqj1 Lq qhz frruglqdwhv wkh qrqolqhdu v|vwhp +61436, ehfrphv=

�3 ' 7�3n M�n�uE3� n 7OE3�� +61443,

zkhuh �uE3� dqg 7OE3� duh frqvwuxfwhg gxulqj wkh vwhsv ri edfnvwhsslqj1 Wkh �qdo frqwuro odz
lv=

� ' �7o3�E3�MA{3 '� 7o3�E3�K?B?5?

zkhuh

7o3�E3� � -3� n 7jE3� +61444,

7oEf� ' - +61445,

7oE3� : f ;3 +61446,

zklfk fdq eh dfklhyhg e| dq| ri wkh fkrlfhv iru 7o3�E3� lq +616<, ru +6174,1 Li

7T ' 3A{3

lv d O|dsxqry ixqfwlrq iru wkh qrqolqhdu v|vwhp +61436,/ �7T fdq eh zulwwhq dv=

�7T ' �7̂E3�� 7oE3��2 � �2�A� +61447,

zklfk ghprqvwudwhv wkdw wkh lqyhuvh rswlpdo remhfwlyh RU4 lv vdwlv�hg1
Wkxv/ wkh rqo| gl�huhqfh ehwzhhq wkh ORE ghvljq lq Vhfwlrq 614 dqg wkh urexvw ORE lv

wkdw khuh zh vroyh wkh JDUH lqvwhdg ri wkh DUH/ dqg wkdw wkh frqwhqwv ri �uE3� dqg 7jE3�
wdnhv lqwr dffrxqw wkh dgglwlrqdo glvwxuedqfhv1

61517 Uhfxuvlyh Edfnvwhsslqj Surfhgxuh

Wkh olqhdu sduw ri wkh edfnvwhsslqj lv htxlydohqw wr wkh surfhgxuh lq Vhfwlrq 614181 Krzhyhu/
gxh wr wkh dgglwlrqdo glvwxuedqfhv lq wkh v|vwhp/ wkh uhfxuvlyh edfnvwhsslqj surfhgxuh lq wklv
fdvh ehfrphv pruh hoderudwh1 Wkh lqwhuhvwhg uhdghu lv uhihuuhg wr H}do/ Sdq dqg Nrnrwryl�f
+4<<:, ru H}do +4<<;, iru pruh ghwdlov1 Wkh orfdoo| rswlpdo dqg urexvw edfnvwhsslqj ghvljq
zloo eh ghprqvwudwhg rq d vkls frqwuro ghvljq h{dpsoh lq wkh iruwkfrplqj vhfwlrq1

616 Orfdoo| Rswlpdo Frqwuro ri Prruhg Vklsv
Wkh orfdoo| rswlpdo dqg urexvw edfnvwhsslqj ghvljqv fdq eh h{whqghg wr PLPR v|vwhpv lq
eorfn0vwulfw0ihhgedfn irup1 Lq wklv vhfwlrq wkh urexvw ORE ghvljq lv dssolhg wr vkls frqwuro1
Wkh uhvxowv suhvhqwhg khuh lv edvhg rq d sdshu e| Vwudqg hw do +4<<;,1

Wkh vkls prgho +51;6d,�+51;6e, lq Vhfwlrq 515 fdq eh h{whqghg wr prruhg vklsv e| dgglqj
d uhvwrulqj whup lq wkh prgho1 Wkh ghyldwlrq iurp wkh ghvluhg srvlwlrq dqg khdglqj #_ '
d%_c +_c �_o

A ghfrpsrvhg lq yhvvho sdudooho frruglqdwhv lv=

i ' aA_ E�_� E� � �_� +61448,
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Seabed

Anchor lines

Iljxuh 617= Vkls dqg vsuhdg prrulqj v|vwhp1

zkhuh

a_E�_� '

5
7 ULt�_ � t�?�_ f

t�?�_ ULt�_ f
f f �

6
8 / aeE��� /

5
7 ULt �� � t�? �� f

t�? �� ULt �� f
f f �

6
8

dqg �� ' ���_1 Lq wklv h{dpsoh uhjxodwlrq lv frqvlghuhg/ vxfk wkdw �_ �frqvwdqw1 Wkh vkls
prgho fdq eh irupxodwhg dv=

�i ' aeE���� +61449,

��� n#E��� n�E��� nBEi�i ' 7�n aAe E
���� +6144:,

zkhuh BEi�i lv d qrqolqhdu uhvwrulqj whup/ gxh wr wkh prrulqj v|vwhp1 Lq g|qdplf srvlwlrq0
lqj BEi� � f1 Wklv v|vwhp fdq eh olqhdul}hg derxw wkh ruljlq i ' f/ � ' f vxfk wkdw=

aeEf� ' W/ #Ef� ' #J/ �Ef� ' f/ BEf� ' BJ

Khqfh/ wkh olqhdu v|vwhp ehfrphv=

�i ' � +6144;,

�� ' ��3�#J� ��3�BJin�3�7�, n�, +6144<,

ru frpsdfwo| zulwwhq=

� ' � n�7�,nOJ�, +61453,

zkhuh  ' diA c�A oA zlwk reylrxv fkrlfh ri �/ � dqg OJ1 Vlploduo|/ wkh qrqolqhdu v|vwhp
+61449,�+6144:, fdq eh irupxodwhg dv=

� ' uE � n�7�nOE �� +61454,
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Wkh frqwuro remhfwlyh lv wr �qg dq lqyhuvh rswlpdo frqwuro odz wkdw plqlpl}hv wkh frvw
ixqfwlrqdo

a '

] |

f

d^E � n 7�A+WE �7���2�A�o_| +61455,

zkhuh

^E � lv srvlwlyh gh�qlwh dqg +WE � ' +A
W E � : f/ ; 

Wkh orfdo rswlpdo remhfwlyh uhtxluhv wkdw=

+WEf� ' +/ ^%%Ef� '
�

2

Y2^E �

Y 2
Ef� ' "

zkhuh " ' "A : f dqg + ' +A : f duh ghvljq frvw pdwulfhv1
Vlqfh wkh vkls prgho lv lq PLPR vwulfw ihhgedfn irup/ wkh ghvljq phwkrgrorj| lv txlwh

vlplodu wr wkh ORE iru VLVR v|vwhpv1 D srvlwlyh gh�qlwh pdwul{ � ' �A : f fdq eh irxqg
e| vroylqj wkh JDUH=

��n�A�n�

�
�

�2
OJO

A
J ��+3��A

�
�n" ' f +61456,

Dv lq wkh VLVR fdvh � fdq eh idfwruhg lqwr

� ' wA{w

zkhuh wkh eorfn gldjrqdo hqwulhv ri w frqvlvwv ri lghqwlw| pdwulfhv dqg wkh eorfn gldjrqdo
hqwulhv ri { frqwdlqv srvlwlyh gh�qlwh vxe0pdwulfhv {�1 Lq wklv sduwlfxodu fdvh zh kdyh=

w '

�
W f

�w�� W

�
c { '

�
{� f
f {2

�
+61457,

zkhuh doo vxe0pdwulfhv duh ri glphqvlrq � � �c dqg {�c{2 duh srvlwlyh gh�qlwh1 Xvlqj wkh
wudqvirupdwlrq 3 ' w wkh olqhdu sduw ri wkh v|vwhp +61453, ehfrphv=

�3 ' 7�3n�7�n 7OJ� +61458,

dqg

7� ' w�w
3�

'

�
7��� W
7�2�

7�22

�
/ 7OJ ' w3�OJ +61459,

zkhuh

7��� ' w��c
7�2� ' ��3�#Jw�� ��3�BJ�w2

��c
7�22 ' ��3�#J�w���

Dv lq wkh suhylrxv vhfwlrqv wkh JDUH +61456, fdq eh wudqviruphg lqwr

7�A{n{7�n{

�
�

�2
7OJ

7OA
J ��+3��A

�
{n 7" ' f +6145:,

zkhuh 7" ' w
3A
"w3� ' 7"A : f1
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Qrqolqhdu Edfnvwhsslqj

Wkh qrqolqhdu v|vwhp lv wudqviruphg lqwr qhz frruglqdwhv e| edfnvwhsslqj1

Vwhs 4= Ohw 3� ' i1 Khqfh

�3� ' ae� ' 7��E3�� n Eae� � 7��E3��� +6145;,

zkhuh

32 ' ae� � 7��E3�� +6145<,

Wkxv=

�3� ' w��3� n 32 +61463,

Qrz/ wkh vwdelol}lqj yhfwru �hogv duh fkrvhq dv 7��E3�� ' w��3�1

Vwhs 5= Iurp +6145<, zh jhw=

�32 ' ae �� n �ae� � w�� �3� n ae�
3�aAe�

dw zklfk zh vxevwlwxwh wkh vkls prgho +6144:, iru �� dqg jhw=

�32 ' �ae�3�#E��� � ae�
3��E��� � ae�

3�BE3��3�

nae�
3�7�n �ae� � w2

��3� � w��32 n ae�
3�aAe� +61464,

Xvlqj ae� ' 32 n w��3�c |lhogv=

�32 ' �ae�3�#E��aAe w��3� � ae�
3�#E��aAe 32

�ae�3��E��aAe w��3� � ae�
3��E��aAe 32

�ae�3�BE3��3� n �aea
A
e w��3� n �aea

A
e 32

ae�
3�7�� w2

��3� � w��32 n ae�
3�aAe�

E| dgglqj dqg vxewudfwlqj 7�2�3� dqg 7�2232 zh jhw=

�32 ' 7�2�3� n 7�2232 n 7��E3�3� n
7�2E3�32 n ae�

3�7�n ae�
3�aAe�

zkhuh 3 ' d3A� c 3
A
2 o

A dqg

7��E3� ' �ae�3�#E��aAe wf n�3�#wf

��3�BE3�� n�3�B

�ae�3��E��aAe wf n �aea
A
e w��c +61465,

7�2E3� ' �ae�3�#E��aAen�
3�#

�ae�3��E��aAe n �aea
A
e +61466,

zklfk vdwlv�hv 7��Ef� ' f dqg 7�2Ef� ' f1 Wkh wudqviruphg v|vwhp fdq eh zulwwhq=

�3 ' 7�3n�E3�7�n�E3�3n 7OE �� +61467,

zkhuh

�E3� '

�
f

ae�
3�

�
/ �E3� '

�
f f

7��E3� 7�2E3�

�
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Orfdoo| Rswlpdo dqg Urexvw Edfnvwhsslqj

Ohw=

7T ' 3A{3 ' 3A�{�3� n 3A2{232

eh d O|dsxqry ixqfwlrq iru wkh v|vwhp +61467,1 Wkxv=

�7T ' 3A E7�A{n{7��3n27�A�3�aAe {232

n2�Aae�
3�aAe{232 n 2�Aae�

3�aAe{232

n23A2{2
7��E3�3� n 23A2{2

7�2E3�32� +61468,

E| xvlqj wkh JDUH +6145:, dqg wkh lghqwlwlhv=

27�A�3�aAe{232 � �7�A 7+WE3�7�n
���7� n 7+

3�
W E3��3�aAe{232

���2
7+WE3�

�3A2{2ae�
3� 7+3�

W E3��3�aAe{232c

2�Aae�
3�aAe{232 � �2�A�n �

�2
3A2{2ae�

32aAe{232

��2
����� �

�2
ae�

3�aAe{232

���2
zh jhw=

�7T ' �3A 7"3� 7�
A 7+WE3�7�n�2�A�n

���7�n 7+
3�
W �3�aAe{232

���2
7+WE3�

��2
������ �

�2
ae�

3�aAe{232

����2 n 3A2{2�
3�+3��3�{232

� �

�2
3A2{2�

32{232 n
�

�2
3A2{2ae�

32aAe{232

�3A2{2ae�
3� 7+3�

W �3�aAe{232 n 23A2{2
7��3� n 23A2{2

7�232� +61469,

E| uhzulwlqj 3A 7"3 dv=

3A 7"3 ' 3
A
�
7"��3� n 23A2 7"�23� n 3A2 7"2232c

frpsohwlqj wkh vtxduhv iru=

�3A� 7"��3� n 23A2
�
{2

7�� � 7"�2

�
3� ' ���3� � 7"3�

��

�
{2

7�� � 7"�2

�
32
��2
7"��

n3A2 E7�
A
�{2

7"3�
�� {2

7�� � 7�A
�{2

7"3�
��
7"�2 � 7"A

�2
7"3�
�� {2

7���32 n 3A2 7"
A
�2
7"3�
��
7"�232

dqg lqwurgxflqj=

7PJE3� ' 7�A
�{2

7"3�
�� {2

7�� n{2
7�2 n 7�A

2{2 � 7�A
�{2

7"3�
��
7"�2

�7"A
�2
7"3�
�� {2

7�� � �

�2
{2�

32{2 n
�

�2
{2ae�

32aAe{2c +6146:,



6161 ORFDOO\ RSWLPDO FRQWURO RI PRRUHG VKLSV 86

zklfk vdwlv�hv 7PJEf� ' f/ zh rewdlq=

�7T ' ���3� � 7"3�
��

�
{2

7�� � 7"�2

�
32
��2
7"��

� 3A2
�
7"22 � 7"A

�2
7"3�
��
7"�2

�
32

�7�A 7+WE3�7�n�2�A�n
���7�n 7+

3�
W �3�aAe{232

���2
7+WE3�

��2
������ �

�2
ae�

3�aAe{232

����2 �*A
�
7+3�
W E3�� 7+3�

J E3��� 7PE3�
�
* +6146;,

zkhuh

* ' �3�aAe{232c
7+3�
J E3�� ' �aAe�

3�+3��3�ae�

7PE3� ' �aAe{
3�
2
7PJE3�{

3�
2 ae�� +6146<,

Li wkh frqwuro odz lv fkrvhq dffruglqj wr=

7� ' �7+
3�
W E3��3�aAe{232 +61473,

dqg 7+WE3� lv fkrvhq vxfk wkdw=

7+3�
W E3� � 7+3�

J E3�� n 7PE3� +61474,

wkhq

�7T ' �7̂E3�� 7�A 7+WE3�7�n�2�A� � �2
������ �

�2
ae�

3�aAe{232

����2
� �7̂E3�� 7�A 7+WE3�7�n�2�A� +61475,

zkhuh

7̂E3� '
��3� � 7"3�

��

�
{27�� � 7"�2

�
32
��2
7"��

n 3A2
�
7"22 � 7"A

�2
7"3�
��
7"�2

�
32

n*A
�
7+3�
W E3�� 7+3�

J E3�� 7PE3�
�
*� +61476,

Iurp +61475, lw lv fohdu wkdw wkh v|vwhp lv lqsxw0wr0vwdwh vwdeoh1 Lq wkh devhqfh ri glv0
wxuedqfhv/ � � f/ wkh htxloleulxp 3 ' f lv uhqghuhg JDV dqg OHV1 Pruhryhu/ wkh gxdo
remhfwlyh ri orfdo rswlpdolw| dqg joredo lqyhuvh rswlpdolw| lv dfklhyhg zlwk uhvshfw wr wkh
frvw ixqfwlrqdo=

a '

"]
f

�
7̂E3� n 7�A 7+WE3�7���2�A�

�
_| +61477,

zkhuh 7̂E3� dqg 7+WE3� duh vhohfwhg wr vdwlvi| wkh orfdoo| rswlpdo uhtxluhphqwv1
Rqh srvvleoh fkrlfh iru 7+WE3� wkdw pdnhv vxuh wkdw wkh pdwul{ lv lqyhuwleoh dqg frqwlqxrxv

iru doo 3 lv=

7+3�
W E3� '>�E3�Wn >2E3�7+

3�
J E3� +61478,
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zkhuh

>�E3� ' 4@ ifc b�E3�j c
>2E3� '

�
� G b�E3� � �b2E3��

� n mb�E3� n b2E3�m&
�3�

G rwkhuzlvh

b�E3� ' b4@ E7PE3��c b2E3� ' b4@ E7+
3�
J E3��

iru dq| & � f� Khuh/ b4@ E�� ghqrwhv wkh odujhvw hljhqydoxh ri 7+3�
J E3� dqg 7PE3� iru wkh

fxuuhqw ydoxh ri 31 E| wklv fkrlfh ri 02E3� wkh frqwuro h�ruw zloo eh uhgxfhg lq fdvhv zkhuh
wkh qrqolqhdulwlhv duh khosixo iru vwdelolw|1

Frpphqw= Wklv h{dpsoh lv htxlydohqw wr wkh PLPR pdvv0gdpshu0vsulqj h{dpsoh lq Fkds0
whu 5 li=

ae ' W/ 7� ' ��/ OE � ' f



Dsshqgl{ D

Vwdelolw| Wkhru|

Lq wklv dsshqgl{ zh zloo eulh | uhylhz vrph xvhixo uhvxowv iru vwdelolw| dqg frqyhujhqfh=

� Dsshqgl{ D14= O|dsxqry vwdelolw| ri qrqolqhdu dxwrqrprxv v|vwhpv � ' uE �/ wkdw
lv v|vwhpv zkhuh uE � grhv qrw h{solflwo| ghshqg rq wkh wlph |�

� Dsshqgl{ D15= O|dsxqry vwdelolw| ri qrqolqhdu qrq0dxwrqrprxv v|vwhpv � ' uE c|�/
wkdw lv v|vwhpv zkhuh uE c|� grhv ghshqg rq | h{solflwo|1

D14 O|dsxqry Vwdelolw| iru Dxwrqrprxv V|vwhpv

Ehiruh vwdwlqj wkh pdlq O|dsxqry wkhruhpv iru dxwrqrprxv v|vwhpv zh zloo eulh | uhylhz
wkh frqfhswv ri vwdelolw| dqg frqyhujhqfh +Nkdolo/ 4<<9,1

D1414 Vwdelolw| dqg Frqyhujhqfh

Frqvlghu wkh qrqolqhdu wlph0lqyduldqw v|vwhp=

� ' uE �c  Ef� '  f +D14,

zkhuh  5 ??dqg u G ?? $ ?? lv dvvxphg wr eh orfdoo| Olsvfklw} lq  / wkdw lv=

nuE �� uE)�n � u n � )n c ; c) +D15,

zkhuh u fdq eh lqwhusuhwhg dv wkh Olsvfklw} frqvwdqw1 Ohw  e ghqrwh wkh htxloleulxp srlqw
ri +D14, jlyhq e|=

uE e� ' f +D16,

Wkh vroxwlrqv  E|� ri +D14, duh=

� erxqghg/ li wkhuh h{lvw d qrq0qhjdwlyh ixqfwlrq �E E|�� vxfk wkdw=

n E|�n � �E E|��c ;| � f +D17,

88
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Lq dgglwlrq/ wkh htxloleulxp srlqw  e ri +D14, lv=

� vwdeoh/ li/ iru hdfk " : fc wkhuh h{lvwv d BE"� vxfk wkdw=

n Ef�n 	 BE"� , n E|�n 	 "c ;| � f +D18,

� xqvwdeoh/ li lw lv qrw vwdeoh1

� dwwudfwlyh/ li wkhuh h{lvwv dq oE E|�� vxfk wkdw=

n Ef�n 	 oE E|�� , *�4
|<"

n E|�n ' f +D19,

Pruhryhu/ dwwudfwlylw| lpsolhv frqyhujhqfh ri  E|� $ f�

� +orfdoo|, dv|pswrwlfdoo| vwdeoh +DV,/ li wkh htxloleulxp srlqw  e lv vwdeoh dqg dwwudfwlyh1

� joredoo| vwdeoh +JV,/ li wkh htxloleulxp srlqw  e lv vwdeoh dqg li doo wkh vroxwlrqv  E|� ri
+D14, duh erxqghg1

� joredo dv|pswrwlfdoo| vwdeoh +JDV,/ li wkh htxloleulxp srlqw  e lv vwdeoh iru doo  Ef�
+uhjlrq ri dwwudfwlrq ??,1

� +orfdoo|, h{srqhqwldoo| vwdeoh +HV,/ li wkhuh h{lvw srvlwlyh frqvwdqwv kc b dqg o vxfk wkdw=

n Ef�n 	 o , n E|�n 	 k i TE�b|� n Ef�n c ;| � f +D1:,

� joredoo| h{srqhqwldoo| vwdeoh +JHV,/ li wkhuh h{lvw srvlwlyh frqvwdqwv kc b dqg o vxfk
wkdw iru doo  Ef� +uhjlrq ri dwwudfwlrq ??,1

n E|�n 	 k i TE�b|� n Ef�n c ;| � f +D1;,

Gl�huhqw wkhruhpv iru lqyhvwljdwlrq ri vwdelolw| dqg frqyhujhqfh zloo qrz eh suhvhqwhg1
D jxlgholqh iru zklfk wkhruhp zklfk vkrxog eh fkrvhq lv jlyhq lq Wdeoh D14 zkhuhdv wkh
gl�huhqw wkhruhpv duh olvwhg lq wkh iruwkfrplqj vhfwlrqv1

Wdeoh D14= Fodvvl�fdwlrq ri wkhruhpv iru vwdelolw| dqg frqyhujhqfh1
Dxwrqrprxv
v|vwhpv

T : fc �T 	 f

T : fc �T � f

O|dsxqry*v gluhfw phwkrg
OdVdooh*v wkhruhp

JDV
JDV

Qrq0dxwrqrprxv
v|vwhpv

T : fc �T 	 f

T � fc �T � f

OdVdooh0\rvkl}dzd*v wkhruhp
Eduedodw*v ohppd

JXDV
frqyhujhqfh

Qrwlfh wkdw iru qrq0dxwrqrprxv v|vwhpv JDV lv uhsodfhg e| joredo xqlirup dv|pswrwlf
vwdelolw| +JXDV, vlqfh xqliruplw| lv d qhfhvvdu| uhtxluhphqw lq wkh fdvh ri wlph0ydu|lqj
qrqolqhdu v|vwhpv +Nkdolo/ 4<<9,1
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D1415 O|dsxqry*v Gluhfw Phwkrg

Wkhruhp 6 +O|dsxqry*v Gluhfw Phwkrg, Ohw  e eh wkh htxloleulxp srlqw ri +D14, dqg
dvvxph wkdw uE � lv orfdoo| Olsvfklw} lq  � Ohw T G ?? $ ?n eh d frqwlqxrxvo| gl�huhqwldeoh
ixqfwlrq T E � vdwlvi|lqj=

�T E � : f +srvlwlyh gh�qlwh, dqg T Ef� ' f +D1<,

� �T E � '
YT E �

Y 
uE � � �` E � � f +D143,

�T E � $ 4 dv n n$ 4 +udgldoo| xqerxqghg, +D144,

wkhq wkh htxloleulxp srlqw  e lv JV li ` E � �f +srvlwlyh vhpl0gh�qlwh, dqg JDV li ` E � :f
+srvlwlyh gh�qlwh,1�

Wkh uhtxluhphqw wkdw ` E � :f +ru �T E � 	f� lv lq pdq| fdvhv gl!fxow wr vdwlvi|1 Wklv
lv looxvwudwhg lq wkh iroorzlqj h{dpsoh1

H{dpsoh 7 +Vwdelolw| ri d Pdvv0Gdpshu0Vsulqj V|vwhp, Frqvlghu wkh pdvv0gdpshu0
vsulqj v|vwhp=

�% ' � +D145,

6 �� n _E��� n &%2 ' f +D146,

zkhuh 6 : fc _E�� : fc ;� dqg & : fc vhh Iljxuh D14

p
τ

g y y+ , {

n{

Iljxuh D14= Pdvv0gdpshu0vsulqj v|vwhp1

Fkrrvlqj T E � dv wkh vxp ri nlqhwlf hqhuj| �
2
6�2 dqg srwhqwldo hqhuj| �

2
&%2=

T E � '
�

2
E6�2 n &%2� '

�

2
 A

�
6 f
f &

�
 

zkhuh  ' d�c %oA c uhvxowv lq

�T E � ' 6� �� n &% �%

' �E6 �� n &%�

' �_E���2

' � A
�
_E�� f
f f

�
 +D147,
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Khqfh/ rqo| vwdelolw| fdq eh frqfoxghg iurp Wkhruhp 6 vlqfh �T E � lv qhjdwlyh vhpl0gh�qlwh1
Krzhyhu/ JDV fdq lq pdq| fdvhv dovr eh suryhq iru v|vwhpv zlwk d qhjdwlyh vhpl0gh�qlwh
�T E � wkdqnv wr wkh lqyduldqw vhw wkhruhp ri OdVdooh1

D1416 Od Vdooh*v Lqyduldqw Vhw Wkhruhp

Wkh wkhruhp ri OdVdooh fdq eh xvhg wr fkhfn li d qrqolqhdu dxwrqrprxv v|vwhp lv JDV hyhq
wkrxjk �T E � lv rqo| qhjdwlyh vhpl0gh�qlwh1

Wkhruhp 7 +OdVdooh*v Lqyduldqw Vhw Wkhruhp, Ohw T G ?? $ ?n eh d frqwlqxrxvo|
gl�huhqwldeoh ixqfwlrq T E � vxfk wkdw=

T E � $ 4 dv n n $ 4 +D148,
�T E � � fc ; +D149,

Ohw l eh wkh vhw ri doo srlqwv zkhuh �T E � 'f/ wkdw lv=

l '
q
 5 ??m �T E � 'f

r
+D14:,

dqg � eh wkh odujhvw lqyduldqw vhw lq lc wkhq doo vroxwlrqv  E|� frqyhujh wr � dqg wkh
htxloleulxp srlqw  e ri +D14, lv JDV1 �

H{dpsoh 8 +Frqw1 H{dpsoh 6= Vwdelolw| ri d Pdvv0Gdpshu0Vsulqj V|vwhp, Djdlq
frqvlghu wkh pdvv0gdpshu0vsulqj v|vwhp ri H{dpsoh 71 Wkh vhw l lv irxqg e| uhtxlulqj wkdw

�T E � ' �_E���2 � f +D14;,

zklfk lv wuxh iru � ' f� Wkhuhiruh=

l ' iE%5 ?c � ' f�j +D14<,

Qrz � ' fc lpsolhv wkdw 6 �� ' �&% zklfk lv qrq0}hur dv orqj dv % 9' f� Khqfh/ wkh v|vwhp
fdqqrw jhw �vwxfn� dw dq htxloleulxp srlqw ydoxh rwkhu wkdq % ' f� Vlqfh wkh htxloleulxp
srlqw ri wkh pdvv0gdpshu0vsulqj v|vwhp lv E%c �� ' Efc f�c wkh odujhvw lqyduldqw vhw � lq l
frqwdlqv rqo| rqh srlqw/ qdpho| E%c �� ' Efc f�� Khqfh/ wkh htxloleulxp srlqw ri +D14, lv JDV
dffruglqj wr Wkhruhp 71 �

D1417 Joredo H{srqhqwldo Vwdelolw|

Zkhq shuiruplqj edfnvwhsslqj O|dsxqry vwdelolw| dqdo|vlv riwhq uhvxowv lq d v|vwhp zklfk
qrw rqo| lv JDV exw dovr joredoo| h{srqhqwldoo| vwdeoh +JHV,1 Wkh iroorzlqj wkhruhp lv
xvhixo wr fkhfn h{srqhqwldo frqyhujhqfh1

Wkhruhp 8 +Joredo H{srqhqwldo Vwdelolw|, Ohw  e eh wkh htxloleulxp srlqw ri +D14, dqg
dvvxph wkdw uE � lv orfdoo| Olsvfklw} lq  � Ohw T G ?? $ ?n eh d frqwlqxrxvo| gl�huhqwldeoh
dqg udgldoo| xqerxqghg ixqfwlrq T E � vdwlvi|lqj=

T E � '
�

2
 A� +D153,

�T E � � � A" +D154,
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zlwk frqvwdqw pdwulfhv � ' �A : f dqg " ' "A : fc wkhq wkh htxloleulxp srlqw  e lv JHV
dqg wkh vwdwh yhfwru vdwlv�hv=

n E|�n2 �
v

b4@ E��

b4�?E��
e3

�
2
kE|3|f� n E|f�n2 +D155,

zkhuh

k '
b4�?E"�

b4@ E��
: f +D156,

lv wkh frqyhujhqfh udwh1

Surri1 Vlqfh T E � lv erxqghg e|=

f 	 b4�?E�� 
A � T E � � b4@ E�� 

A c ; 9' f +D157,

zh kdyh wkdw=

� A � � �

b4@ E��
T E � +D158,

Khqfh/ lw iroorzv iurp +D153, wkdw=

�T E � � � A" 
� �b4�?E"� A 

� b4�?E"�

b4@ E��
T E � +D159,

Lqwhjudwlrq ri �T E � |lhogv=

T E E|�� �e3kE|3|f�T E Ef�� +D15:,

Ilqdoo| n n2 '
s
 A dqg +D157, lpsolhv=

n E|�n2 �
v

b4@ E��

b4�?E��
e3

�
2
kE|3|f� n E|f�n2 +D15;,

t1h1g1 Wklv vkrzv wkdw n n2 zloo frqyhujh h{srqhqwldoo| wr }hur zlwk frqyhujhqfh udwh k�

D15 O|dsxqry Vwdelolw| ri Qrq0Dxwrqrprxv V|vwhp
Lq wklv vhfwlrq zh zloo eulh | uhylhz vrph xvhixo wkhruhpv iru frqyhujhqfh dqg vwdelolw| iru
wlph0ydu|lqj qrqolqhdu v|vwhpv=

� ' uE c|�c  Ef� '  f +D15<,

zkhuh  5 ??c |5 ?n dqg u G ?? �?n $ ?? lv dvvxphg wr eh orfdoo| Olsvfklw} lq  �
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D1514 Eduedodw*v Ohppd

Ohppd 4 +Edue�dodw*v Ohppd, Ohw � G ?n $ ? eh d xqlirupo| frqwlqxrxv ixqfwlrq dqg
vxssrvh wkdw *�4|<"

U"
f

sE��_� h{lvwv dqg lv �qlwh/ wkhq=

*�4
|<"

�E|� ' f +D163,

Surri1 Vhh Edue�dodw +4<8<,1
Qrwlfh wkdw Edue�dodw*v ohppd rqo| jxdudqwhhv joredo frqyhujhqfh1 Wklv uhvxow lv sduwlfxodu

xvhixo li wkhuh h{lvwv d xqlirupo| frqwlqxrxv ixqfwlrq T G ?? �?n $ ?n vdwlvi|lqj=

l, T E c|� � f

ll, �T E c|� � f

lll, �T E c|� lv xqlirupo| frqwlqlrxv
+D164,

Khqfh/ dffruglqj wr Eduedodw*v ohppd *�4|<"
�T E c|� ' f1 Wkh uhtxluhphqw wkdw �T vkrxog

eh xqlirupo| frqwlqxrxv fdq hdvlo| eh fkhfnhg e| xvlqj=

�T E c|� lv erxqghg ', �T E c|� lv xqlirupo| frqwlqlrxv +D165,

D1515 Od Vdooh0\rvkl}dzd*v Wkhruhp

Iru qrq0dxwrqrprxv v|vwhpv wkh iroorzlqj wkhruhp ri OdVdooh +4<<9, dqg \rvkl}dzd +4<9;,
lv txlwh xvhixo=

Wkhruhp 9 +Od Vdooh0\rvkl}dzd*v Wkhruhp, Ohw  e ' f eh wkh htxloleulxp srlqw ri
+D15<, dqg dvvxph wkdw uE c|� lv orfdoo| Olsvfklw} lq  � Ohw T G ?? �?n $ ?n eh d frqwlq0
xrxvo| gl�huhqwldeoh ixqfwlrq T E c|� vdwlvi|lqj=

�T E c|� : f +srvlwlyh gh�qlwh, dqg T Ef� ' f +D166,

� �T E c|� '
YT E c|�

Y|
n

YT E c|�

Y 
uE c|� � �` E � � f +D167,

�T E c|� $ 4 dv n n$ 4 +udgldoo| xqerxqghg, +D168,

zkhuh ` E � lv d frqwlqxrxv ixqfwlrq/ wkhq doo vroxwlrqv  E|� ri +D15<, duh joredoo| xqlirupo|
erxqghg dqg=

*�4
|<"

` E � ' f +D169,

Lq dgglwlrq/ li ` E � :f +srvlwlyh gh�qlwh,/ wkhq wkh htxloleulxp srlqw  e' f ri +D15<, lv
JXDV1

Surri1 Vhh OdVdooh +4<<9, dqg \rvkl}dzd +4<9;,1



Uhihuhqfhv

1

Edue�dodw +4<8<,1 V|vwhpëv g*Ìtxdwlrqv Gl�ìuhqwlhoohv g*Rvfloodwlrqv Qrq Olqìdluhv/
Uhyxh gh Pdwkìpdwltxhv Sxuhv hw Dssoltxìhv/ Yro1 7+5,=59:�5:31 Dfdgìplh gh od
Uìsxeoltxh Srsxodluh Urxpdlqh +lq Iuhqfk,1

Ehfk/ P1 L1 dqg O1 Zdjqhu Vplwk +4<9<,1 Dqdorjxh Vlpxodwlrq ri Vkls Pdqhxyhuv/
Whfkqlfdo Uhsruw K|047/ K|gur0 dqg Dhurg|qdplfv Oderudwru|/ O|qje|/ Ghqpdun1

E|uqhv/ F1 L1 dqg D1 Lvlgrul +4<;<,1 Qhz Uhvxowv dqg H{dpsohv lq Qrqolqhdu Ihhgedfn
Vwdelol}dwlrq/ V|vwhpv ) Frqwuro Ohwwhuv/ Yro1 45/ ss1 76:�7751

E|uqhv/ F1 L1/ D1 Lvlgrul dqg M1 F1 Zloohpv+4<<4,1 Sdvvlylw|/ Ihhgedfn Htxlyd0
ohqfh/ dqg wkh Joredo Vwdelol}dwlrq ri Plqlpxp Skdvhv Qrqolqhdu V|vwhpvq/ LHHH
Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ WDF069=455;�45731

H}do/ N1/ ]1 Sdq dqg S1 Y1 Nrnrwrylf +4<<;,1 Orfdoo| Rswlpdo Edfnvwhsslqj Ghvljq1
Surfhhglqjv ri 69wk LHHH Frqihuhqfh rq Ghflvlrq dqg Frqwuro +FGF*<:,1 Vdq Glhjr/
Ghfhpehu 4<<:/ ss1 4:9:04::61

H}do/ N1 +4<<;,1 Glvwxuedqfh Dwwhqxdwlqj Frqwuro ri Qrqolqhdu V|vwhpv zlwk Orfdo Rswl0
pdolw|1 SkG wkhvlv1 Xqlyhuvlw| ri Fdoliruqld/ Vdqwd Eduedud1

Irvvhq/ W1 L1 +4<<7,1 Jxlgdqfh dqg Frqwuro ri Rfhdq Yhklfohv1 Mrkq Zloh| ) Vrqv/ Owg1/
Fklfkhvwhu/ Hqjodqg1

Irvvhq/ W1 L1 +4<<<,1 Qrqolqhdu Edfnvwhsslqj Ghvljqv= Dssolfdwlrqv wr Phfkdqlfdo V|v0
whpv dqg Vkls Frqwuro +lq surjuhvv,1

Irvvhq/ W1 L1 dqg V1 Ehujh +4<<:,1 Qrqolqhdu Yhfwruldo Edfnvwhsslqj Ghvljq iru Joredo
H{srqhqwldo Wudfnlqj ri Pdulqh Yhvvhov lq wkh Suhvhqfh ri Dfwxdwru G|qdplfv/ Surfhhg0
lqjv ri LHHH Frqihuhqfh rq Ghflvvlrq dqg Frqwuro +FGF*<:,/ Vdq Glhjr/ Ghfhpehu
4<<:/ ss1 756:075751

Irvvhq/ W1 L1 dqg R10H1 Imhoovwdg +4<<8,1 Qrqolqhdu Prghoolqj ri Pdulqh Yhklfohv
lq 9 Ghjuhhv ri Iuhhgrp/ Lqwhuqdwlrqdo Mrxuqdo ri Pdwkhpdwlfdo Prghoolqj ri V|vwhpv
MPPV04+4,=4:�5;1

94
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Irvvhq/ W1 L1 dqg È1 Juûyohq +4<<;,1 Qrqolqhdu Rxwsxw Ihhgedfn Frqwuro ri G|qdp0
lfdoo| Srvlwlrqhg Vklsv Xvlqj Yhfwruldo Revhuyhu Edfnvwhsslqj1 LHHH Wudqvdfwlrqv rq
Frqwuro V|vwhpv Whfkqrorj|/ WFVW09+4,=454045;/ Mdqxdu| 4<<;1

Irvvhq/ W1 L1/ D1 Oruld dqg D1 Whho +4<<;,1 XJDV2XOHV zkhq Edfnvwhsslqj zlwk
Lqwhjudo Dfwlrq= Dssolfdwlrqv wr Phfkdqlfdo V|vwhpv dqg Vklsv/ Vxeplwwhg wr wkh Mrxu0
qdo ri Qrqolqhdu dqg Urexvw Frqwuro1

Irvvhq/ W1 L1 dqg M1 S1 Vwudqg +4<<<,1 Sdvvlyh Qrqolqhdu Revhuyhu Ghvljq iru Vklsv
Xvlqj O|dsxqry Phwkrgv= H{shulphqwdo Uhvxowv zlwk d Vxsso| Yhvvho/ Dxwrpdwlfd
DXW068+4,/ Mdqxdu| 4<<<1

Jrgkdyq/ M10P1/ W1 L1 Irvvhq dqg V1 S1 Ehujh +4<<;,1 Qrqolqhdu dqg Dgdswlyh
Edfnvwhsslqj Ghvljqv iru Wudfnlqj Frqwuro ri Vklsv/ Lqwhuqwlrqdo Mrxuqdo ri Dgdswlyh
Frqwuro dqg Vljqdo Surfhvvlqj/ Vshfldo Lvvxh rq Pdulqh V|vwhpv Frqwuro/ wr dsshdu1

Judygdko/ M1 W1 dqg R1 Hjhodqg +4<<;,1 Wzr Uhvxowv rq Frpsuhvvru Vxujh Frqwuro
zlwk Glvwxuedqfh Uhmhfwlrq1 Surfhhglqjv ri wkh 6:wk LHHH Frqihuhqfh rq Ghflvlrq dqg
Frqwuro/ FGF*<;/ Wdpsd/ Iorulgd1

Judygdko/ M1 W1 +4<<;,1 Vxujh dqg Urwdwlqj Vwdoo lq Frpsuhvvruv= Prgholqj dqg Frq0
wuro/ +Dgydqfhv lq Lqgxvwuldo Frqwuro/ Vsulqjhu0Yhuodj/ Orqgrq,1

Juhlw}hu/ H1 P1 +4<:9,1 Vxujh dqg Urwdwlqj Vwdoo lq D{ldo Iorz Frpsuhvvruv/ Sduw
L= Wkhruhwlfdo Frpsuhvvlrq V|vwhp Prgho/ Mrxuqdo ri Hqjlqhhulqj iru Srzhu/ MHS0
<;=4<3�4<;1

Ndqhoodnrsrxorv/ L1/ S1 Y1 Nrnrwrylf dqg D1 V1 Pruvh +4<<5,1 D Wrronlw iru
Qrqolqhdu Ihhgedfn Ghvljq/ V|vwhpv ) Frqwuro Ohwwhuv/ Yro1 4;/ ss1 ;6�<51

Nkdolo/ K1 N1 +4<<9,1 Qrqolqhdu V|vwhpv +PdfPloodq/ Qhz \run,1

Nrglwvfkhn/ G1 H1 +4<;:,1 Dgdswlyh Whfkqltxhv iru Phfkdqlfdo V|vwhpv/ Surf1 ri wkh
8wk \doh zrunvkrs rq Dgdswlyh V|vwhpv/ Qhz Kdyhq/ FW/ ss1 58<�5981

Nrnrwrylf/ S1 Y1 dqg K1 M1 Vxvvpdqq +4<;<,1 D Srvlwlyh Uhdo Frqglwlrq iru Joredo
Vwdelol}dwlrq ri Qrqolqhdu V|vwhpv/ V|vwhpv ) Frqwuro Ohwwhuv/ Yro1 46/ ss1 458�4661

Nrnrwrylf/ S1 Y1 +4<<4,1 Wkh Mr| ri Ihhgedfn= Qrqolqhdu dqg Dgdswlyh/ 4<<4 Ergh
Sulfh Ohfwxuh/ LHHH Frqwuro V|vwhpv Pdjd}lqh/ Yro 45/ ss1 :�4:1

Nuvwlf/ P1 dqg K1 Ghqj +4<<;,1 Vwdelol}dwlrq ri Qrqolqhdu Xqfhuwdlq V|vwhpv +Vsulqjhu
Yhuodj/ Ehuolq,

Nuvwlf/ P1/ L1 Ndqhoodnrsrxorv dqg S1 Y1 Nrnrwrylf +4<<8,1 Qrqolqhdu dqg
Dgdswlyh Frqwuro Ghvljq +Mrkq Zloh| ) Vrqv Owg1/ Qhz \run,

Odqgdx/ \1 G1 +4<::,1 Dgdswlyh Frqwuro +Pdufho Ghnnhu/ Qhz \run,1
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OdVdooh/ M1 S +4<99,1 Vwdelolw| Wkhru| iru Ruglqdu| Gl�huhqwldo Htxdwlrqv/ Mrxuqdo ri
Gl�huhqwldo Htxdwlrqv/ Yro1 7/ ss1 8:�981

Or}dqr/ U1/ E1 Eurjoldwr dqg L1 G1 Odqgdx +4<<5,1 Sdvvlylw| dqg Joredo Vwdel0
ol}dwlrq ri Fdvfdghg Qrqolqhdu V|vwhpv/ LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/
WDF06:=46;9�46;;1

Qduhqgud/ N1 V1 dqg D1 P1 Dqqdvzdp| +4<;<,1 Vwdeoh Dgdswlyh V|vwhpv +Suhqwlfh
Kdoo/ Hqjohzrrg Fol�v/ QM,

Qruuelq/ Q1 K1 +4<96,1 Rq wkh Ghvljq dqg Dqdo|vhv ri wkh ]lj0]dj whvw rq Edvh ri Txdvl
Olqhdu Iuhtxhqf| Uhvsrqvh/ Whfkqlfdo Uhsruw E 43706/ Wkh Vzhglvk Vwdwh Vklsexloglqj
H{shulphqwdo Wdqn +VVSD,/ Jrwkhqexuj/ Vzhghq1

Ruwhjd/ U1 +4<<4,1 Sdvvlylw| Surshuwlhv iru Vwdelol}dwlrq ri Fdvfdghg Qrqolqhdu V|vwhpv/
Dxwrpdwlfd/ DXW05:=756�7571

Sdunv/ S1 F1 +4<99,1 O|dsxqry Uhghvljq ri Prgho Uhihuhqfh Dgdswlyh Frqwuro V|vwhpv/
LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ WDF044=695�69:1

Vdehul/ D1/ S1 Y1 Nrnrwrylf dqg K1 M1 Vxvvpdqq +4<<3,1 Joredo Vwdelol}dwlrq ri
Sduwldoo| Olqhdu Frpsrvlwh V|vwhpv/ VLDP M1 Frqwuro Rsw1 Yro1 5;/ ss1 47<4�48361

Vfldylffr/ O1 dqg E Vlfloldqr +4<<9,1 Prghoolqj dqg Frqwuro ri Urerw Pdqlsxodwruv
+PfJudz0Kloo Frpsdqlhv,1

Vhsxofkuh/ U1/ P1 Mdqnrylf dqg S1 Nrnrwrylf +4<<:,1 Frqvwuxfwlyh Qrqolqhdu
Frqwuro/ +Vsulqjhu Yhuodj/ Ehuolq,1

Vorwlqh/ M1 M1 H1 dqg Z1 Ol +4<;:,1 Dgdswlyh Pdqlsxodwru Frqwuro= D Fdvh Vwxg|/ Surf1
ri wkh 4<;: LHHH Urerwlfv dqg Dxwrpdwlrq/ Udohljk/ Qruwk Fdurolqd/ ss1 46<5�4733/
4<;:1

Vrqqwdj/ H1 G1 dqg K1 M1 Vxvvpdqq +4<;;,1 Ixuwkhu Frpphqwv rq wkh Vwdelol}delolw|
ri wkh Dqjxodu Yhorflw| ri d Uljlg Erg|/ V|vwhpv ) Frqwuro Ohwwhuv/ Yro1 45/ ss1
76:�7751

Vwudqg/ M1 S1/ N1 H}do/ W1 L1 Irvvhq dqg S1 Y1 Nrnrwrylf +4<<;,1 Qrqolqhdu Frq0
wuro ri Vklsv= D Orfdoo| Rswlpdo Ghvljq/ Surf1 ri wkh LIDF QROFRV*<;/ Hqvfkhgh/
Wkh Qhwkhuodqgv/ 406 Mxo|/ 4<<;1

Vwudqg/ M1 S1/ N1 H}do/ W1 L1 Irvvhq dqg S1 Y1 Nrnrwrylf +4<<<,1 Qrqolqhdu
Rxwsxw Ihhgedfn dqg Orfdoo| Rswlpdo Frqwuro ri Iuhh0Iordwlqj dqg Prruhg Vklsv=
H{shulphqwdo Uhvxowv zlwk d Prgho Vkls/ Vxeplwwhg wr Dxwrpdwlfd1

Wvlqldv/ M1 +4<;<,1 Vx!flhqw O|dsxqry0Olnh Frqglwlrqv iru Vwdelol}dwlrq/ Pdwkhpdwlfv
ri Frqwuro/ Vljqdov dqg V|vwhpv/ Yro 5/ ss1676�68:1

\rvkl}dzd/ W1 +4<9;,1 Vwdelolw| Wkhru| e| O|dsxqry*v Vhfrqg Phwkrg/ Wkh Pdwkhpdw0
lfdo Vrflhw| ri Mdsdq1
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]kdqj/ \1/ S1D1 Lrdqqrx dqg F10F1 Fklhq +4<<9,1 Sdudphwhu Frqyhujhqfh ri d qhz
Fodvv ri Dgdswlyh Frqwuroohuv� / LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ WDF0
74+43,=47;<�47<61


