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Preface

The scope of the tutorial is to present the theoretic foundation of nonlinear backstepping
designs with applications to ship control. The tutorial session is divided into two parts:

e Nonlinear backstepping designs for ships: this includes a brief review of integral back-
stepping, extension to SISO and MIMO systems in strict feedback form and case studies
on MIMO backstepping applied to autopilot and position control.

e Nonlinear, optimal and robust backstepping: extensions to optimal and robust non-
linear control of ships with focus on dynamic positioning (DP) and position mooring
(PM) control.
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Chapter 1

The Idea of Integral Backstepping

This chapter is organized as follows:

e Section 2.1: A brief history of backstepping and references to related work are pre-
sented.

e Section 2.2: The main idea of integrator backstepping is explained by using an
illustrative example.

1.1 A Brief History of Backstepping

Backstepping is a recursive design methodology for construction of both feedback control
laws and associated Lyapunov functions in a systematic manner. Nonlinear backstepping
designs are strongly related to feedback linearization. However, while feedback linearization
methods cancel all nonlinearities in the system it will be shown that when applying the back-
stepping design methodology the designer obtain flexibility to exploit ”good” nonlinearities
while ”bad” or destabilizing nonlinearities are dominated e.g. by adding nonlinear damping.
Hence, additional robustness is obtained. This is important in industrial control systems
since cancellation of all nonlinearities require precise models which are difficult to obtain in
practise.

The idea of integrator backstepping seems to have appeared simultaneously, often im-
plicit, in the works of Koditschek (1987), Sonntag and Sussmann (1988), Tsinias (1989), and
Byrnes and Isidori (1989). Stabilization through an integrator (Kokotovic and Sussmann,
1989) can be viewed as a special case of stabilization through an SPR transfer function which
is a frequently used technique in the early adaptive designs, see Parks (1966), Landau (1979)
and Narendra and Annaswamy (1989), for instance. Extensions to nonlinear cascades by
using passivity arguments have been done by Ortega (1991) and Byrnes, Isidori and Willems
(1991). Integrator backstepping appeared as a recursive design technique in Saberi, Koko-
tovic and Sussmann (1990) and it was further developed by Kanellakopoulos, Kokotovic and
Morse (1992). The relationship between backstepping and passivity has been established
by Lozano, Brogliato and Landau (1992). For the interested reader, a tutorial overview of
backstepping is given by Kokotovic (1991).

The first book describing the backstepping design methodology was published by Krstic,
Kanellakopoulos and Kokotovic (1995). In this book emphasis is placed on adaptive and

1



2 CHAPTER 1. THE IDEA OF INTEGRAL BACKSTEPPING

nonlinear control of SISO systems with extensions to MIMO systems in component form.
Parameter adadptation, tuning functions and modular designs for both full state feedback
and output feedback are also discussed.

Later a second book was published by Sepulchre, Jankovic and Kokotovic (1997). This
textbook is an extension to forwarding, passivity and cascaded designs. Stability margins
and optimality are also given a more detailed discussion.

More recently Krstic and Deng (1998) published a book with extension to stochastic
systems focusing on stochastic stability and regulation, stochastic adaptive backstepping
designs and disturbance attenuation.

The material in this report is based on a recent book on nonlinear backstepping designs
by Fossen (1999). The difference of this book and the previous three are that the focus
is maid towards practical designs, implementation considerations and examples based on
mechanical systems and ship applications. Full-scale experiments with tankers and supply
vessels are used to demonstrate the performance of the control systems. This is done by
exploiting the nonlinear system properties of mechanical systems like dissipativness (good
damping), symmetry of the inertia matrix and the skew-symmetric property of the Coriolis
and centripetal matrix. In addition, emphasis is placed on control design with integral
action. Two techniques for integral action in nonlinear systems using backstepping designs
are discussed (Fossen, Loria and Teel, 1998) and a detailed analysis of the different techniques
where so-called good damping in mechanical systems is exploited. Finally, this book unlike
the three others is written in a vectorial setting in order to exploit the structural properties
of nonlinear MIMO systems. This techniques is referred to as wvectorial backstepping, see
Fossen and Berge (1997) and Fossen and Grgvlen (1998).

1.2 Integrator Backstepping

The main idea of integrator backstepping can be demonstrated by considering a simple
nonlinear scalar system:

Ty = f(x) + (1.1a)
By = u (1.1b)
y = m (1.1c)

where 1 € R, x5 € R,y € R and u € RN. The second equation represent a pure integrator, see
Figure 1.1.Let the design objective be regulation of y(t) — 0 as ¢ — oo. The only equilibrium
point with y = 0 is (z1,22) = (0, —f(0)) corresponding to #; = f(x1) + z2 = 0. The design
objective is to render the equilibrium point GAS or GES. Since the nonlinear system (1.1a)—
(1.1b) consists of two states z; and x5, this will be a recursive design in 2 steps. We will
therefore treat (1.1a)—(1.1b) as two cascaded systems each with a single input and output.
We start our recursive design with the system z; and continues with z5. We will introduce
a change of coordinates during the recursive design process given by:

2 — $(x) (1.2)
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Figure 1.1: 2nd-order nonlinear system with one single nonlinearity f(z;1) and a pure inte-
graor at the input.

where z =[21, 29]7, x =[z1,22]" and ¢(x) :R" — R" is a transformation to be interpreted
later. The backstepping transformation is a global diffemorphism, if the mapping ¢(x) is
on N with continuously differentiable functions ¢(x) and ¢ *(x), and local if the inverse
transformation:

x=¢ !(z) (1.3)

only exists on a subspace of R”.

Step 1

For the first system (1.1a) we choose the state x» as a virtual control input while we recall that
our design objective is to regulate the output y = x; to zero. Hence, the first backstepping
variable is chosen as:

Z1 — I (14)

For the system (1.1a) we will treat xo as a wirtual control input. The wirtual control is

defined as:

29 2 0y + 2 (1.5)
where
a1 = stabilizing function
zo = new state variable
Hence, the z;-system can be written:
2= fx1) + a1 + 2 (1.6)

The new state variable zo will not be used in the first step, but its presence is important
since z, is needed to couple the z;-system to the next system, that is the zo-system to be
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Figure 1.2: Stabilization of the z;-system by means of the stabilizing function oy = oy (z1).
Note that ¢;(z1) when integrated cancels out the feedback term —ay(xy).

considered in the next step. Moreover, integrator backstepping implies that the coordinates
during the recursive design is changed from (x1,z2) to (21, 22).

We now turn our attention to the design of the stabilizing function o which will provide
the necessary feedback for the z;-system. For instance, choosing the stabilizing function as
(feedback linearizing control):

ap = —f(z1) — k121 (L.7)
yields:
2'11 = —k1z1 + 29 (18)

A block diagram showing the stabilizing function and the new state variable is shown in
Figure 1.2. A Lyapunov function candidate for the z;-system is:

1
Vi = 5212 (1.9)
Vi = zi4

—klzf + 2129 (110)

where k; > 0 is the feedback gain. Hence, the z;-system is stabilized. We now turn our
attention to the z,-system.

Step 2

The zy-dynamics is computed by time differentiation of (1.5):

Zy = Iy — 0

= u—dy (1.11)
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u : x, o 2, z2,=x,
’le(xl)m

Figure 1.3: Stabilization of the z5-system by means of the control input u = u(dyq, 21, 22).

A Lyapunov function candidate for the zy-system is:
1

Vi = Vit 3 (112)

Vo = Vi+ oz
= (—k122 + 2120) + 202
= —k2Z2 4 2z + &)
—k12} + zo(u — &y + 21) (1.13)
Since our system is described by only two states the control input u appears in the second
step. Hence, choosing the control law as:
U= — 21 — koo (1.14)
with kg > 0, yields:
Vy = —ky2? —koz2 <0, Vo # 0,20 # 0 (1.15)

Implementation Aspects

When implementing the control law (1.14) it is important to avoid expressions involving the
time derivatives of the states. For this simple system only ¢; must be evaluated. This can
be done by time differentiation of «;(z1) along the trajectories of the states. Moreover, we
can compute ¢&; without using the state derivatives:

of (z1) .

oy = ————=x; — ki1

a.'l?l

- -t

+ k1> (f(x1) + x2) (1.16)
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Hence, the final expression for the control law is:

- (2

+ k1> (f(x1) + x2) — 21 — ka(zo + f(21) + k121) (1.17)

If f(x1) = —z; (linear theory), we simply get:

u = —(=1+k) (=21 +32) — 21 — K2(22 — 71 + k171)
—(2 + klkg — kl — kg)l’l - (kl + kg - 1)1’2 (118)

which is a standard PD-control law. The general expression for u is, however, a nonlinear
feedback control law depending on the nonlinear function f(z;).
Backstepping Coordinate Transformation

The backstepping coordinate transformation z = ¢(x) takes the form:

1

{2 ] N { $2—f(x1)—k:1x1] (1.19)

while the inverse transformation x = ¢~ '(z) is:

{ " } - { e f(z1) + bz } (1.20)

The Final Check

If you have performed the backstepping design procedure correctly the dynamics of the
closed-loop system in (z1, 22) coordinates can always be written as the sum of a diagonal
and skew-symmetric matrix times the state vector. This can be seen by writing the resulting
dynamics in the form:

Bzl Lol

diagonal matrix skew-symmetrical matrix

{ “ } (1.21)

or equivalently
z=—Kz + Sz (1.22)

where z = [z, 2|7, K = diag{k;, ka} > 0 and:

S=-8"= { _01 H (1.23)

where S satisfies z7' Sz = 0,Vz. In some cases the diagonal matrix will be a function of the
state, that is K(z) >0. This is the case when nonlinear damping is added or when some of
the nonlinearities not are cancelled by the controller.



1.2. INTEGRATOR BACKSTEPPING 7

Investigation of Stability

We also notice that:

Vo = %ZTZ (1.24)
Vo, = z''(—Kz+ Sz)
—z'Kz (1.25)

Hence, Lyapunov’s direct method for autonomous systems ensures that the equilibrium point
(x1,22) = (0,—f(0)) is GAS. In fact, this system will also be GES since it can be shown
that the state vector x(¢) decays exponentially to zero by using Theorem 5, that is:

(@)l < e 27 x(to) (1.26)

where § = Apin (K) > 0 is the convergence rate.
A generalization to a large class of lower triangular systems is done in the next chapter.

1.2.1 Backstepping versus Feedback Linearization

The backstepping control law of the previous section is in fact equal to a feedback linearizing
controller since the nonlinear function f(z) is perfectly compensated for by choosing the
stabilizing function as:

a1 = —f(l'l) - klzl (127)

The disadvantage with this approach is that a perfect model of f(x;) is required. This is
impossible in practise. Consequently, an approach cancelling all the nonlinearities may be
sensitive for modelling errors.

Exploiting ”Good” Nonlinearities

One of the nice features of backstepping is that the stabilizing functions can be modified to
exploit so-called ”good” nonlinearities. For instance, assume that:

f(z1) = —apw; — a1$% —ag |z1| 21 (1.28)

where ag,a; and ay are assumed to be unknown positive constants. Since both agz; and
as |z1| z1 tend to damp out the motion these two expressions should be exploited in the
control design and therefore not cancelled out. This can be done by choosing:

oy = —a122 — k12 (1.29)

which only cancels out the destabilizing term a,2?. Unfortunately, this approach is sensitive
for modelling errors since a; is not perfectly known. Hence, a better approach would be to
choose an expression for a; not depending on a;2?. This can be done by adding nonlinear
damping such that the term a,z7 is dominated.
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Figure 1.4: Domination of destabilizing terms by adding nonlinear damping.

Domination of Destabilizing terms by Adding Nonlinear Damping

The destabilizing term a;2? can be dominated by adding a nonlinear damping term propor-

tional to z3. Moreover:
a; = —[k1 +n1(z1)]z
where k; > 0 and
ni(z1) = k12f >0

This is shown in Figure 1.4. Hence:

Z = f(z1)+ (aq + 22)
= —agz — alz% —ag|z| 21 — (k1 + /<&1Z12)21 + 29

= —(ap+ay|z| +k1)z — a12d — K12+ 2

Consider the Lyapunov function:

1
Vi = §Z%
Vl = _(GO + as |Z1| + /ﬁ)Z% — alzf’ — lﬁzil + 2129
Next:
1 2

Vo = —(a0+a2]21\+k1)z%—a1z?—/ﬁzf—}—zg(zl—{—u—dl)

(1.30)

(1.31)
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Choosing:
U =& — kozo — 21
finally yields:
Vo = —(ag + az | 21| + k1) 22 — 123 — kyzt — ko2

This expression can be rewritten by completion of the squares. Moreover:

o
21+ /K zl) + —zl (ap + ag 21| + k1)23 — koza
K1

- (w—

2

a
< 4—12f — (ao + az 21| + k)2t — ka2)
R1
a2 2 2
< ki — — —k
< (Go+ 1 4/€1> Zy 229

Hence, by choosing the controller gains according to:

K1 > 0
2
a
by > — —
1 Arey Qo
]{32 > 0

(1.37)

(1.38)

our design goal to render V; < 0 is satisfied. Notice that the controller (1.37) with (1.30)
does not require any information of the unknown parameters ag, a; and as. Hence, a robust
nonlinear controller is derived by using backstepping. This result is more attractive than
the one obtained from feedback linearization (perfect model cancellation) if robustness is the

issue.
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Chapter 2

Nonlinear Backstepping

In this chapter we will generalize the results of Section 1.2 to a large class of nonlinear
systems. The foundation of this chapter is based on the results of Krstic, Kanellakopoulos
and Kokotovic (1995). We will, however, restrict our discussion to a class of nonlinear
systems in triangular form which are highly applicable for control of mechanical systems and
ships. The chapter is organized as follows:

e Section 2.1: backstepping of systems in SISO strict feedback form. A nonlinear ship
autopilot is used as case study.

e Section 2.2: backstepping of systems in MIMO strict feedback form. Dynamic posi-
tioing (DP) of ships are used as case study.

2.1 SISO Backstepping

In order to write the backstepping control laws in a compact notation we will adopt the
notation of the Norwegian mathematician, Marius Sophus Lie (1842-1899), who introduced
the so-called Lie derivatives in his work.

Definition 1 (Lie Derivative) Let h: " — R be a smooth scalar function, and f : R" —
R be a smooth vector field on R, x € R", then the Lie derivative of the function h(x) with
respect to the vector field £(x) is a scalar function defined by:

A Oh(x)

Lyh(x) B

£(x) (2.1)

This definition is particular useful when computing the time derivative of y along the
trajectories of x for the nonlinear system:

x = f(x)+gx)u (2.2a)
y = h(x) (2.2b)

11
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Figure 2.1: Block diagram showing a 3rd-order nonlinear system in SISO strict feedback
form.

Hence:

= 9 16(5) + gl
= L¢h(x)+ Lh(x)u (2.3)

We will now introduce a new definition describing a large class of SISO triangular systems
to be used in the fortcoming sections.

Definition 2 (SISO Strict Feedback Form) A nonlinear system:

x = f(x)+gx)u (2.4a)
y = h(x) (2.4Db)

where X = [x1,...,x,)T€ R" u € R and y € R is said to be in SISO strict feedback form if it
can be written in lower triangular form, see Figure 2.1:

i1 = fi@1) + gi(z1)ze (2.5a)
iy = fa(z1,22) + golz1, w2) 73 (2.5b)
i3 = f3(x1, 22, 23) + g3(z1, T2, 3) 24 (2.5¢)
Tno1 = foor(x1, 22,0 1) + Guo1(x1,To, 0, Tp1)Tp (2.5d)
bn = falen,@n e 28) + gulEn, @n, e ) (2.50)
y = h(z) (2.5f)

This model class can also be used for tracking by replacing (2.5a) with:

e = Lflh(l'l) + Lglh($1)$2 — gd (26)
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where e = y — yq is the tracking error and yq(t) € C" is an r times differentable (smooth)
and bounded reference trajectory. Regulation of y to zero is obtained by choosing 9y = yq = 0
such that § = Ly, h(z1) 4+ Ly, h(z1)x2. In many cases y = xywhich can be obtained by choosing
h(x1) = x1. Further, it is assumed that L, h(xy) # 0,Yxy and gi(z1,za,- -+ ,2;) # 0,Vx for
(i=2.n)01

Notice that strict feedback systems are assumed to be affine (linear) in the states z;
and the input u. The system (2.5a)—(2.5f) is said to be a strict feedback system since the
nonlinearity f;(z1,...,x;) is "fed back” in the i;-equation, see Figure 2.1.

Linear Systems

Linearization of (2.5a)—(2.5f) yields a linear system:

x = Ax+bu (2.7)
y = c'x (2.8)
where the structure of A is lower triangular. Moreover:
[ an by 0 0 0 |
a9 asy by 0 0
A — as1 32 G33 0 0
Ap-1,1 Ap—12 0(ap—-13 Ap—1,n—1 br—1
ap,1 Qp,2 ap,3 Apon—1 Qpn
b = [0,0,0,...,0,b,]"
c' = [1,0,0,...,0,0]
where
8]%(1‘1, ceey 1‘,)
o= ot 2.9
(L] 8.1']' . ( )
89,’(.’131, ceey .'132)
by = ———~ 2.10
a.'l?j Tio ( )
for (1,5 =1...n).

Example 1 (Transfer Functions and SISO Strict Feedback Form) Consider the trans-
fer function:
4
his) —
() s3+2s+4s+5
A state-space realization is found by using the Matlab command: [A,B,C,D]=tf2ss(4,[1 2
4 6]1). This results in:.

(2.11)

-2 —4 -5 1
A=|1 0 0 |[,b=]|0|,c"=[00 4] (2.12)
0 1 0 0

Changing the order of the states x; from 1-2-3 to 3-2-1 yields:
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0 1 0 0
A= 0 0 1 |,b=]|0|,c"=[40 0]
-2 —4 -5 1

Hence, this system is in SISO strict feedback form.
A n-th order SISO backstepping control law for nonlinear systems in strict feedback form
is stated below.

Theorem 1 (n-th Order SISO Backstepping Control Law) The n-th order SISO back-
stepping controller:

— Ly h(z1) — k1zr — na(21)21]

L hm)[

Qg = gQ(wim)[ 1= fo(21,22) — Ly, h(z1)21 — koza — no(22) 22)]

(3 <1< 77/) o; = W[az 1~ fz(ﬂﬂl, 7%) - 9171@1, ---,95141)2141 — kizi — 7%(22')21]
ay, = m[dn_l — fo(@1, s ) — Gno1(21, ooy Tn—2) Zn1 — knzn — Nn(20) 20
U= Qp,

where z1 = h(x1) — Y4, zi = ©; — a1 (1 = 2...m) and the stabilizing functions o; are chosen
such that all nonlinearties are cancelled, yields a GES equlibrium point z = 0 for the system
(2.5a)—(2.5¢). The controller gains must be chosen such that k; > 0 and n;(z;) > 0 for
(t=1...n).

Proof. The proof follows by induction for i = 1,7 = 2 to i = n, see Fossen (1999).

Error Dynamics

The resulting error dynamics is written:

z=-K(z)z + S(x)z (2.13)
where z = [z1, ..., 2,)7 and
K(Z) = d1ag{l<:1 -+ nl(zl) kQ -+ nQ(ZQ) k -+ nn(zn)}
0 Lg, h(z1) 0 0 0 0
—Lg, h(z1) 0 g2(r1,x2) 0 0 0
0 —g2(x1,22) 0 0 0 0
S(X) = : : : . : : :
0 0 0 0 gn—1($17"'7$n—1) 0
0 0 0 o —gn—1(@1, s Tn—1) 0 gn (@1, ... Tn)
0 0 0 0 —gn (21, -, Zn) 0

Hence, the equlibrium point z = 0 is GES since z” S(x)z =0, ¥x,z and K(z) >0, Vz, implies
that:

Vo(z) = %ZTZ (2.14)

Vn(z) = —ZTK(Z)Z (2.15)
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Figure 2.2: Supply vessel used in the North Sea. Length of ship: 76.2 m.

Notice that if the output mapping y = h(x1) is chosen as y = x4, the element S1o = —So; =
L, h(zq) reduces to S12 = —S21 = ¢1(z1) which is consistent with the other non-zero off-
diagonal elements of S.

2.1.1 Nonlinear Ship Autopilot Design

The yaw dynamics of a rudder controlled ship is described by the Nomoto model (Fossen,
1994):

W K(1+Tss)
5 ) s(L+ T1s)(1 + Tos) (2.16)
K
~ s(1+T's) (2.17)

where T,T;,T; and K are the Nomoto time and gain constants, T' = T7 + T, — T3 is the
equivalent time constant, ¢ is the yaw angle (heading) of the ship and ¢ is the rudder angle.
This model is often extended to include nonlinear maneuvering characteristics in order to
describe both course-stable and course-unstable ships more accurate. We will show how
backstepping can be applied to both the 2nd and 3rd order models of Nomoto.

The Nonlinear Model of Norrbin (1963)

Consider the nonlinear ship model:

T+ Hy(p) = K6 (2.18)

HN@D) = TL317.D3 + TLQ’QZ)2 + nlz'[) + Ng (219)
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where Hy (1) is the nonlinear maneuvering characteristic. For a course-unstable ship n; < 0
whereas course-stable ship satisfies n; > 0. For single-screwed ships (one propeller) ng # 0.
Similarly, symmetry in the hull implies that ny = 0. The bias term nyq is usually compensated
for by including integral action in the autopilot since this term is impossible to compute due
to an unknown component caused by the environmental disturbances (wind, waves and
currents). Hence, we propose to use the polynominal:

Hy(9) = ngth’ + nadd (2.20)

in our design. Also notice that the term nybg is "good” damping since the ship-ambient
water system is dissipative while the linear term n1) is destabilizing for course-unstable
ships. This is usually the case for large tankers whereas smaller ships are course-stable.
However, feedback from @/J will stabilize course-unstable ships. We will illustrate how the
SISO backstepping control law can be derived by solving this problem in 2 steps:

Step 1:

Let the control objective be tracking of e = ¢ — ¢, to zero. Hence:

7z = e (2.21)
ao= Y-y
= r—1y (2.22)
Taking r as virtual control:
r 2o+ 2z (2.23)

where z; is a new state variable to be interpreted later, yields:
=42 — Yy, (2.24)
Next, we choose the stabilizing function a; such that z; — 0. Moreover:
o] = ¢d — k121 — nq(z1)21 (2.25)
yields:
2 = —[k1 +n1(21)]z1 + 22 (2.26)

where k; > 0 and ny(z;) > 0 are design parameters. A Lyapunov function candidate for z
is:
1,
Vi = 54 (2.27)
Vl = 212
= —[k +n1(21)])7] + 2122 (2.28)
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Step 2:

The second step stabilizes the zo-dynamics:

Zo = TT—
K 1 . .

The second Lyapunov function candidate is:

1
Vo = Vit (2:30)
Vo = itz
= —[kl + 77/1(21)]2% + 22(21 + 22)
1 .

K .
= —[k1+ni(21)]2f + 22 |21 + ?5 — fHNW) — (2.31)

Since the input § appears in Vi we can predescribe a value for § such that V5 becomes
negative definite. For instance:

T . 1
6= ? [051 - [k)g + nQ(ZQ)]ZQ - Zl] + ?HN(@D) (232)

where k; > 0 and ny(z2) > 0 are design parameters. Hence:

Vo = —[k1+ni(21)]2} — [ka + ma(22)]23
< 0,V #0,20#0 (2.33)

When implementing the control law, & is rewritten as:

. . Oay - Oay .
o = 8¢dwd + 621 21
y O[ni(z1)z]

= Yg— [lﬁ + 970 ] (a1 + 22 — ) (2.34)

in order to avoid the state derivatives in the control law.
Also notice that, the SISO backstepping control law can be found directly from Theorem
1 with n = 2, that is:

ar = Yg—kizr —ni(z)z (2.35)
T (. 1
u = E <C¥1 — 21+ ?HN(Z'Q) - kQZQ - 712(22)22) (236)

where y; = ¢, and

I
<
—~~
oot
w
o
~—

To =
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Resulting Error Dynamics

The resulting error dynamics is written:

8] 05 ][22

Z —K(z)z + Sz (2.39)
Hence, the resulting system is GES since:
1
Vo(z) = EZTZ (2.40)
Va(z) = z'[-K(z)+ S]z
= —2z"K(z)
< 0,vz#0 (2.41)

where we have used the skew-symmetric property z! Sz =0, Vz.
We will now extend this result to the 3rd order model.

The Nonlinear Model of Bech and Wagner Smith (1969)

Consider the nonlinear ship model:

TTyp® + (Ty + o)+ KHp(d) = K(6+ Ts6) (2.42)
Hp() = byd” + b + by + b (2.43)

where Hp(1) is the nonlinear maneuvering characteristic.
The 3rd-order yaw dynamics (2.42) can be written in SISO strict feedback form as:

Z"l = I3 (244&)
3 = f(z2) +axs+ bu (2.44c)
y = x (2.444)
where f(z2) = —%Hg(xg), a= —%,b = ﬁ and:

Ty = r=1 (2.46)
T3 = T =1 (2.47)
u = 64 T3 (2.48)

The rudder angle 6 is computed by numerical integration of:

1

6=——(6—u) (2.49)
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with u given by the backstepping control law (Theorem 1):

a1 = yd — k121 — N (21)21 (250)

Qg = éél — 21— kQZQ - 77/2(22)22 (251)
1.

u = 3 (G — 29 — f(x2) — axs — k3zg — n3(z3)23) (2.52)

Here z; = y — y4. Feedback from the yaw angle ¢ and yaw rate r = Lb can be realized since
these signals are easily measured by a gyro compass and a rate gyro. However, the signal 7
is not available for feedback unless a state observer is constructed.

2.2 MIMO (Vectorial) Backstepping

In this chapter we will show how the backstepping control laws for nonlinear systems in SISO
strict feedback form can be generalized to MIMO systems.

2.2.1 Vectorial Backstepping

It is straightforward to extend the results of the previous section by writing the nonlinear
system equations in a vectorial setting. In order to do this we will call a vector function
f: R — R" a vector field in R”. Similarly, the stabilizing functions «; : " — R will now
be replaced by stabilizing vector fields a; : R" — R”™.

Motivated by the definition of the SISO strict feedback form we will now define a model
class for MIMO nonlinear systems in lower block triangular form. In order to simplify the
notation, we will introduce the Jacobian of a vector field.

Definition 3 (Jacobian) Let h : & — R™ be a smooth vector field, x € R", then the
Jacobian of h(x) is denoted by:

Oh(x)
ox

Vh(x) £ (2.53)

The Jacobian is an n x n matriz of elements Vh(x);; = 0h;/0z; . Ifh: R" — R™ (m < n),
we will refer to Vh(x) as a m x n matriz of partial derivatives. B

Definition 3 together with the SISO results in the previous section motivates the following
definition:

Definition 4 (MIMO Strict Feedback Form) A MIMO nonlinear system:

x = f(x)+ G(x)u (2.54a)
y = h(x) (2.54b)
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where x = [x; , x5, .., xXTe K" u € X andy € R™ (r > m) is said to be in MIMO strict

eey n

feedback form if it can be written in lower block triangular form:

).(1 = f1(X1) + Gl(Xl)Xg (255&)
}.(2 = fQ(Xl, X2) + GQ (Xl, X2)X3 (255b)
x5 = f5(xq,%9,X3) + G3(x,, Xy, X3)X4 (2.55¢)
).(nfl == fnfl(xly Xo, axnfl) + anl(xla Xy 7Xn71)xn (255d)
kn - fn(X17X27' o 7Xn) +GH(X17X27' o 7Xn)u (2556)
y = h(xy) (2.55f)
with:
dimy <dimx;<dimx,<..<dimx,< dimu (2.56)

This model class can be used for tracking control by replacing (2.55a) with:
é= Vh(Xl) fl(Xl) + Vh(Xl)Gl (Xl)XQ — }.’d (257)

where e =y —y, is the tracking error and y4(t) is an r times differentiable (smooth) and

bounded reference trajectory. Regulation of y to zero is obtained by choosing yq4 = yq = 0

such that e =y. It is assumed that both VhG,(VhG,)" and G,G] for (i = 2..n) are
wwertible for all x; such that

(VhG1)" = (VhG,)"[(Vh G1)(Vh Gy)']™ (2.58)

G! = G{(GG])"! (2.59)

exist.

Example 2 (MIMO Strict Feedback Form) Consider the MIMO nonlinear system.:

B = —a} 4 (2.60a)
.C.EQ = —X1— Ty +x3+ 2U1 + Uo (260b)
.C.Eg = Z’% + X9 + x3 + (5] (260C)
y = n (2.60d)
which can be written as two subsystems x; = [11] and Xy = [xo, x3]T according to:
b o= -+ [1 0] " (2.61)
1 2 .
.I.'Q . —T] — T + Z3 2 1 U1
] = L ) 22
y = m (2.63)

Since

VhG,(VhG)" =G,GT =1 (2.64)
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and

det(G,GY) = det {

this system 1s in MIMO strict feedback form.mB

5 1
11

}:

4

21

(2.65)

The MIMO recursive design procedure is similar to the SISO case. The main result is
stated in the following theorem:

Theorem 2 (MIMO Backstepping Control Law) The MIMO backstepping controller:

B<i<n

Q] — (Vh(Xl)Gl (Xl))T [yd - Vh(Xl)f(Xl) - K1Z1 - Nl(Zl)Zl]
oy = Gh(x1, %) [ — fo(x,, %) — Vh(x,)G1(x1)21 — Koz — No(2z5)2)

) ;= GZT'(Xla X)) [Gar — fi(xg, %) —

a, = Gl(x1, .., %), 1 — £u(x), ., X,) —

— ann —

u=a,

Nn(zn)zn]

Gifl(xl,--a Xifl)zz’fl - Kiz; — Ni(zi)zi]

anl(xly () anl)znfl

where zy = h(x,) — Y4, 2 = X; — ;1 (1 = 2...n) and the stabilizing vector fields ov; are
chosen such that all nonlinearities are cancelled, yields a GES equilibrium point z =0 for
the system (2.55a)—-(2.55¢) if the controller gains satisfy K; > 0 and N;(z;) > 0 (i = 1...n).

Proof. The proof follows by induction for i = 1,7 = 2 to i = n, see Fossen (1999). &

Error Dynamics

The resulting error dynamics is written:

where z =

[, ...,z;]" and

K; + Ny(z)
0

—Vh(x;1)G1(x1)

oo -

0
Ko + No(z2)

0
Vhi{x1)G1(x1)

0
—Ga(x1,x%x2)

0
0
0

z=—-K(z)z + S(x)z

0
0
0 K;,+N
0
Ga(x1,%2)
0
0
0
0

i(zi)

- OO0 0

0
—Gi_1(x1
0

300y xi—l)

(2.66)
0 0
0 0
0 0
Gifl(xl.y yXi—1) 0
0 Gi(x17"7xi)

—G(x1, .., Xq) 0
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2.2.2 Example: Nonlinear Mass-Damper-Spring System

Consider a MIMO nonlinear mass-damper-spring system in the form:

o= v (2.67a)
M2 +D(v)v+K(n)n = Bu (2.67Db)

where n € R" is the position vector, v € R" is the velocity vector, u € R (r > n) is the
control input vector, D(v) €R"™*" represents a matrix of damping coefficients, K(n) € &"*"
is a matrix of spring stiffness coefficients, M € R™*" is the inertia matrix and B € ®"*" is
the input matrix. Hence, backstepping can be performed in two vectorial steps.

Figure 2.3: SISO nonlinear mass-damper-spring system.

Step 1:

Let v be the virtual control vector:
vis+ oy (2.68)
where

s=v+An  New state vector used for tracking control
(e %1 Stabilizing vector field to be defined later

Here v = v — v, and 1) = n — ), are the velocity and position tracking errors, respec-
tively and A is a diagonal matrix of positive elements. The definition of the s-vector is
motivated by Slotine and Lie (1987) who introduced s as a measure of tracking when de-
signing their adaptive robot controller. It turns out that this transformation has the nice
property of transformation the nonlinear state-space model to the form:

Ms+Ds = Mo +D(v)v—My, —D(v)v,
= Bu—-Mv, -D)v, - K(n)n (2.69)
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where v, can be interpreted as a "virtual” reference trajectory:
v, = V-—S8

The position error dynamics of Step 1 can therefore be written:

n = V—Vq
S+ oa;—vy (ay=v,=v —s)
= —An+s (2.71)
Hence
1
Vi = §"TKP7"7, K,=K/ >0 (2.72)
and
Vl = ﬁTKp"‘:?
= 7"K,(—A# +s)
= —7"K,Af+s"K,7 (2.73)
Step 2:

”

In the second step we choose a Lyapunov function candidate motivated by the ”pseudo
kinetic energy, that is:

1
Vo=Vi + 5s"Ms, M=M" >0 (2.74)
Vo = Vi +s"Ms
= s"(Bu—M», - D(v)v, - K(n)n — D(v)s) — 7" K A7 +s"K,7
= —s"DW)s +s" (Bu— Mz, - D(v)v, - K(n)n + K,7) — 7" K,Aj (2.75)

Hence, we are ready to propose a control law e.g.:

Bu=Mv, +Dv)v,. + K(n)n, - K,n — Ks (2.76)
where K; > 0. This results in:
V; = —s"(D)+K,)s — 7" (Kn) +K,A)7
< 0,Vs#£0,1#0 (2.77)

Since V5 is positive definite and Vs is negative definite it follows from Theorem 5 that the
equilibrium point (7, s) = (0, 0) is GES. Moreover, convergence of s — 0 and 77 — 0 implies
that v — 0. When implementing the control law (2.76) it is assumed that B has an inverse
(r>mn):

B! = BY(BB")™! (2.78)
or that B! exists for the square case r = n. Hence;

u=B[Mp, + D), + Kn)n, — K,7 — Ks] (2.79)
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Error Dynamics

The error dynamics z; = 17 and z, = s becomes non-autonomous:

2] . A o [ W]

Mz —K(v,n)z + Sz (2.80)

The error dynamics is GES since:

1

V(z) = §ZT./\/lz (2.81)
V(z) = z'[-K(v,n)z + Sz|

= —2z'K(v,n)z

< 0,Vz#0 (2.82)

where we have used the skew-symmetric property z’ Sz =0, Vz .

2.2.3 Dynamic Positioning of Ships

Conventional ship control systems are designed under the assumption that the kinematic
and dynamic equations of motion can be linearized such that gain-scheduling techniques
and optimal control theory can be applied. This is not a good assumption for tracking
applications where the surge and sway positions (z,y) and yaw angle 1) must be controlled
simultaneously, see Fossen and Grgvlen (1997). The main reason for this, is that the ro-
tation matrix in yaw J(n), typically must be linearized about 36 operating points (steps
of 10 degrees) to cover the whole circle arc with adequate accuracy. In addition to this,
assumptions like linear damping and negligible Coriolis and centripetal forces are only good
for low-speed applications, that is station-keeping and dynamic positioning (DP). These lim-
itations clearly motivate a nonlinear design. MIMO nonlinear backstepping designs can be
used for this purpose by exploiting nonlinear system properties like symmetry of the inertia
matrix, dissipative damping and skew-symmetry of the Coriolis and centripetal matrix, see
Fossen (1994), and Fossen and Fjellstad (1995).

Vectorial Backstepping of Ships in 3 DOF
Consider a surface ship described by the following model class, Fossen (1994):
n = Jnv (2.83a)
My 4+ C(v)v+D(v)yr = Bu (2.83b)

This model describes the motion of a surface ship in 3 degrees of freedom (DOF) where
v = [u,v,7]" is the velocity vector decomposed in the body-fixed reference frame, n = [z, y, ¥]"
is the position/attitude vector decomposed in Earth-fixed coordinates and u € R is a vector
of control inputs (azimuth thrusters, main propellers and tunnel thrusters). It is assumed
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that B € ®%*" and r > 3 such that the ship is fully actuated or overactuated. The model
matrices are defined according to (Fossen, 1994):

[ m — Xu 0 0
M = 0 m—=Y, mig—Y;
0 mxg —Y; I,— N;
[ 0 0 —(m —=Yy)v — (mzxg —Y)r
Clv) = 0 0 (m — Xy)u
| (m = Ys)v+ (mzg —Yi)r —(m— Xy)u 0
[ -X, 0 0
D(v) = 0 -Y, -Y. | +Du(v)
0 -Y, -N,
[ cosy —siny 0
Jn) = siny) cosy 0
0 0 1

where D,,(v) >0 is a matrix of nonlinear damping terms. The nonlinear system (2.83a)—
(2.83b) satisfy the following properties:

(i) M =M is positive definite = x"Mx >0, ¥x # 0

(ii) C(v) = —C*(v) is skew symmetrical = x” C(v)x =0, Vx

(iti) D(v) is strictly positive = x"D(v)x =ix"[D(v) + D’ (1)]x >0, Vx # 0
(iv) BB is non-singular

(v)  J(n) is the rotation matrix in yaw = J (i) = J"(n)

The control objective is to track a smooth bounded reference trajectory given by #j,, 1,
and n,.
New State Variables

The main difference between the ship tracking control problem and the nonlinear mass-
damper-spring system is that the kinematic equation 7 = J(n)v is nonlinear for the ship.
This problem can, however, be solved by applying a nonlinear state transformation motivated
by the mass-damper-spring example in Section 2.2.2 Define two wvirtual reference trajectories
as:

7l £ Mg — A7) (2.84)

v, £ 3 i, (2.85)

where 7 = n — mn, is the Earth-fixed tracking error and A > 0 is a diagonal design matrix.
Furthermore, let s denote a measure of tracking defined according to:

s=h -9, =n+A7 (2.86)
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Figure 2.4: Nonlinear vectorial backstepping applied to dynamic positioning of ships.

The marine vehicle dynamics (2.83a)—(2.83b) can then be written, Fossen (1994):
Mn("?)n + Cn(ya 77)77 + Dn(yv (’7)":’ = JiT(n)Bu (287)

where the Earth-fixed model matrices are defined as:

M, () I T (m)MI ! (n) .
C,(v.n) = I T(n)[C)—MI"(n)J(n)I *(n)
D,(v,n) = JT(n)D@)JI '(n)

Hence, the marine vehicle dynamics takes the following form:

M,(n)$ = —C,(v,n)s—D,(v,n)s+J " (n)Bu
~M,,(n)i), — Cy(v.m)i, — Dyy(v,m)i), (2.88)

or equivalently:

M, (n)$ = —C,(v,n)s — D, (v,n)s+J " (n)[Bu - My, — C(v)v, —D(v)r,]  (2.89)
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Step 1:
Define the wvirtual control vector:
n=JMmr s+ (2.90)
where oy is a stabilizing vector field which can be chosen as:
=1, =1y — A (2.91)
Hence (2.90) can be written:
n=—Af+s (2.92)
Consider the Lyapunov function candidate:
Vi = 5 Ky (2.93)
Vi = 7" K= 7 KpAf + 77 K,s (2.94)

where K, = Kg > 0 is a design matrix.

Step 2: Next consider the Lyapunov function candidate:

1
Vo=V + §STM7](’I7)S (2.95)
. _ . _ 1.
Vo = —7 K, A} + ST[Kpn+Mn(n)s+§Mn(n)s] (2.96)

Substitution of (2.89) into the expression for V; yields:

. ~ ~ _ 1.

Vi = 7 K,Aj+ sT[Kpn+§Mns - C,(v,n)s—D,(v,n)]s (2.97)
+s"J7 " (n)[Bu — Mo, — C(v)v, — D(v)v,]

Using the fact that, Fossen (1994):

s’ (%Mn(n) - Cn(u,n)> s =0, Vs (2.98)
implies that (2.97) reduces to:
Vo = —7"K,Af — s'D,(v,n)s
+STJ_T(77)[JT(77)KP77 +Bu—- My, —-C(v)v,—D(v)v | (2.99)
This suggests that the control law should be chosen as:
u =B Mze,+C(v)v +D(v)v,—J" (n)K s — JT(n)Kp'F]] (2.100)

where Bfis the pseudo-inverse:
Bi=B"(BB")! (2.101)
Hence, the resulting expression for Vs takes the form:
Vo = —i KA —s"(Dy(v,m) + K,)s
< 0,V #0,s#0 (2.102)
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Error Dynamics

The error dynamics z; = 1 and z, = s becomes non-autonomous:

{ Iép Mf(n) } { 2 } - { KOpA Cn(u,n)+D(7)7(u,n) + K,
0 K, Z
L
Mz = —K(v,n)z+ Sz

Set-Point Regulation (Station-Keeping)

A special case of DP is station-keeping which is obtained by choosing:

n, = constant
For this case, the DP control law takes the following form:

= M, +C)v, 1Dy, 3" (mK,s — I (K, i
= Br

where

s = f— A= J(n)v — Af
v, = J'(nn,=3"(na,

|

7z
Zy

|

(2.103)

(2.104)

(2.105)

(2.106)
(2.107)

(2.108)
(2.109)
(2.110)



Chapter 3

Locally Optimal Backstepping Design

Optimal and robust control of linear systems is well established. For nonlinear systems,
however, optimal control design is a relatively new field of research. The main obstacle in
achieving optimal control of nonlinear systems is obtaining a solution to the Hamilton-Jacobi-
Bellman (HJB) equation, and in the case of robust optimal control, obtaining a solution of
the Hamilton-Jacobi-Isaacs (HJI) equation. This can be circumvented by an inverse optimal
approach.

In contrast to linear methods, where the cost functional to be minimized is specified in
advance, the inverse approach is to first find a stabilizing control law and then determine the
cost functional which is minimized by that particular control law. Using Lyapunov methods,
these inverse designs construct the value function which solves the corresponding HJB or HJI
equations. In Ezal, Pan and Kokotovié¢ (1997) a locally optimal and globally inverse optimal
design methodology were derived for SISO nonlinear systems in strict-feedback form. This
is a constructive design procedure which permits the control designer to specify the local
behavior of the system. In this design, the cost functional for the linearized system is
specified, and at the same time a solution for global stability and optimality of the nonlinear
system is sought. Thus, this new method is an extension of well-known linear quadratic
(LQ) and Ho-methods to nonlinear systems in strict feedback form.

The new design methodology is called locally optimal backstepping (LOB) and it includes
two design mechanisms. First, the system is transformed into new coordinates by recursive
backstepping. Here, each stabilizing function consists of one linear term and one nonlinear
term. The linear term is pre-defined, since the behavior close to the working point is given
by the linear cost functional. Simultaneously, the nonlinear term of the stabilizing functions
are used in an inverse optimal manner.

The LOB designs for SISO systems presented below is based on the Ph.D. dissertation
of Ezal (1998). In this work, it is demonstrated that the LOB design can be extended to
tracking and output feedback control. In Strand, Ezal, Fossen and Kokotovi¢ (1998) the
LOB procedure was extended to MIMO systems in block-strict-feedback form by applying
the LOB design methodology to nonlinear optimal MIMO control of moored and free-floating
ships.

29
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u (surge)

Figure 3.1: Free floating tanker.

The chapter is organized as follows:

e Section 3.1: Presents the locally optimal backstepping methodology. As an example,
LOB control design is illustrated for a mass-damper-spring system.

e Section 3.2: Presents a robust extension to the LOB design, where a bounded dis-
turbance is added to the system.

e Section 3.3: Robust LOB designs are applied to MIMO control of moored and free-
floating ships.

3.1 SISO Optimal Backstepping

3.1.1 Notation

For SISO systems the following notation is adopted:
The i x i upper left sub-matrix of a matrix A € R™*" is defined for all : = 1...n as:

ai; -0 Qg
Ay =

Qi1 s Qi

and the same notation is used for subsets of a state vector and a vector field, i.e. a state
vector containing the first i-th element of x € R”™ as:

X[ = [1’.17 ce xi]T
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With a slight abuse of notation, the i-th row vector of A}; will be denoted as:

) = [Gil, -“aaii]

The zero matrix of dimension 7 x i is denoted Oy; for all ¢ = 1...n and O € R"*".

3.1.2 Model Class

In this section we consider SISO strict-feedback systems in the following form:

1 = fi(z1) + 2

gy = folwy,29) + 23
3 = f3(x1,29,23) + 24

Z"nfl = fnfl(xhx%"' 7xn71) + xz,
x-'n == fn(xhx%"' 7xl€)+bnu

This can be written compactly as:

x = f(x) + bu

31

(3.1a)
(3.1b)
(3.1¢c)

(3.2)

Here x = [z1,...,z,)]7€ R",u € R. It is assumed that f; are sufficiently smooth and that
fi(0,...,0) = 0. Notice that this definition of strict-feedback systems deviates from Definition
2 in Section 2.1. The difference is that here all terms g;(z1,...,2;) =1 (i = 1..n — 1) and

gn(xla Loy axn) = bp,.
The system (3.2) can be re-written as:

%X = Ax 4 bu + f(x)

where

aiy 1 0 e 0 0

a21 a99 1 tee 0 0

of asy asg asz v 0 0

A p— —a p—
X x=0

ap-1,1 Ap-12 Qap—13 " Q(Gp_1n-1 1

ap, 1 ap,2 an,3 e Apn—1 Qpn i

(3.3)
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3.1.3 Control Objectives

O1:

02:

Global Objective. The ultimate control objective is to design a globally asymptoti-
cally stabilizing feedback control law u = p(x) which minimizes the cost functional:

J = / [q(x)+7(x)u?]dt (3.6)
0
subject to the system dynamics:
x = f(x) + bu (3.7)

Here ¢(x) and r(x) are not specified beforehand, rather constructed during the control
design. Thus this is an inverse approach that obtains an inverse optimal control law.
The requirements are:

q(x) is positive definite and r(x) > 0 Vx (3.8)

Local Objective. The second control objective is to find a control law that minimizes
the cost functional

J = /OO[XTQX—I—RulQ]dt (3.9)
0

locally, i.e. near the origin x = 0, subject to the linearized system dynamics:
x = Ax + by, (3.10)

Here, local behavior of the closed-loop system is designed by specifying the state cost
matrix Q = Q7 > 0 and the cost R > 0 on control effort. Although not specified
beforehand, ¢(x) and r(x) in O1 must satisfy the local objective by requiring that

=Q

x=0

3.1.4 Locally Optimal Backstepping (LOB)

For the reader familiar with linear theory, a linear control law u; that meets the local control
objective O2 can easily be found by solving the algebraic Riccati equation (ARE):

PA+ AP -PbR P+ Q=0 (3.11)

with P = P7>0. This solution exists provided that (A,b) is controllable and (A, Q) is
observable. This linear quadratic (LQ) controller is:

u; = —R'b"Px (3.12)
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Plant
x =f(x) +bu T
bl
r=Az+bu
Control Law
uw| u=—-7"(2)b'Az

Cost functional

J= L [q@)+7 @)u’]dt

J = I: [2'Qz+Ru’]dt

Figure 3.2: Relationship between linear LQ control (lower blocks) and nonlinear optimal
backstepping (upper blocks).

The global objective O1 can be met for systems in SISO strict-feedback form (3.1a)—(3.1e)
by the LOB procedure. A mapping:

z = P(x) (3.13)

into a new set of variables z is constructed by backstepping. It will be shown that this
diffeomorphism can be written as:

2= Lx + B(x) (3.14)

where ®(x) contains higher order terms. The constant matrix L is found by factorization of
P into:!

P =L7AL (3.15)

Tt can be shown that AY2L = U~7, where U is a unique Cholesky factor of P~1 = U”'U. Therefore
the pair (A, L) is unique. Matlab command: U=chol (inv(P)).
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where
61 0
A = 0 fSQ 0 = diag {61, ,6,} (3.16)
0 0 s,
L = _%11 _1 O (3.17)
| —l1s .. i1 1

Applying the linear transformation z = Lx to the linear system (3.10) yields:
%z = Az + bu (3.18)

where A = LAL . The structure of A is

a1 0 0
Qo1 Q23

5 (3.19)

>
Il

ELn—l,n—l 1

B an,l oo C7Ln,n—1 Qnn, ]

By replacing P with LY AL, and pre-multiplying with L=7 and post-multiplying with L=,
the ARE (3.11) transforms to:

ATA+AA - AbR'D'A+Q=0 (3.20)

where Q =L TQL™' = Q7 > 0.

The linear part Lx of the diffeomorphism (3.14) is given by the factorization of P. For
the nonlinear system (3.7), however, the transformation into new variables must be done by
a recursive backstepping procedure, which is the topic of the next section. It will be shown
that the nonlinear system (3.7) can be represented as:

%= Az +bu+ f(z) (3.21)

where

t(z)=[0,0,... fn(z)r (3.22)

In recursive backstepping each stabilizing function «; must chosen to match the linear map-
ping, whereas the nonlinear terms can be chosen freely. For simplicty we choose to cancel
the nonlinearities at each step ¢ = 1...n — 1. It is, however, possible to keep ”good damping”
terms at each step of the backstepping.
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Lyapunov Design

Let:
V=2"Az (3.23)
be a Lyapunov function for the transformed system (3.21). Thus:
V=2 (ATA + AA) z+2ub” Az+2f" (z)b" Az (3.24)
By substitution of the ARE (3.20) we get:
V =—2"Qz +z' AbR b Az+2ub” Az+2f7 (z)b” Az (3.25)
Due to the structure of f(z) and b we get:

z/ AbR'b'Az = R 'W0262:7
2ub’ Az 2b,0,uzy,

267 (z2)bTAz = 2f,(2)b,6n2,

such that:
V = —2' Qz+ R 10262224 2b,0 iz +2f0 (2) b6z (3.26)

n-nTn

By adding and subtracting 7(z)u* and completion of the squares such that
F(z)u” + 2b,6,uz, = 7(z) (u + 77*1(z)bn(5,,bzn)2 + 7 Y(2)b262 22

the expression for V' becomes:

V = —2"Qut7(z) (u+ 7 (2)bnb,20)”
— (F(2) = B) 02622242 [ (2)bpbnzn—r(2)u? (3.27)

The second term in (3.27) is rendered equal to zero by choosing the optimal control law as:

u=—7'(z)b"Az = — 7 1(2)b,6,2, (3.28)
Hence:
V=—2'Qz— (7 '(z) — R™") V262 2242 f 0 (2)bn6r 2y —T(2) U2 (3.29)
~q(2)

It remains to show that g(z) is a positive definite function and 7(z) is a strictly positive
function. This is necessary to obtain local optimality and global inverse optimality.
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Cost Functional Weights

Based on (3.29) it remains to determine ¢(z) and 7(z) such that

d(z) is positive definite, and 7(z) > 0 Vz (3.30)
which locally satisfies
70) = R
§ 1 94(z) A
2z 0 = = ==
7:2(0) 2 027 |, Q

The solution is completion of the squares and ”stealing” positive definiteness from Q. It will
be shown that ¢(z) can be written as:

G(z) = Go(2) + (7' (2) — R~' — 3(2)) br6,2, (3.31)
where 7(0) = 0 and §,(z) is positive definite. If 7(z) is chosen such that:
7 z) > R'+5(z) (3.32)
70) = R (3.33)
r(z) > 0 Vaz (3.34)

then g(z) is positive definite and the origin z = 0 of the nonlinear system (3.21) is rendered
globally asymptotically stable (GAS).
Proof (3.31)
Let z"Qz be written:
_ Qi1 T Zip
wau = 14 [ % 2 ][]

(_]{ q2 Zn
T A _T ~ 2
= 2 1) Qu-11Zn-1) + 22,81 Z[n—1] + 27, (3.35)

where z[; denotes a vector of the i first vector elements of z and Q[i] denotes the i-th upper
sub-matrix of Q. The expression f,,(z) can be factored into:

fn(z) =M (Z)Z[nfl] + 12(2) 2n (3.36)

By completion of the squares with respect to z,_1) such that V no longer contains cross-terms
of zj,_1) and z, we get:

—zTQz—|—2fn(z)bn6nzn
= _Z[j;zfl]Q[n—l]Z[n—l] — 22, Zpp—1) — 27 + 20,6471, (2) 202 (1) + 2b,0,7)5(2) 22

= _Z[jq;_l]Q[nfl]Z[nfl] -2 ((_]r{ - bnénﬁl (Z)) Znlpn—1) — QQZZ + 2bn6nﬁ2(z)zq%
— 2 —
Z-1 + QL (@ — 0abafh(2)) 2 o (qa - qlTQ[;l_uﬁl) 2,

+2048075(2) 25, — b8 Quu-11711(2) 2, + b,8,701 (2) QL y701 (2) 2]
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Define:

_ 2
Zjpn-1] + Q[le_l] (EI{ - bn&nﬁl (Z)) Zn || .

30(z) =

+(e-alQl@) 2 (337
(n—1]

Here the first term in (3.37) is obviously positive definite and the second term is also positive,
due to the positive definiteness of Q. Hence, the expression for V' (3.29) can be written:

N J/

V = =4(2) + (F'(2) — B~ = 5(2)) b6, ~F(2)u’

—q(2)

where possible non-positive terms are collected into a new variable (z) which is:

7(z) = 20,6, T>(2) — 2b,"6, @ Q)17 (2) + 711 (2)Q;, 71 (2) (3.38)

Choice of 7(z)
For the control law

u=—7"Y(z)b' Az = — 7 (2)b,0n2n
several possible choices for 7(z) that satisfies (3.32)—(3.34).

e One choice is
~1/2

7(z) = ((R’l +5(2)° + E(z)) (3.39)
where €(z) is positive definite and guarantees that 7(0) = R, for instance:

o*(z)

€(z) = )\1—1—752(2)’

where A € (0, 1] (3.40)

e A leaner choice of 7(z) is:

o | (B o)
)= { T

Qi

(3.41)

—~~
N N
~— —
ANAY
o O

Y

which dominates B! + &(z) only when necessary.

Inverse Optimality

From (3.29) it is seen that the control law (3.28) is inverse optimal with respect to the cost
functional

= / (G(2)+7(z)udt (3.42)
0
which locally satisfies
Jy = / [z" Qz+ Ru?|dt (3.43)
0

which in original coordinates equals to (3.9).
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Extension to a Larger Class of Nonlinear Systems
A straightforward extension of the LOB design to a state dependent g, (x), that is

T, = fn(x) + gn(X)ﬂ

where g,,(x) # 0, Vx and ¢,,(0) = b, can be found by defining the control input to be:

In this case the resulting cost functional becomes

J= /0 ")) (%b—("x)ylz?] dt

3.1.5 Recursive Backstepping Procedure

Linear Backstepping

Although the linear part z = Lx of the diffeomorphism is already known, the mapping in
the framework of backstepping must be described in order to prepare for the nonlinear
backstepping at the next stage. We first rewrite the linearized system (3.10) as

T, = apXp+Ti4  t=1l.n-—1 (3.44)
Tp = apXp +w (3.45)
where ay; is the ¢-th row vector of Ay;:
ap) = [a, ..., a; (3.46)
Moreover, define the row vector:

— -1
ap) = L,

where the row vectors 1; are extracted from Lj; according to:
Ly = [li, .., L] (3.47)
for i = 1...n — 1. The error coordinates are given as
21 = X1 (3.48)
zi = x—lj X1, i=2..n (3.49)

which are given by the transformation z = Lx, where z = [z, ..., 2, .

Property 3.1 For 1 < k <n: zy = Lyxp where Ly is invertible.

Property 3.2 For 1 <k <mn:zp = A[k]z[k] + { Oz[lcfl]
k+1
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Step 1

The dynamics of z; is:

2:’1 = Q1121 + To = (am + d[l])ZD] + (1’2 - (_Jél) (350)
where the stabilizing function @i (z1) = apjzi. Thus, the z,-subsystem can be written as:
41 = apzn) + 2 apj) = ap) + oy (3.51)
Step i
Define z; = x; — @&;—1(2z—1)). The dynamics of z; are given by:
. _ Oa; 1 | < 0,
G =Ly 2 + 2 - D2 11] {A[iuzwu + { - H (3.52)

By selecting a;(z;)) = a2y = l[i]L[;.]lz[i] this simplifies to:
Z; = ap|zy + Zip1 (3.53)
where, by using Properties 3.1 and 3.2, yields:
ay) = a[z’]L[_i]l +ag — [ ap—yAisy @it | (3.54)

Here & 1,1 is defined as the (¢ — 1)-th element of &p;_y.

Step n
At the last step we define:

Zn = Tr, — Op1(Z[n-1]) (3.55)
where the dynamics is given as:
01 |« Op,—
s -1 . n [n—2]
Zn = a[n]L z + b,y 6z[n,1] {A[n_l]z[n_l] + [ 2 ]] (3.56)

which by using (3.54) yields the dynamics:
Zp = Az + bpuy (3.57)

The linear system can now be written compactly as 2 = Az + bu in the new coordinates.

Nonlinear Backstepping

Now that the recursive steps of the linear backstepping are described, we are ready to
perform nonlinear backstepping. In the linear case the stabilizing functions were chosen as
a;(zy)) = ayyzp). In the nonlinear case we add a nonlinear term, ¢&;(zy), to the linear one.
For simplicity these nonlinear terms are selected to cancel the nonlinearities that appears
at each step. However, this procedure can be modified such that ”good” nonlinear damping
terms are exploited. With the completion of each step a new state z; = ¢;(xy;) is defined. At
the last step, the recursive backstepping creates a lower-triangular diffeomorphism z = ®(x)
which can be separated into a linear term Lx and a nonlinear term ®(x) = ®(x) — Lx.
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Step 1
Let z; = z;. Thus
4= filz) + 72 = a2 + fi(z1) + 2 (3.58)
where fl(zl) = fi(z1) — a11z1 and fl(O) = 0. In the general setting this is written:
% = apzp) + fi (zp)) + 22 (3.59)

The stabilizing function is chosen as & (zp)) = @yjzp) + G (zp)) where the first term is due
to the linear backstepping and the latter term is a nonlinear term to be chosen. Now we get:

2 = Apzp) + filzp) + &(zy) + (22 — a(zy)) (3.60)
At each step we choose to cancel the nonlinear term, and at the first step this is obtained
by &1 (zp)) = — fl(z[l ). Thus, the second error variable is:
2 = 22 — da(zq) = 22 — Gz + fi(zm) (3.61)
and
2 = apzp) + 2 (3.62)
Step i

Define Z; = ¢z(z[l]) = T; — @i—l(z[i—l]) where @i—l(z[i—l]) = &[i_l]z[i_l] + di—l(z[i—l])- In the
recursive steps we get:

Zi = a2 + fi(Z[i]) + (i1 — C_Vz'(z[i]) (3.63)
where ap;) is given by (3.54) and

filzy) = ailzgs) + ap Py (z) + £ (xp))

v

a&;l - 0,_ ooy 1=
— 1 Ay Lz gl (7 3.64
Oz 4 { e ”Jr{ H Oz 1) ' ) (3.64)

and Wy (z) = <I)M (xp1)) — L 7 213 contains only higher-order terms.
As in Step 1 we choose &;(zy) to eliminate f;(zp)) by:

ai(z) = —ap W (zn) — fi(®5 (%))
o1 | < Oy 01
LAz [i=2] L (z 3.65
+3Z[¢1]{ e ”Jr{ Zi ” +3Z[HJ[ () (369)
such that

where ap; is given by (3.54).
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Step n
At the final step we define z, = ¢,,(x) = 2, — &_1(2n—1)) such that:
Z, = Az + fn(z) + byu (3.67)
where &y, is given by (3.54) for ¢ = n. Here:
Julz) = aw¥(2)+fi(®(x))

8&n—l n 0 -2 8@n—l'
- A, 1z 2] | £ 1z, 3.68
az[n_l][ n—112{ u+[ 5 H Py o) (3.68)

where ¥(z) = ®'(x) — L'z contains higher order terms. With this procedure the con-
struction of the diffeomorphism z = ®(x) is completed and the original system (3.2) has
been transformed into the form:

2:Az+f(z)—|—bu
where

f(z) =[0,0..0, fu(2)]"

Example 3 (2nd-Order Nonlinear System) Consider the nonlinear system:
Ty = x% + x5
To=1u
In the linear case, the mapping to new state variables z is given by:
HEERIH
29 -l 1 To

Find the diffeomorphism z = ®(x) using backstepping. Write the transformed dynamics in
new coordinates.
Solution. Let z1 = x1. Now:

. . 2 2
=21 =T]+2x2= anl + (.’132 +x7] — lnzl)

Hence:
Zs = T9 + ZE? —lnx
and
. 1 0 I 0
ow=| o, V][ o]+ 2]
Now:

21 =z + 2
Time differentiation of zo yields:
Zo =Ty + 22121 — lny
=u-+ 2l11zf + 22129 — l%lzl — 1129

Note that the nonlinear terms in zy corresponds to fn in (3.68).1
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3.1.6 Summary
The locally optimal procedure can be summarized as follows:
1. Given a nonlinear system in SISO strict feedback form:
x = f(x) + bu
Linearize it to:
%X = Ax + bu + f(x)
2. Given the linear cost functional:
J = /OO[XTQX“—RUIQ]dt
0
find the positive definite matrix P by solving the ARE.
3. Factorize P into:
P =L"AL
using Cholesky factorization of P71, and compute L and A.
4. Find the diffeomorphism:
z = P(x)

by recursive backstepping of the nonlinear system, as described in Section 3.1.5. The
original system is now written in new coordinates

7= Az + bu+f'(z)

where

and f,,(z) is given by (3.68).

5. Factorize f,(z) into:
fu(2) = 71 (2) 21 + 115(2) 2,
6. Compute the analytic expression for:
7(z) = 2b," 8, ' y(2) — 26,6, @ QP11 (2) + 7,(2) Q171 (2)

whereQ = L-7QL™.

7. The control law is given by:
u=—7"Y(z)b' Az = — 7 H(2)b,0n2n

where two possible choices for 77!(z) are given in (3.39) and (3.41). The control law
in x-coordinates is:

u=—7(®(x))b'LTPL'®(x)
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3.1.7 Example: Nonlinear Mass-Damper-Spring System
Consider the 2nd-order system:

.'i?l = X3 (369)
.'i?g = —k(.ﬁtl)l‘l—d(ﬂig)l‘g—i—u (370)

which is a mass-damper-spring system with nonlinear damping and nonlinear spring stiffness
(for simplicity the mass, m = 1). This can be viewed as a moored ship moving in one degree
of freedom e.g. surge.

The linearized system is:

Ty ) (3.71
Ty = —ko.CEl — doZEQ + u; (3 72)
where
k od
g = K)o Odl) (3.73)
axl z1=0 8.(52 z2=0
Given a state cost matrix
Q — { d11 q12 ‘| — QT > 0 (374)
q12 422

and a scalar cost on control effort R while P can be computed by solving the ARE (3.11).
Next, P is written as P = LT AL where:

[ 1 o0 6 0
= L0 an[s a7

The original state vector x is mapped into z-variables by z = Lx, or:
21 = I, zZ9 — Lo — lllxl (376)

The linear system in new coordinates becomes:

%= Az +bu (3.77)
where
A=LAL!'= i 1 (3.78)
B B _ko - lll - dolll _lll - do )
and
Q = L'qQL™ (3.79)
_ q1 + laqia + (@2 + ligee) lin iz + 111920 (3.80)
q12 + l11q22 22 )

_ qi1 G2 (3.81)
qi2 G22
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Backstepping

Step 1: As in the linear case select z; = x; such that:
=021+ (x2 —linz) = linz + 20 (3.82)
where the second variable is zo = 9 — l1121.
Step 2: Time differentiation of z; and substitution for &, yields
By =g — It = —k(21)z1 — d(22)Te +u — 13,21 — l11 20 (3.83)

Now, Sulostituting for X9 = 23 + l1121, and adding and substracting k,z;, d,l1121 and d,z; to
obtain As;z; and Agszs,yields:

2y = (ko — doliy — )21 + (=11 — do)z1 + u + fo(2) (3.84)

where f,(z) can be written:

~

fa(2) = 01 (21, 22) 21 + 12(21, 22) 22 (3.85)

where
771(21, ZQ) = []CO — k(Zl)] + [do — d(ZQ -+ lnzl)] lll (386)
Na(z1,22) = [do —d(22 + l1121)] (3.87)

which satisfies 77,(0,0) = 0 and 7,(0,0) = 0. Since the nonlinearities in this example appear
in the last equation only, the diffeomorphism z = ®(x) is equal to the linear mapping, i.e.
z = Lx. The total system is:

7= Az + bu+ F(z)z (3.88)
where

F(z) = 0 0 (3.89)

M(21,22) 7y(z1, 22)
Stability Analysis
The Lyapunov function for the system is:
V =2"Az =627+ 6223 (3.90)
The LOB control law is:
u=—7""(2)622 (3.91)
where 7(z) must satisfy:

7 Hz) >R '+5(2) (3.92)
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and where 7(z) is given by (3.38) as:
7(2) = 265 '115(2) — 265 1241171 (2) + @11773 (2) (3.93)

This can be obtained by using one of the alternatives (3.39) or (3.41). Thus, V can be written
as:

V =—q(z) — 7(2)u? (3.94)
where
q(z) = 4(2z) + (7' (2) — B' — o(2)) 6323 (3.95)
and ,(z) is given by (3.37) as:
Go(2) = |21 + @t (G2 — 8971 (2)) 2}, + (G2 — o) 23 (3.96)

The control law in original coordinates is:

u = —fﬁl(q)(X))ég(Z'Q - lllxl) (397)

From V we conclude that the system is GAS and LES. Moreover, both the optimality
objectives O1 and O2 are satisfied.

Comment: Notice that the 2nd-order system in this example is equivalent with the autopilot
example in Chapter 2.1 if:

]{3(.1'1) =0
n n n
d(zg) = Tgacg + %xz + Tl
u = Kb

and ng = 0.

3.2 Locally Optimal and Robust Backstepping Design

3.2.1 Model Class

A bounded unknown disturbance signal w(¢,x) : [0,00) x R” — R™ is added to the triangular
system:

.’];‘1 = f1 (1’1) + Zo + hr{(.’El)W (398&)
By = fo(x1,2) + 23+ hj (21, 12)W (3.98Db)
i3 = fs(x1,22,73) + x4 + hi (21, 22, 25)W (3.98¢)
Bno1 = foo1(x1, 22, pe1) +xy +hE_ (21,20, T )W (3.98d)
i‘n = fn(iﬂl,xg,--' ,Z’k)+U+h£(.CE1,.CE2,"' 7$n)w (3986)
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which can be written compactly as:

x = f(x) + bu + H(x)w (3.99)
This system can be rewritten as:
%X = Ax + bu+ H,w + f(x) + H(x)w (3.100)
where A and b are defined in Section 3.1 and
H(x)=H(x)-H, H,=H(0)
The linear part of this system is:
x = Ax + buy; + Hyw;, (3.101)

It is assumed that f;, g; and h; are sufficiently smooth, that f;(0) = 0. In addition, let
hoi - hZ(O) €§Rl><m.

3.2.2 Control Objectives

OR1: Global Objective. The ultimate control objective is to design a globally asymptoti-
cally stabilizing feedback control law u = p(x) which minimizes the cost functional:

= / ()7 (x)u — 2w w]dt (3.102)
0
subject to the system dynamics:

x = f(x) + bu+ H(x)w (3.103)

The desired disturbance attenuation level is represented by the scalar v > 0. As in the
previous section it will be required that:

q(x) is positive definite, and r(x) > 0 Vx

OR2: Local Objective. The second control objective is to find a control law that minimizes
the cost functional:

J = / [x" Qx+Ru; — v*wi wy|dt (3.104)
0
locally, i.e. near the origin x = 0, subject to the linearized system dynamics:

x = Ax + by, + Hyw; (3.105)

As in the previous section it will be required that ¢(x) and r(x) in ORI satisfies the
local objectives:
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Plant
z =f(x) +bu+ H@)w T
r=Az+bu+Hw
Control Law Mapping
uw| u=—7'(2)bAz

Cost functional

J= J:o [g@+7r@u’ —yww]dt

J = I: [ 2'Qx+Ru’~ yw'w]dt

Figure 3.3: Relationship between linear H..-control (lower blocks) and nonlinear optimal
and robust backstepping (upper blocks).

3.2.3 Locally Optimal and Robust Backstepping

A linear control law u; that meets the local control objective O2 for the worst-case distur-
bance can easily be found by solving the generalized algebraic Riccati equation (GARE):

1
PA+ AP +P <¥HOHOT - bR—le) P+Q=0 (3.106)

where P = P >0. This solution exists for all v > +* > 0 assuming that (A, b) is controllable
and (A, Q) is observable. Here v* denotes the optimal disturbance attenuation level and ~y
the desired attenuation level. The linear H,,-controller is:

w = —R'bTPx (3.107)

By factorization of P as in Section 3.1 the linear system under the transformation z = Lx
becomes:

7z = Az + by, + Hyw;, (3.108)

where H, = L™'H,. Similarly the GARE (3.106) can be transformed to:

- - 1 - = —
ATA+AA + A (¥HOH§ - lebT> A+Q=0 (3.109)
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As in the previous section the diffeomorphism z = ®(x) is constructed by recursive back-
stepping. In new coordinates the nonlinear system (3.103) becomes:

7= Az +bu+f(z) + Hz)w (3.110)

where f(z) and F(z) are constructed during the steps of backstepping. The final control law
is:

u=—7"Yz)b' Az = — 7 (2)b,0n 2

where
Fi(z) > R'+5(2) (3.111)
7(0) = R (3.112)
r(z) > 0 Vaz (3.113)

which can be achieved by any of the choices for 7 1(z) in (3.39) or (3.41). If
V=2"Az
is a Lyapunov function for the nonlinear system (3.103), V can be written as:
V= —q(z) — 7(z)u® — y*wi'w (3.114)

which demonstrates that the inverse optimal objective OR1 is satisfied.

Thus, the only difference between the LOB design in Section 3.1 and the robust LOB is
that here we solve the GARE instead of the ARE, and that the contents of f(z) and &(z)
takes into account the additional disturbances.

3.2.4 Recursive Backstepping Procedure

The linear part of the backstepping is equivalent to the procedure in Section 3.1.5. However,
due to the additional disturbances in the system, the recursive backstepping procedure in this
case becomes more elaborate. The interested reader is referred to Ezal, Pan and Kokotovi¢
(1997) or Ezal (1998) for more details. The locally optimal and robust backstepping design
will be demonstrated on a ship control design example in the forthcoming section.

3.3 Locally Optimal Control of Moored Ships

The locally optimal and robust backstepping designs can be extended to MIMO systems in
block-strict-feedback form. In this section the robust LOB design is applied to ship control.
The results presented here is based on a paper by Strand et al (1998).

The ship model (2.83a)—(2.83b) in Section 2.2 can be extended to moored ships by adding
a restoring term in the model. The deviation from the desired position and heading n; =
(%4, ya, ¥y)" decomposed in vessel parallel coordinates is:

e=J; (%) (n—14) (3.115)
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Anchor lines

Seabed @ ___—"

Figure 3.4: Ship and spread mooring system.

where
cosypy; —siny,; 0 3 costp —sintgy 0
Ja(¥y) = | sinyy; cosy, 0|, Jo(v) = siny cosy 0
0 0 1 0 0 1

and ¢ = — ¥,4. In this example requlation is considered, such that 1, =constant. The ship
model can be formulated as:

& = J. (Y (3.116)
My + D)y + Cv)v + Glele = a+JI7(Y)w (3.117)

where G(e)e is a nonlinear restoring term, due to the mooring system. In dynamic position-
ing G(e) = 0. This system can be linearized about the origin e = 0, ¥ = 0 such that:

J.(0)=1I, D(0)=D, C(0)=0, G(0)=G

o

Hence, the linear system becomes:

é = v (3.118)
v = —M Dy —-M'Ge+M'a +w (3.119)

or compactly written:
x = Ax + Bl_ll+HoWl (3120)

where x = [eT, vT1" with obvious choice of A, B and H,,. Similarly, the nonlinear system
(3.116)—(3.117) can be formulated as:

']

x =f(x) + Bu+ H(x)w (3.121)
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The control objective is to find an inverse optimal control law that minimizes the cost
functional

J= /O (%) + 57 Ry () w ]t (3.122)

where

¢(x) is positive definite and R.(x) = R’ (x) > 0, Vx

*
The local optimal objective requires that:

C10%q(x)
T2 ox? 0)=Q

where Q = Q" > 0 and R = R” > 0 are design cost matrices.

Since the ship model is in MIMO strict feedback form, the design methodology is quite
similar to the LOB for SISO systems. A positive definite matrix P = P7 > 0 can be found
by solving the GARE:

1
PA+ AP +P <¥HOHOT - BRlBT> P+Q=0 (3.123)

As in the SISO case P can be factored into
P=LTAL

where the block diagonal entries of L consists of identity matrices and the block diagonal
entries of A contains positive definite sub-matrices 4A;. In this particular case we have:

[ 1 o0 A 0
- L0 a3 0] 120

where all sub-matrices are of dimension 3 x 3, and Ay, A, are positive definite. Using the
transformation z = Lx the linear part of the system (3.120) becomes:

z= Az + Bi + H,w (3.125)
and
- _ A I _
A=LAL '=| 5" H,=L'H, 3.126
{ An A } ’ (3126)
where
Ay = Ly,
A;; = -M'D,L;; - M7'G,—L3,,
As in the previous sections the GARE (3.123) can be transformed into
- - 1 - - —
ATA+AA+A (—2HOHOT — BR—lBT> A+Q=0 (3.127)
Y

where Q =L QL' = Q7 > 0.
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Nonlinear Backstepping
The nonlinear system is transformed into new coordinates by backstepping.

Step 1: Let z; = e. Hence

71 =Jv =ay(z1) + (Jev — @1(21))
where

7o =Jev — &1(21)
Thus:
z1 = Lz, + 2z

Now, the stabilizing vector fields are chosen as &;(z1) = Lq12;.
Step 2: From (3.129) we get:

2o =J0+Jv—Lyz +IM I 'w
at which we substitute the ship model (3.117) for & and get:

7z, = —JM D —-IMI'C)v—-IM'G(z)z
+IM i+ Jov — LYz, — Lz, + I M Jlw
Using J.v = z5 + Ly 7, yields:
7y = —JM 'DW)I Lz, — IM D) z,
~JIMC(w)I Lz — I.M™IC(v) I 2,
~JIM G (z1)z; + J I Lyyz1 + I 372,
JM'a—-L%z — Lz +JM I 'w
By adding and subtracting Aoz, and Ayezy we get:
7o = Ao12, + Agozo + Nl(z)z1 + Ng(z)z2 +J Mo+ I M Jw
where z = [z1 ,21]7 and
Ni(z) = —JM'D@)J Lo+ M 'DL,
~-M'G(z)) + MG
~J M Cw)I Ly + J.I Ly,
Ny(z) = —IM 'D@)I +M™'D
—JM'C(w)I" +3.37

which satisfies N1(0) = 0 and N5(0) = 0. The transformed system can be written:

%z=Az+B(z)i+ N(z)z + Hx)w

where

ol

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)

(3.134)
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Locally Optimal and Robust Backstepping
Let:

V=2z"Az = leAlzl + ZQTAQZQ
be a Lyapunov function for the system (3.134). Thus:
Vo= z' (ATA + AA)z+2a" M1 Ayz,

+2w I M I Avzy + 2wl I M1 IE Agz,y
+2Z5A2N1 (Z)Zl + zngQNQ(Z)ZQ. (3135)
By using the GARE (3.127) and the identities:
_ _ 2
26TM 137 Ayzs = — i’ R, (z)0+ Hﬁ + R;l(z)MflJeTAgzg‘ ]
—ZI‘QFAQJEM_IRII(Z)M_IJZAQZQ,

«(2)

2wT I M 1T Avzy = ’YQWTW—‘_’Y_lQZgAQJEM_QJZAQZQ

2
—ny? HW_W_IQJeMilJZAQZQ

we get:

<
I

2

—2"Qz — @' R.(2)d+7*w w—+ Hﬁ + R M LI Agz, .
R.(z

1 2
+ ZgAQMilRilMilAQZQ

2 lw—=JM I Ayz,
g

-

1 1
—¥Z5A2M72A2Z2 + ¥Z5A2J5M72JZA2Z2

_ZgAQJeM_IR;lM_lJZAQZQ + 2Z5A2N1Z1 + QZgAQNQZQ. (3136)

By rewriting z’ Qz as:

z"'Qz = Z1TQ1121 + 225 Q1221 + 25 Qa2o,
completing the squares for:

—z{ Quz1 + 223 (AN — Qu2) 21 = — [|z1 — Q1) (AN; — Q) Z2Hf§u
+2zI (NT A Q1 ANy — NTA Q' Qs — QLQT ANy )zo + 2D QE, Q1 Qiazs
and introducing:
Yo(z) = NTAQ AN + AN, + NITA, — NTAQ Qi
= _ 1 1
—Q1, Q1 AN, — ¥A2M72A2 + ?AQJeMinZAL (3.137)
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which satisfies ¥,(0) = 0, we obtain:
Vo= - Hzl — Qi (A2N; — Qu2) Z2Hf§u — 7y (Qa — Qr{zQﬁle) Zo

_ _ 2

—a'R,(z)T+y*w! wt Hﬁ +RM T Az ||

R.(z)

2

2 — " (R'(2) - R, (1) - S@) ¢ (3138)

-

1
w——J.M I Ayz,
g

where

M_IJZA2Z27
R,(z)) = MIIM'R'M 1JM

A
|

S(z) = MITAIS, (2)A; ' I M. (3.139)
If the control law is chosen according to:
i=-R, (zM J7Ayz, (3.140)
and R.,(z) is chosen such that:
R;'(z) > R, (z)) + ¥(2) (3.141)
then
- _ 1 2
V = —q(z) — 2'R.(z)a+y*wiw — ~* W__QJeMilJZAQZQ
< —q(z) — ' R.(z) ity wlw (3.142)
where

q(z) = Hz1 Qn (A2771 Ql2) QH Qn +Z2 (Q22 QTQQI_IIQIQ) Z3

+o' (R7'(2) - R;'(2) — 2(2)) . (3.143)

From (3.142) it is clear that the system is input-to-state stable. In the absence of dis-
turbances, w = 0, the equilibrium z = 0 is rendered GAS and LES. Moreover, the dual
objective of local optimality and global inverse optimality is achieved with respect to the
cost functional:

J = / ) + @' R.(z)a—*w’ w) dt (3.144)
0

where (z) and R.(z) are selected to satisfy the locally optimal requirements.
One possible choice for R, (z) that makes sure that the matrix is invertible and continuous
for all z is:

R, (z) =i (@) + (2R, (2) (3.145)
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where

pa(z) = max{0,\(z)},
_ 1 DoAi(z) > —Aa(z)
py(z) = { (1__1_|)\1(z)+)\2(z)|’f)_1 : otherwise

AM(z) = Amax(2(2)), )‘2(Z):)‘maX(R;1(Z))

for any k > 0. Here, Ay (-) denotes the largest eigenvalue of R;1(z) and ¥(z) for the
current value of z. By this choice of €5(z) the control effort will be reduced in cases where
the nonlinearities are helpful for stability.

Comment: This example is equivalent to the MIMO mass-damper-spring example in Chap-
ter 2 if:

Jo=1, a=Bu, H(x)=0



Appendix A

Stability Theory

In this appendix we will briefly review some useful results for stability and convergence:

e Appendix A.1: Lyapunov stability of nonlinear autonomous systems x = f(x), that
is systems where f(x) does not explicitly depend on the time ¢.

e Appendix A.2: Lyapunov stability of nonlinear non-autonomous systems x = f(x,t),
that is systems where f(x,t) does depend on t explicitly.
A.1 Lyapunov Stability for Autonomous Systems

Before stating the main Lyapunov theorems for autonomous systems we will briefly review
the concepts of stability and convergence (Khalil, 1996).

A.1.1 Stability and Convergence

Consider the nonlinear time-invariant system:
x = f(x), x(0) = %o (A.1)
where x € R"and f : R — R” is assumed to be locally Lipschitz in x, that is:
[f(x) =)l < Llx =y, vx,y (A.2)

where L can be interpreted as the Lipschitz constant. Let x. denote the equilibrium point
of (A.1) given by:

f(x,)=0 (A.3)
The solutions x(t) of (A.1) are:

e bounded, if there exist a non-negative function ~y(x(¢)) such that:

=@ < ~(x()), vt =0 (A4)

95
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In addition, the equilibrium point x. of (A.1) is:

stable, if, for each € > 0, there exists a §(¢) such that:

[%(0)[] < 6(e) = lx(B)] <€ VE=0 (A.5)

unstable, if it is not stable.

attractive, if there exists an r(x(t)) such that:
[x(0)]| < r(x(t)) = lim [x(¢)[| = 0 (A.6)

Moreover, attractivity implies convergence of x(t) — O.
(locally) asymptotically stable (AS), if the equilibrium point x. is stable and attractive.

globally stable (GS), if the equilibrium point x, is stable and if all the solutions x(¢) of
(A.1) are bounded.

global asymptotically stable (GAS), if the equilibrium point x,. is stable for all x(0)
(region of attraction R™).

(locally) exponentially stable (ES), if there exist positive constants «, A and r such that:

[xO0)[ <7 = [lx®)[] < aexp(=At)[x(0)], vVt =0 (A7)

globally exponentially stable (GES), if there exist positive constants a, A and r such

that for all x(0) (region of attraction R").

%) < aexp(=At) |x(0)]|, V=0

(A.8)

Different theorems for investigation of stability and convergence will now be presented.
A guideline for which theorem which should be chosen is given in Table A.1 whereas the
different theorems are listed in the forthcoming sections.

Table A.1: Classification of theorems for stability and convergence.

Autonomous V>0V<0 Lyapunov’s direct method GAS
systems V>0,V<0 LaSalle’s theorem GAS
Non-autonomous V>0V<0 LaSalle-Yoshizawa’s theorem GUAS
systems V>0,V<0 Barbalat’s lemma convergence

Notice that for non-autonomous systems GAS is replaced by global uniform asymptotic
stability (GUAS) since uniformity is a necessary requirement in the case of time-varying
nonlinear systems (Khalil, 1996).
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A.1.2 Lyapunov’s Direct Method

Theorem 3 (Lyapunov’s Direct Method) Let x. be the equilibrium point of (A.1) and
assume that £(x) is locally Lipschitz in x. Let V : R* — R, be a continuously differentiable
function V (x) satisfying:

oV (x) > 0 (positive definite) and V(0) =0 (A.9)
oV(x) = a‘g—}(cx)f(x) < -W(x) <0 (A.10)
oV(x) — o0 as ||x||—= o0 (radially unbounded) (A.11)

then the equilibrium point x. is GS if W(x) >0 (positive semi-definite) and GAS if W (x) >0
(positive definite). R

The requirement that W (x) >0 (or V(x) <0) is in many cases difficult to satisfy. This
is illustrated in the following example.

Example 4 (Stability of a Mass-Damper-Spring System) Consider the mass-damper-
spring system:

T = v (A.12)
mv + d(v)v + kz* = 0 (A.13)

where m > 0,d(v) > 0,Yv and k > 0, see Figure A.1

d(v)v | x

\ 4

Figure A.1: Mass-damper-spring system.

Choosing V (x) as the sum of kinetic energy %va and potential enerqgy %kxz:

1 1
V(x) = §(m1)2 + kx?) = §XT [ gz 2 ] X

T

where x = [v, x]*, results in

V(x) = moi+ ki
= v(mv + k)
= —d(v)v?

_ 4T { d(o”) 8 ] x (A.14)
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Hence, only stability can be concluded from Theorem 3 since V(X) s negative semi-definite.
However, GAS can in many cases also be proven for systems with a negative semi-definite
V(x) thanks to the invariant set theorem of LaSalle.

A.1.3 La Salle’s Invariant Set Theorem

The theorem of LaSalle can be used to check if a nonlinear autonomous system is GAS even
though V' (x) is only negative semi-definite.

Theorem 4 (LaSalle’s Invariant Set Theorem) Let V : R* — R, be a continuously
differentiable function V(x) such that:

V(x) — o0 as ||x|| — o (A.15)
V(x) < 0, Vx (A.16)

Let Q be the set of all points where V (x) =0, that is:
0= {x e RV (x) :o} (A.17)

and M be the largest invariant set in ), then all solutions x(t) converge to M and the
equilibrium point x. of (A.1) is GAS. B

Example 5 (Cont. Example 3: Stability of a Mass-Damper-Spring System) Again
consider the mass-damper-spring system of Example 4. The set 2 is found by requiring that

V(x) = —d(v)v?* =0 (A.18)
which s true for v = 0. Therefore:

Q={(ze R,v=0)} (A.19)
Now v = 0, implies that mv = —kx which is non-zero as long as x # 0. Hence, the system

cannot get "stuck” at an equilibrium point value other than x = 0. Since the equilibrium
point of the mass-damper-spring system is (z,v) = (0,0), the largest invariant set M in Q
contains only one point, namely (x,v) = (0,0). Hence, the equilibrium point of (A.1) is GAS
according to Theorem 4. B

A.1.4 Global Exponential Stability

When performing backstepping Lyapunov stability analysis often results in a system which
not only is GAS but also globally exponentially stable (GES). The following theorem is
useful to check exponential convergence.

Theorem 5 (Global Exponential Stability) Letx, be the equilibrium point of (A.1) and
assume that £(x) is locally Lipschitz in x. Let V : " — R, be a continuously differentiable
and radially unbounded function V (x) satisfying:

%XTPX (A.20)

—x'Qx (A.21)

PR
KON
A
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with constant matrices P =PT > 0 and Q = QT > 0, then the equilibrium point x, is GES
and the state vector satisfies:

Amax (P) e—%a(t—to

I, < | 2 e 4 o) (222
where
)\min(Q)
== A-2
o o (P) >0 (A.23)
18 the convergence rate.
Proof. Since V(x) is bounded by:
0 < Amin(P)x"x < V(%) < Anax(P)xx,¥x # 0 (A.24)
we have that:
1
Ty < _ A2
xsam ™ (A2
Hence, it follows from (A.20) that:
V(ix) < —x'Qx
S _Amin(Q)XTX
Amin(Q)
< V A.26
< EEEVE (.26)
Integration of V(x) yields:
V(x(t)) <e =)V (x(0)) (A.27)
Finally ||x||, = vVxTx and (A.24) implies:
)\max P —La(t—tg
(0l < | 2B oo () (A28)

Amin(P)

g.e.d. This shows that ||x||, will converge exponentially to zero with convergence rate «.. B

A.2 Lyapunov Stability of Non-Autonomous System

In this section we will briefly review some useful theorems for convergence and stability for
time-varying nonlinear systems:

x = f(x,t), x(0) = xq (A.29)

where x € R te R, and f : R" x R, — R is assumed to be locally Lipschitz in x.
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A.2.1 Barbalat’s Lemma

Lemma 1 (Barbdilat’s Lemma) Let ¢ : 8y — R be a uniformly continuous function and
suppose that limy .o [ f(7)d7 ezists and is finite, then:

lim ¢(t) =0 (A.30)

t—oo

Proof. See Barbilat (1959). H
Notice that Barbalat’s lemma only guarantees global convergence. This result is particular
useful if there exists a uniformly continuous function V: R" x R, — R, satisfying:

) Vixt)=0
i) V(xt) <0 (A.31)
ili) V(x,t) is uniformly continious

Hence, according to Barbalat’s lemma, lim; .., V (x,t) = 0. The requirement that V' should
be uniformly continuous can easily be checked by using:

V(x,t) is bounded = V/(x,t) is uniformly continious (A.32)

A.2.2 La Salle-Yoshizawa’s Theorem

For non-autonomous systems the following theorem of LaSalle (1996) and Yoshizawa (1968)
is quite useful:

Theorem 6 (La Salle-Yoshizawa’s Theorem) Let x. = 0 be the equilibrium point of
(A.29) and assume that £(x,t) is locally Lipschitz in x. Let V : " x R, — R, be a contin-
uously differentiable function V (x,t) satisfying:

oV (x,t) > 0 (positive definite) and V(0) =0 (A.33)
oV(xt) — Wa(f’t) + 8Va(z’t)f(x,t) < —W(x) <0 (A.34)
oV(x,t) — o0 as ||x||— o0 (radially unbounded) (A.35)

where W (x) is a continuous function, then all solutions x(t) of (A.29) are globally uniformly
bounded and:

lim W(x) =0 (A.36)

t—oo

In addition, if W (x) >0 (positive definite), then the equilibrium point x.= 0 of (A.29) is
GUAS.

Proof. See LaSalle (1996) and Yoshizawa (1968). B
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