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Abstract� This paper addresses the potential for en�
ergy reduction obtained by using dynamic line tension�
ing in thruster assisted position mooring systems� Tra�

ditionally� mooring systems have been designed in such
a way that thruster assistance has not been neccessary

under normal environmental conditions� However� as
oil production moves into deeper waters� such over�
dimensioned mooring systems are no longer feasible�

Thus� new �hybrid� solutions must be developed� in
which increased thruster action compensates for fewer�
and lighter� anchor lines� In this paper� controlling the

line tensions dynamically is suggested as an additional
means of station keeping� and a control law is derived

based on passivity� A model consisting of a rigid�body
submodel for the vessel� and a �nite element submodel
for the mooring system is presented and used for sim�

ulations� The simulations show the performance of the
proposed control system�

Keywords�Ship control� position mooring systems�

I� Introduction

P
OSITION mooring systems �PM� have been com�
mercially available since the late �����s� and have

proved to be a cost�e	ective alternative to permanent
platforms for o	shore oil production
 The current re�
search on PM systems is based on the experience ob�
tained from research on dynamic positioning �DP� sys�
tems since the �����s
 DP systems based on optimal
control theory and Kalman��ltering were proposed in

��� and extended in 
��� 
��� 
��� 
��� 
��� 
�� and 
��

In recent years� nonlinear controllers have been devel�
oped for DP systems based on integrator backstepping
techniques �see 
��� 
���� 
��� and 
����

PM systems di	er from DP systems in that thruster

assistance is used mainly for damping the surge� sway
and yaw motions and for keeping the desired heading�
whereas the position is kept within an acceptable re�
gion by the mooring lines 
���
 Thus� fuel consumption
is kept to a minimum in normal weather conditions

In rough weather conditions� thruster assistance may
be needed for position keeping in order to avoid line
tensions rising above safety limits
 In 
���� a model
for the mooring system based on line characteristics
found by solving the catenary equations is presented
and the optimal controller derived in 
�� is extended
for this system
 In the last few years� more advanced
controllers� based on observer backstepping and locally
optimal backstepping �see 
��� and 
���� have been de�
veloped


As already mentioned� station keeping is handled en�
tirely by the mooring system under normal environ�
mental conditions
 This is possible in shallow waters�
where the mooring system can be over�dimensioned in
such a way that it allows only for small excursions of
the vessel from its desired position
 In deeper waters�
over�dimensionedmooring systems are not feasible� and
thruster assistance is needed continuously
 This leads
us to the motivation for this paper� reduction of fuel
consumption
 In order to reduce fuel consumption� we
suggest using dynamic line tensioning for rejection of
constant or slowly�varying disturbances such as mean
wind forces� mean currents and tidal currents
 Com�
bined with damping in surge� sway and yaw� as well as
heading control� this approach is expected to lead to
considerable energy savings

The paper presents a model consisting of a rigid�

body submodel for the vessel� and a partial di	eren�
tial equation for the mooring cables
 For simulation
purposes� spacial discretization of the cable equation
is performed using the �nite element method
 Passiv�
ity is shown for the mooring system� from which it is
concluded that passive tension controllers� such as the
traditional P�� PI� and PID�controllers� ensure stabil�
ity
 Finally� a simulation shows the potential for re�
duction of energy consumption by using dynamic line
tensioning


II� Modelling

A� Kinematics

Two reference frames are de�ned as follows �see Fig�
ure ���

�
 The Earth��xed frame� denoted XEYEZE� is placed
so that the origin coincides with the desired position of
the vessel
 The XEYE plane lies on the water surface�
the ZE axis is positive downwards and the XE axis
points along the desired heading of the vessel

�
 The body��xed frame� denoted XY Z� is �xed to the
vessel body so that the origin coincides with the center
of turret
 The X axis is directed from aft to fore along
the longitudinal axis of the vessel� and the Y axis is
directed to starboard


The vessel position and heading in the Earth��xed
frame are de�ned by the vector � � 
 x y � �T �
R� � S� �R� is the Euclidean space of dimension two�
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Fig� �� Earth��xed �XEYEZE� and body��xed �XY Z� reference
frames�

and S� is the circle�
 The body��xed surge� sway
and yaw velocities are de�ned by the vector � �

 u v r �T � R� 
 The linear velocity of the ship
in the Earth��xed frame �� is related to the velocity in
the body��xed frame � through a rotation about the Z
axis� that is�

J��� �

�
� cos� � sin� �

sin� cos� �
� � �

�
� � SO���

�SO��� is the proper orthogonal group of transforma�
tions on R� �


B� Vessel dynamics

The low�frequency motion of a free��oating ship in
three degrees of freedom� assuming slowly�varying� ir�
rotational �uid �ow� can be described by 
����

M�� �C��r��r�D�r � �

�� � J�� ��

where

�r � � � J���� vc� I
� ��

J���� � I� J���

I� �

�
I��� �

� �

�

vc�z� � R
� is the current pro�le in Earth��xed co�

ordinates� M is the inertia matrix� C is the Corio�
lis and centripetal matrix and D is the damping ma�
trix
 � constitutes environmental forces �except cur�
rents which are already accounted for by de�ning the
relative velocity �r�� and propulsion forces
 In station
keeping applications� where the vessel velocity is as�
sumed small� C��r ��r is negligible and D is assumed
constant 
���


C� Multi�cable mooring system

The equation of motion of a cable with negligible bend�
ing and torsional sti	ness� is given by �see for instance

�����

��
�v

�t
�

�

�s
�T t� � f�� � e�

where s � 
�� L�� v�s� t� � R� and t�s� t� � R� are dis�
tance along the unstretched cable� velocity and tangen�
tial vector� respectively
 L is length of the unstretched
cable� �� is mass per unit length of unstretched cable�
T is tension� e is strain and f�s� t� � R� is the sum
of external forces �per unit length of unstreched cable�
acting on the cable
 By introducing the position vector
r�s� � R

� � and applying Hooke�s law we get�

��
��r

�t�
�

�

�s

�
EA�

e

� � e

�r

�s

�
� f�� � e� ���

where E is Young�s modulus and A� is the cross�
sectional area of the unstretched cable
 The sum of
external forces is�

f � f�hg� � f�dt� � f�dn� � f�mn�

where f�hg� constitutes the bouyancy �gravity and hy�
drostatic� force per unit length of unstretched cable�
f�td� and f�nd� are tangential and normal hydrodynamic
drag� respectively� per unit length of unstretched cable
and f�mn� is the hydrodynamic inertia force per unit
length of unstretched cable
 The hydrodynamic forces
are modeled by the Morison equation �see for instance

����
 Explicitly the forces are given by�

f�hg� � ��
�c � �w
�� � e��c

g ���

f�dt� � �
�

�
CDT d�w jvtjvt ���

f�dn� � �
�

�
CDNd�w jvnjvn ���

f�mn� � �CMN

�d�

�
�wan ���

where g � R
� is the gravitational acceleration� �c is

density of the cable� �w is density of the ambient water�
CDT and CDN are tangential and normal drag coe��
cients for the cable� respectively� d is the cable diame�
ter� and CMN is a hydrodynamic mass coe�cient
 vt
and vn are the tangential and normal components of
v� respectively� and an is the normal component of �v

For the simulation� the following �nite element model

of a multi�cable mooring system is used
 For a complete
derivation of the model� see 
���
 In this model� each
cable of an m�cable mooring system is partitioned into
n segments� and the nodal points are enumerated from
� to n
 The position vector in Earth��xed coordinates
for the kth nodal point of the jth cable is denoted r

j
k �

R
�� and the relative velocity is denoted v

j
k � �r

j
k �

vc� r
j
k� where vc� r

j
k� � R

� is the current at rjk
 The
boundary conditions are as follows�

�
 The �rst nodal point rj� is �xed at the bottom for
j � �� �� ����m

�
 The last nodal point of all cables are connected to
each other at the surface� i
e
 r�n� r�n� ��� � rmn �



For notational simplicity� we de�ne the following quan�
tities�
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where Cj
DT and Cj

DN are tangential and normal drag

coe�cients for the jth cable� respectively� Cj
MN is a

hydrodynamic mass coe�cient for the jth cable� lj is
the length of each element in the jth cable and

M
j
k �
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�

�
�	jk � 	jk���
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The mooring dynamics takes the form�

M� �v� �D�v� � k� � g�� �

where
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�
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� � g

�T
D� Coupled vessel�mooring dynamics

The vessel dynamics is described in three degrees of
freedom� displacement and rotation in the plane of the
sea surface
 Thus� when connecting the last node of all
cables to the center of turret on the vessel� the follow�
ing additional boundary conditions are in�icted on the
mooring system�

rn � 
 x y � �T �

�
I��� �
� �

�
� ���

vn �

�
I��� �
� �

�
�� � vc�I

���� J�����r ���

It is convenient to note that the inertia and drag ma�
trices for the vessel completely dominate those of the
upper element of the mooring system
 Therefore� the
terms involvingMn andDn can be neglected� resulting
in the following complete equations of motion for the
moored vessel�

M�� �D�r � J�
T

���kn�r�� � � ���

M
M
�r�� �v� �D

M
�v�� r��v� � k

M
�r�� � g

M
� � ���

�� � J�� ��� �r� � v� ����

III� Controller design

The design of a controller for dynamic line tensioning
is based on the following two basic assumptions�

�
 A DP system has already been designed for the ves�
sel

�
 The mooring line tensions are measured continu�
ously


Denoting the commanded force from the DP controller
�c� and the mooring force projected onto the horizontal
plane �m� we de�ne the thruster force �see Figure ���

�thr� � c � �m

Thus� the performance of the thruster assisted moor�
ing system is exactly that of the DP system alone
 The
objective of the dynamic line tensioning controller is
to track �c� such that as little as possible of the com�
manded force is passed on to the thrusters
 Formally�
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Fig� �� Block diagram of the moored vessel� with the dynamic
line tensioning system emphasized�

the control problem is�

Problem ��

��
�v

�t
�

�

�s

�
EA�

e

� � e

�r

�s

�
��

f�hg� � f�dt� � f�dn� � f�mn�

�
�� � e�� s � 
�� L�

v�s� � v�L�� e�s� � e�L�� s � �L�Lmax�

r��� � r�� r�L� � �

v�L� � 
� � e�L�� �Lt�L� � ut�L�

dL

dt
�

u

� � e�L�

y � EA�e�L� � T �L� ����

Find u�t� such that y�t� regulates to Tref 
 �

In the problem formulation above� r�L� � �� which is
to say that the DP�system is assumed to be perfect in
the analysis
 Deviation from the desired vessel position
is considered noise


Criterion � �Well Posedness� Tref lies within a cer�
tain interval given by the static line characteristic

Formally� there exists L� � 
Lmin� Lmax�� r

��s� �and
thereby e��s�� such that

�

�s

�
EA�

e�

� � e�
�r�

�s

�
� f�hg��� � e�� � �� s � 
�� L��

r���� � r�� r��L�� � �

is satis�ed� and Tref � EA�e
��L��
 �

Moving the added mass term in equation ���� to the
left hand side yields�

Mc

�
�vt
�vn

�
�

�

�s
�EA�

e

� � e

�r

�s
� �

�f�hg��f �dt��f �dn���� � e�

where

Mc �

�
�� �

� �� � CMN
�d�

� �w�� � e�

�

Assumption �� The inertia matrix including hydro�
dynamic added inertia is constant� that is� �Mc � �� �

Proposition �� Under Assumption �� the system ����
is �state strictly� passive


Proof� Take the storage function

V �v� e� �
�

�

LmaxZ
�

vTMcvds�
�

�
EA�

LmaxZ
�

e�ds

The derivative of V with respect to time is�

�V �

L�t�Z
�

v �
�

�s
�EA�

e

� � e

�r

�s
�ds�

L�t�Z
�

v � f�hg��� � e�ds�
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de�L��

dt
ds ����

Consider the �rst term in equation �����
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Now� consider the second term in equation �����

L�t�Z
�

v � f�hg��� � e�ds

� ��
�c � �w

�c

�
B� d

dt

L�t�Z
�

r � gds� r�L� � g �L

�
CA � � ����

Now� consider the third term in equation �����
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Inserting ����� ���� and ���� into ���� yields�

uy � �V �v� e� � ���v�

where � � 
�� �� and

��v� �
�

�
d�w

L�t�Z
�

�
CDT jvtj

�
� CDN jvnj

�
�
�� � e�ds

Therefore� a passive controller will ensure stability
 For
dynamically positioned and moored vessels the inertia
matrix will be slowly�varying compared to the dynam�
ics of the closed�loop system
 Hence� time scale sepa�
ration suggests that �Mc � � is a good approximation
�Assumption ��
 In general� the inertia matrix will de�
pend on the frequency of the incoming waves� speed
of the vessel and strain
 These e	ects are� however�
negligible in an industrial control system 
���


IV� Simulations

A simple simulation has been performed in order to
demonstrate the potential for energy reduction when
using dynamic line tensioning
 The simulation is sim�
ple in the sense that tidal current is the only distur�
bance considered
 Table I summarizes the parameters
used
 The DP�system described in 
��� Section �
�
��
is used� giving the commanded force �c to the tension
controller
 The mooring�system consists of m � � ca�
bles� with anchor points distributed evenly on a circle of
radius �km about the origin
 The commanded force is

TABLE I

Parameters used in the simulation

Lj � ����

Cj
DT � ���

Cj
DN � �

Cj
MN � �

�jc � ����

�j� � ����
dj � ����
EjA�j � ���� ��	

������������
�����������

j � 
�� �� �� ��

M �

�
� ���� ��
 � �

� ���� ��� ����� ���

� ����� ��� �� ����

�
�

D �

�
� ���� ��
 � �

� ���� ��	 ����� ��


� ����� ��
 ���� ����

�
�
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� � cos�t
�����

sin�t
�����
�

�
� z � 
�� �����

�w � ����

r�� �


���� � ����

�T
r�� �



� ���� ����

�T
r�� �



����� � ����

�T
r�� �



� ����� ����

�T
kc � ���� ���


distributed to the cables in such a way that two cables
having their anchor points opposite each other with re�
spect to the origin are winded� respectively unwinded�
at the same speed
 This strategy leads to the following
P�controller�

u � �kcB��c � �m�

where kc is the controller gain� �c is the commanded
force and �m is the measured mooring force
 B is an
m�� con�guration matrix given by the anchor points�

B �


p� p� � � � pm

�T
� pj �

I�r
j
����I�rj����

Figure � shows commanded force from the DP�system
compared with the thruster force
 As expected� the
thruster force is very small� which means that the
tension controller follows the commanded force quite
closely
 Figure � shows the length of the cables with
anchor points on the positive x�axis and positive y�axis

The length of the remaining two cables are in exact op�
posite phase to the ones shown


V� Conclusions

By showing that the mapping from winding velocity of
the cable to the upper end tension is passive� we con�
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clude that passive controllers� such as the traditional
P�� PI� and PID�controllers� may be used for dynamic
line tensioning in a mooring system
 Computer simu�
lations demonstrate the potential for lowering fuel con�
sumption by letting the mooring system compensate
for constant and slowly varying environmental forces

Compensation of fast disturbances is still left to the
thrusters� as tear and wear on the mooring cables will
be a limitation on the action allowed from the tension
controller
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