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Dynamic positioning (DP) and tracking systems for ships are usu-
ally designed under the assumption that the kinematic equations
can be linearized about a set of prede�ned constant yaw angles, typ-
ically 36 operating points in steps of 10 degrees, to cover the whole
heading envelope. This is necessary when applying linear (Kalman
�lter) theory and gain scheduling techniques. However, global ex-
ponential stability (GES) cannot be guaranteed if linear theory is
used. In this paper a nonlinear observer is derived. The observer is
proven to be passive and GES. The number of tuning parameters
is reduced to a minimum by using passivity theory. This results
in a simple and intuitive tuning procedure. The proposed observer
includes features like estimation of both the low-frequency position
and velocity of the ship from noisy position measurements, bias
state estimation (environmental disturbances) and wave �ltering.
The nonlinear passive observer has been simulated on a computer
model of a supply vessel and implemented on full-scale ships with
excellent results. Copyright c1998 Elsevier Science Ltd.
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1 Introduction

Dynamic positioning (DP) systems have been commercially available for ma-
rine vessels since the 1960's. The �rst DP systems were designed using conven-
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tional PID controllers in cascade with low pass and/or notch �lters to suppress
the wave-induced motion components. From the middle of the 1970's more ad-
vanced control techniques based on optimal control and Kalman-�lter theory
were proposed by Balchen et al. (1976). This work has later been modi�ed
and extended by Balchen et al. (1980a, 1980b), Grimble et al. (1980a, 1980b),
Fung and Grimble (1983), S�lid et al. (1983) and more lately by Fossen et al.
(1996) and S�rensen et al. (1996).

Filtering and state estimation are important features of a DP system. In most
cases, measurements of the vessel velocities are not available. Hence, estimates
of the velocities must be computed from noisy position and heading mea-
surements through a state observer. Unfortunately, the position and heading
measurements are corrupted with colored noise due to wind, waves and ocean
currents as well as sensor noise. However, only the slowly-varying disturbances
should be counteracted by the propulsion system, whereas the oscillatoric mo-
tion due to the waves (1st-order wave disturbances) should not enter the feed-
back loop. This is done by using so-called wave �ltering techniques, which
separates the position and heading measurements into a low-frequency (LF)
and wave frequency (WF) position and heading estimate (Fossen 1994).

In existing DP systems the wave �ltering and state estimation problem are
solved by using linear Kalman �lters. The major drawback of this approach
is that the kinematic equations of motions must be linearized about a set
of prede�ned constant yaw angles, typically 36 operating points in steps of
10 degrees, to cover the whole heading envelope. For each of these linearized
models, optimal Kalman �lter and feedback control gains are computed such
that the gains can be modi�ed on-line by using gain-scheduling techniques. In
the seek for new control strategies the linear Kalman �lter approach is a major
obstacle since it is di�cult and time-consuming to tune the state estimator
(stochastic system with 15 states and 120 covariance equations). The main
reason for this, is that the numerous covariance tuning parameters may be
di�cult to relate to physical quantities resulting in a somewhat ad hoc tuning
procedure.

In this paper a nonlinear passive observer is proposed. The observer includes
wave �ltering properties, bias state estimation, reconstruction of the LF mo-
tion components and noise-free estimates of the non-measured vessel velocities.
The proposed observer is proven to be passive and globally exponentially sta-
ble (GES). Hence, only one set of observer gains are needed to cover the whole
state space. In addition, the number of observer tuning parameters are sig-
ni�cantly reduced and the wave �lter parameters are directly coupled to the
dominating wave frequency. Passivity theory showed to be a new tool with
respect to accurate tuning of the observer. The proposed nonlinear observer
opens for new controller designs more in line with the actual structure of
the physical system e.g. by using the separation principle (Fossen, Loria and
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Panteley, 1998) or observer backstepping.

In Fossen and Gr�vlen (1998) the concept of vectorial observer backstepping
has been applied to derive a GES output feedback control system for ships.
This work is, however, based on a simpli�ed model of the environmental dis-
turbances since it is assumed that the WF motion and bias states can be
neglected in the design. More recently, Aarset, Strand and Fossen (1998) have
shown that these results can be extended to the general case by including
a dynamic model for wave �ltering and bias state estimation. The main dif-
ference between the observer backstepping design and the nonlinear observer
presented in this paper is that passivity is not guaranteed in the observer
backstepping case. We believe that this is an important feature since passivity
arguments will simplify the tuning procedure signi�cantly. Hence, the time
needed for sea-trials and tuning will be reduced.

The performance and robustness of the observer are demonstrated by com-
puter simulations and full-scale experiments of a thruster controlled supply
vessel in the North Sea. The simulation study veri�es that all estimation er-
rors converge exponentially to zero. The nonlinear passive observer, as opposed
to a linearized Kalman-�lter, guarantees exponential convergence of all bias
estimation errors to zero. This is almost impossible to obtain in commercial
DP systems using linearized Kalman-�lters.

2 Mathematical Modelling of Ships

2.1 Kinematic Equations of Motion

Let the earth-�xed position (x; y) and heading  of the vessel relative to an
earth-�xed frame XEYEZE be expressed in vector form by � = [x; y;  ]T; and
let the velocities decomposed in a vessel-�xed reference frame be represented
by the state vector � = [u; v; r]T. These three modes are referred to as the
surge, sway and yaw modes of a ship. The origin of the vessel-�xed frame
XY Z is located at the vessel centre line in a distance xG from the center
of gravity, see Figure 1. The transformation between the vessel-�xed and the
earth-�xed velocity vectors is:

_� = J(�)� (1)

where J(�) is a state dependent transformation matrix. Conventional ships
are not equipped with actuators in roll and pitch which suggests that the roll
and pitch modes should be omitted when designing output feedback controllers
for ships. In fact, this is an appropriate assumption since both the rolling and
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Fig. 1. De�nition of the earth-�xed XEYEZE and the vessel-�xed XYZ reference
frames.

pitching motions of a ship is oscillatoric with zero mean and limited amplitude.
Moreover, a conventional ship is metacentric stable which implies that there
exist restoring moments in roll and pitch. In the remaining of the paper, it
is assumed that the ship is su�cient metacentric stable such that only the
rotation matrix in yaw can be used to describe the kinematic equations of
motion, that is:

J(�) = J( ) =

2
66664
cos � sin 0

sin cos 0

0 0 1

3
77775 (2)

where J( ) is non-singular for all  : Notice that J�1( ) = J
T ( ).

2.2 Ship Modelling

The LF motion of a large class of surface ships can be described by the fol-
lowing model (Fossen 1994):

M _� +D� = � + JT(�)b (3)

� = Buu (4)

Here � 2 <3 is a control vector of forces and moment provided by the propul-
sion system, that is main propellers aft of the ship and thrusters which can
produce surge and sway forces as well as a yaw moment. In addition to this,
ships can be equipped with control surfaces and rudders. The control inputs
are denoted by u 2 <r (r � 3) and Bu 2 <

3�r is a constant matrix describ-
ing the actuator con�guration. Unmodeled external forces and moment due
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to wind, currents and waves are lumped together into an earth-�xed constant
(or slowly-varying) bias term b 2 <3.

If a small Froude number is assumed, the inertia matrix M 2 <3�3 which
includes hydrodynamic added inertia can be written (Fossen 1994):

M =

2
66664
m�X _u 0 0

0 m� Y _v mxG � Y _r

0 mxG �N _v Iz �N _r

3
77775 (5)

where m is the vessel mass and Iz is the moment of inertia about the vessel-
�xed z-axis. For control applications which are restricted to low-frequency
motions, wave frequency independence of added inertia (zero wave frequency)
can be assumed. This implies that _M = 0. The zero-frequency added mass
in surge, sway and yaw due to accelerations along the corresponding axes are
de�ned as X _u < 0, Y _v < 0 and N _r < 0; whereas the cross-terms Y _r and N _v

can have both signs (SNAME 1950).

For a straight-line stable ship, D 2 <3�3 will be a strictly positive damping
matrix due to linear wave drift damping and laminar skin friction. The linear
damping matrix is de�ned as (Fossen 1994):

D =

2
66664
�Xu 0 0

0 �Yv mu0 � Yr

0 �Nv mxGu0 �Nr

3
77775 : (6)

where the cruise-speed u0 = 0 in DP and u0 > 0 when moving forward. In
general the damping forces will be nonlinear. However, for DP and cruising
at constant speed linear damping is a good assumption since this a regulation
problem (Fossen 1994) .

2.3 Bias Modelling (Slowly-Varying Environmental Disturbances)

It is assumed that the bias forces in surge and sway, and the yaw moment are
slowly varying. A frequently used bias model for marine control applications
is the 1st-order Markow process:

_b = �T�1b+	n (7)

where b 2 <3 is a vector of bias forces and moment, n 2 <3 is a vector of
zero-mean Gaussian white noise, T 2 <3�3 is a diagonal matrix of positive
bias time constants and 	 2 <3�3 is a diagonal matrix scaling the amplitude
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LF + WF motion

0

Total motion, LF + WF
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WF motion

time  [sec]
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Fig. 2. Figure showing the total ship motion as the sum of the LF-motion and the
WF-motion. Notice that the 1st-order WF-motion is osillatoric.

of n. This model can be used to describe slowly-varying environmental forces
and moments due to (Fossen 1994):

{ 2nd-order wave drift
{ ocean currents
{ wind
{ unmodeled dynamics

2.4 1st-Order Wave-Induced Model

A linear wave frequency (WF) model of order p can in general be expressed
as:

_� = 
� +�w (8)

�w = �� (9)

where � 2<3�p, w 2<3 and 
; � and � are constant matrices of appro-
priate dimensions. The WF response of the ship is generated by using the
principle of linear superposition, that is the 1st-order wave-induced motion
�w = [xw; yw;  w]

T is added to the LF motion components of the ship given
by � = [x; y;  ]T: Hence, the total ship motion is the sum of the LF-motion
components and the WF-motion components as shown in Figure 2. Notice the
oscillatoric behavior of the wave-induced motion component. It is assumed
that the WF model excitations w in (8) are zero-mean Gaussian white noise.

For notational simplicity, a 2nd-order wave model for the 1st-order wave-
induced motion is considered in the remaining of the paper. However, higher
order wave transfer function approximations can also be used, such as a 4th-
order wave model with 5 parameters, see Grimble et al. (1980a) and Fung and
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Grimble (1983), and a 6th-order wave model with 4 parameters (Triantafyllou
et al. 1983). The main reason for choosing a higher order of the WF model
is that a more precise approximation to the actual wave spectrum e.g. the
Pierson-Moskowitz or the JONSWAP spectra can be obtained (Fossen 1994).
However, this also increases the number of model parameters to be determined
and the dimension of the observer gain matrices to be tuned.

Wave Spectrum Approximation (2nd-Order Wave-Induced Motion)

The 2nd-order wave-inducedmotion model was originally proposed by Balchen
et al. (1976) who used three harmonic oscillators. S�lid et al. (1983) improved
the WF model approximation by including an additional damping term. This
model can be written (one model for each degrees of freedom):

hiw(s) =
�is

s2 + 2�i!0is+ !2
0i

(10)

where !0i (i=1...3) is the dominating wave frequency, �i (i=1...3) is the relative
damping ratio and �i (i=1...3) a parameter related to the wave intensity.

A state-space realization of (10) in 3 degrees of freedom (DOF) is:

2
64
_�
1

_�
2

3
75 =

2
64 0 I


21 
22

3
75
2
64 �1
�
2

3
75+

2
64 0

�2

3
75w (11)

�w =
�
0 I

� 264�1
�
2

3
75

where �1 2 <
3, �2 2 <

3 and:


21 = �diag
n
!2

01
; !2

02
; !2

03

o


22 = �diag f2�1!01; 2�2!02; 2�3!03g

�2 = diag f�1; �2; �3g :

2.5 Measurement System

For conventional ships only position and heading measurements are avail-
able. Several position measurement systems are commercially available, such
as hydroaccustic positioning reference (HPR) systems and satellite naviga-
tion systems. The two commercial available satellite systems are Navstar GPS
(USA) and GLONASS (Russian), see Parkinson (1996). The accuracy of the
GPS satellite navigation system is degraded for civilian users and this re-
sults in root-mean-squares errors of about 50 (m) for the horizontal positions.
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However, for ship positioning systems this problem is usually circumvented
by using a di�erential global positioning system (DGPS). The main idea of
a di�erential GPS system is that a �xed receiver e.g. located on shore with
known position, is used to calculate the GPS position errors. The position
errors are then transmitted to the GPS-receiver on board the ship and used
as corrections to the actual ship position. In a DGPS-system the horizontal
positioning errors are squeezed down to less than 1 (m) which is the typical
accuracy of a ship positioning system today (Hofmann-Wellenhof et al. 1994).

The heading of the vessel is usually measured by using a gyro compass where
gyro drift can be compensated for by using a magnetic compass. The accuracy
of a gyro compass is typically in the magnitude of 0.1 (deg).

Hence, the position and heading measurement equation can be written:

y = � + �w+v (12)

where �w is the vessel's WF motion due to 1st-order wave-induced distur-
bances and v 2<3 is zero-mean Gaussian white measurement noise. It is im-
portant that the observer is tuned such that the observer gains reect the
di�erences in the noise levels of the measured signals.

In addition to these measurements, the ship observer needs actuator mea-
surements u such that the control forces in surge and sway, and moment in
yaw:

� = Buu (13)

can be computed. Recall that the input matrix Bu is assumed to be known.

De�nition 1 (Wave Filtering). Wave Filtering can be de�ned as the re-
construction of the LF motion components � from the noisy measurement
y = � + �w+v by means of an observer (state estimator). In addition to
this, a noise-free estimate of the LF velocity � should be produced from
y. This is crucial in ship motion control systems since the oscillatoric mo-
tion �w due to 1st-order wave-induced disturbances will, if it enters the
feedback loop, cause wear and tear of the actuators and increase the fuel
consumption.

Remark 1. In general it is impossible to counteract the 1st-order wave-
inducedmotion of a ship when applying a reasonable propulsion and thruster
system. Hence, no improvement in position performance should be expected
by feeding back the signal �w to the controller.
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3 Resulting System Model

In the Lyapunov stability analysis, the following assumptions are made:

A1: M =MT > 0: This is true if starboard and port symmetries, and low
speed are assumed. Symmetry and positive de�niteness are only necessary
in the Lyapunov analysis. In addition to this, it is assumed that the added
mass terms are independent of the wave-frequency such that _M = 0 holds.
This is a good assumption for most low-speed applications (Fossen 1994).
A2: n = w = 0: The bias and wave models are driven by zero-mean Gaus-
sian white noise. These terms are omitted in the observer model and Lya-
punov function analysis since the estimator states are driven by the estima-
tion error instead.
A3: v = 0: Zero mean Gaussian white measurement noise is not included
in the Lyapunov function since this term is negligible compared to the 1st-
order wave disturbances �w: Full-scale experiments have shown that the
observer is highly robust for measurement noise produced by commercial
available DGPS-systems and gyro compasses.
A4: J(�) = J(y) or J( ) = J( + w): This is a good assumption since
the magnitude of the wave-induced yaw disturbance  w will be less than 5
degrees in extreme weather situations (sea state codes 5{10), and less than
1 degree during normal operation of the ship (sea state codes 1{5).

Application of Assumptions A1{A4 to (1), (3), (7), (11) and (12) yields the
following system model:

_� = 
� (14)

_� = J(y)� (15)

_b = �T�1b (16)

M _� = �D� + JT (y)b+� (17)

y = � + �w = � + ��: (18)

For notational simplicity (14), (15) and (18) are written in state-space form:

_�0 = A0�0+B0J(y)� (19)

y = C0�0
(20)

where �
0
= [�T ;�T ]T and:

A0 =

2
64
 0

0 0

3
75 ; B0 =

2
640
I

3
75 ; C0 =

�
� I

�
: (21)
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4 Nonlinear Observer Design

The objective of the observer design is to generate LF position and heading
estimates, estimates of the unmeasured LF velocities and estimates of the bias
terms by using the idea of wave �ltering as stated in De�nition 1. Since the
measurements consist of both a LF and a WF component, a wave model is
included in the observer to produce a notch e�ect. When the dominating wave
frequency is known, the observer should have the properties of a notch-�lter in
the frequency range of the wave disturbances. Notice that the notch frequency
(dominating wave frequency) will be inside the bandwidth of most ships.

4.1 Observer Equations

A nonlinear observer copying the dynamics (14){(18) is:

_̂
� = 
�̂ +K

1
~y (22)

_̂� = J(y)�̂ +K
2
~y (23)

_̂
b = �T�1b̂+

1


�~y (24)

M _̂� =�D�̂ + JT(y)b̂+ �+
1


JT(y)K~y (25)

ŷ = �̂ + ��̂ (26)

where ~y = y � ŷ is the estimation error and K1 2 <
6�3;K2 2 <

3�3;K 2
<3�3 and � 2 <3�3 are observer gain matrices to be interpreted later.  > 0
is an additional scalar tuning parameter motivated by the Lyapunov analysis,
see Section 5.1. Similarly as (19) and (20), the system (22), (23) and (26) is
written in state-space form:

_̂�
0
= A0�̂0

+B0J(y)�̂ +K~y (27)

ŷ = C0�̂0
(28)

where �̂
0
= [�̂

T
; �̂T ]T and:

K =

2
64K1

K2

3
75 : (29)

The observer structure is shown in Figure 3.
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Fig. 3. Block diagram showing the nonlinear observer.

4.2 Estimation Error Dynamics

The estimation errors are de�ned as ~� = � � �̂, ~b = b� b̂ and ~�0= �0��̂0:
Hence, the error dynamics can be written:

_~�
0
= (A0 �KC0) ~�0

+B0J(y)~� (30)

_~b = �T�1~b�
1


�~y (31)

M _~� = �D~� + JT (y)~b�
1


JT(y)K~y: (32)

The dynamics of the velocity estimation error (32) can be rewritten as:

M _~� = �D~��
1


JT (y)~z

where

~z ,K~y�~b: (33)

By de�ning

~x ,

2
64 ~�0

~b

3
75 (34)

11



∼

∼ ∼

Fig. 4. Block diagram showing the dynamics of the position/bias and velocity esti-
mation errors.

(30), (31) and (33) can be written in compact form as:

_~x = A~x+BJ(y)~� (35)

~z = C~x (36)

where

A =

2
64A0 �KC0 0

� 1


�C0 �T�1

3
75 ; B =

2
64B0

0

3
75 ; C =

�
KC0 �I

�
: (37)

The error dynamics is shown in Figure 4 where two new error terms "z= �J
T (y)~z

and "�= J(y)~� are de�ned.
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5 Stability Analysis

In this section both GES (Section 5.1) and passivity (Section 5.2) of the ob-
server are proven.

5.1 SPR-Lyapunov Function Analysis

Lemma 1 (Kalman-Yakubovich-Popov (KYP) Lemma). Let Z(s) =
C(sI � A)�1B be a n � n transfer function matrix, where A is Hurwitz,
(A;B) is controllable, and (A; C) is observable. Then, Z(s) is strictly positive
real (SPR) if and only if there exist positive de�nite matrices P = PT and
Q = QT such that (Khalil 1996):

PA+ATP = �Q (38)

BTP = C (39)

Proposition 1 (SPR Velocity Estimation Error). If  > 0 and the ob-
server gain matrices are given the following structure:

K1 =

2
6666666666666664

k11 0 0

0 k12 0

0 0 k13

k21 0 0

0 k22 0

0 0 k23

3
7777777777777775

;K =

2
666664

�1 0 0

0 �2 0

0 0 �3

3
777775

(40)

K2 =

2
666664

k31 0 0

0 k32 0

0 0 k33

3
777775
;� =

2
666664

�1 0 0

0 �2 0

0 0 �3

3
777775

(41)

then the elements kij > 0; �i > 0 and �i > 0 can be chosen such that the
triple (A,B;C) given by (37), that is the mapping "� 7! ~z satis�es the
KYP lemma.

Fig. 5. The decoupled transfer function structure of the position error dynamics.
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Proof. Since K and � are chosen to be diagonal, the mapping "� 7! ~z (see
the lower block in Figure 4) can be described by three decoupled transfer
functions:

~z(s)= H(s)"�(s) where H(s) = H0(s)HB(s)

and:

H0(s) = C0(sI +A0 �KC0)
�1B0

HB(s) = K+ (sI + T�1)�1�:

The diagonal structure ofH(s) is shown in Figure 5. The transfer functions
hi
0
(s) (i=1...3) of H0(s) and hiB(s) (i=1...3) of HB(s) of becomes:

hi
0
(s) =

s2 + 2�i!ois+ !2

oi

s3 + (k2i + k3i + 2�i!oi)s2 + (!2
oi + 2�i!oik3i � k1i!2

oi)s+ !2
oik3i
(42)

hiB(s) = �i
s+

�
1

Ti
+ �i

�i

�

s+ 1

Ti

Ti�1

� �i
s+ �i

�i

s+ 1

Ti

: (43)

In order to obtain the desired notch e�ect (wave �ltering) of the observer,
see De�nition 1, the desired shape of hi

0
(s) is speci�ed as:

hi
0d(s) =

s2 + 2�i!ois+ !2

oi

(s2 + 2�ni!ois+ !2
oi) (s+ !ci)

(44)

where �ni > �i determines the notch and !ci > !oi is the �lter cut-o�
frequency. Equating (42) and (44) yields the following formulas for the �lter
gains in K1 and K2:

k1i = �2!ci(�ni � �i)
1

!oi
(45)

k2i = 2!oi(�ni � �i) (46)

k3i = !ci: (47)

Notice that the �lter gains can be gain-scheduled with respect to the domi-
nating wave frequencies !oi if desired. In Figure 6 the total transfer function
hi(s) = hiB(s) �h

i
0
(s) is illustrated when all �lter gains are properly selected.

It is important that the 3 decoupled transfer functions hi(s) all have phase
greater than �90� in order to meet the SPR requirement. It turns out that
the KYP lemma and therefore the SPR requirement can easily be satis�ed
if the following tuning rules for Ti; �i and �i are applied:

1=Ti � �i=�i < !oi < !ci; (i=1...3). (48)
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Fig. 6. Bode plot showing the transfer functions hi(s) when
1=Ti � �i=�i < !oi < !ci (i=1...3).

Here !oi (i=1...3) are the dominating wave frequencies and Ti � 1 (i=1...3)
are the bias time constants used to specify the limited integral e�ect in the
bias estimator.

M

Remark 2. The observer can be gain-scheduled with respect to the domi-
nating wave frequency vector !o = [!o1; !o2; !o3]T by noticing that K1 =
K1(!o); see Eqs. (45){(46). The gain matrices K2;� and K are indepen-
dent of !o: An estimate of !o can be found by using an on-line frequency
tracker (Fossen 1994).

Theorem 1 (Main Result: Globally Exponentially Stable Nonlinear Observer).
Under Assumptions A1{A4 the nonlinear observer given by (22){(26) is
globally exponentially stable.
Proof. Consider the following Lyapunov function candidate:

V = ~�TM ~� + ~xTP ~x: (49)
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∼

Fig. 7. The observer error dynamics in terms of two interconnected feedback error
systems H1 (velocity) and H2 (position and bias).

Di�erentiation of V along the trajectories of ~� and ~x and application of
Assumptions A1{A4, yields:

_V = �~�T
�
D +DT

�
~� + ~xT

�
PA+ATP

�
~x

+2~�TJT (y)BT
P ~x�2~�TJT (y)~z: (50)

Application of Proposition 1 to (50), yields:

_V = �~�T
�
D +DT

�
~� � ~xTQ~x: (51)

Hence, ~� and ~x = [~�
T
; ~�T ; ~b

T
]T converge exponentially to zero, q.e.d.

M

5.2 Passivity Interpretation of the Nonlinear Observer

The error dynamics in Figure 4 can be described as illustrated in Figure 7 by
letting H1 denote the mapping "z 7! ~� and H2 denote the mapping "� 7! ~z.
Notice that the coordinate transformation is performed through a non-singular
and bounded matrix J(y).

Proposition 2 (Strictly Passive Velocity Error Dynamics). The map-
ping H1 is state strictly passive.
Proof. Let

U =
1

2
~�TM ~� (52)

be a positive de�nite storage function. Time di�erentiation of U along the
trajectories of ~� yields:

_U = �
1

2
~�T

�
D +DT

�
~� � ~zTJ(y)~� (53)
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Using the fact that "z= �J
T(y)~z; yields:

"Tz ~� =
_U +

1

2
~�T

�
D +DT

�
~� (54)

Hence:

Z t

t0

"Tz (� )~�(� ) d� � �~�T ~�+� (55)

where � = 1

2
�min(M) is a positive constant and �=1

2

R t
t0
~�T

�
D +DT

�
~�d� �

0 is the dissipated energy due to hydrodynamic damping.
M

Theorem 2 (Passive Observer). The nonlinear observer (22){(26) is pas-
sive.
Proof. Since it is established that H1 is state strictly passive and H2 is SPR
(Propositions 1 and 2), the nonlinear observer (22){(26) must be passive.
In addition to this, GES has been shown (Theorem 1).
M

6 Case Study

Both computer simulations and full-scale experiments have been used to eval-
uate the performance and robustness of the nonlinear passive observer. The
case studies are based on the following models of the ship-bias-wave system:

M =

2
666664

5:3122 � 106 0 0

0 8:2831 � 106 0

0 0 3:7454 � 109

3
777775

(56)

D =

2
666664

5:0242 � 104 0 0

0 2:7229 � 105 �4:3933 � 106

0 �4:3933 � 106 4:1894 � 108

3
777775
: (57)

A picture of the actual ship is shown in Figure 8.

The length of Northern Clipper is L = 76:2 (m) and the mass ism = 4:591�106

(kg). The coordinate system is located in the center of gravity. The bias time
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Fig. 8. Nortern Clipper. A multipurpose supply vessel owned by S�vik Supply
Management, Norway.

constants were chosen as:

T =

2
666664

1000 0 0

0 1000 0

0 0 1000

3
777775

(58)

The wave model parameters were chosen as �i = 0:1 and !oi = 0:8976 (rad/s)
corresponding to a wave period of 7:0 (s) in surge, sway and yaw. The notch
�lter parameters were chosen as �ni = 1:0 and !ci = 1:1: From (45){(47) we
get:

K1 =

2
6666666666666664

�2:2059 0 0

0 �2:2059 0

0 0 �2:2059

1:6157 0 0

0 1:6157 0

0 0 1:6157

3
7777777777777775

;K2 =

2
666664

1:1 0 0

0 1:1 0

0 0 1:1

3
777775

(59)

18



The last two gain matrices and  were chosen as:

K =

2
666664

0:1 0 0

0 0:1 0

0 0 0:01

3
777775
; � =0:1K,  = 1 (60)

Both the simulation study and the full-scale experiment were performed with
a measurement frequency of 1 (Hz). The simulation study was performed with
non-zero noise terms n; v and w even though these terms were assumed to
be zero in the Lyapunov analysis. This was done to demonstrate the excellent
performance of the observer in the presence of stochastic noise.

6.1 Simulation Study

In the simulation study the control inputs were chosen as:

� =

2
666664

1000 sin(0:05t)

1000 sin(0:1t)

1000 sin(0:07t)

3
777775

(61)

The amplitudes of the 1st-order wave-induced motion in surge, sway and yaw
were limited to 1.0 (m), 1.0 (m) and 1.0 (deg), respectively. These disturbances
were added to the positions and heading measurements in the simulator.

The simulation results are shown in Figures 9{11. The 1st-order wave-induced
motion in surge, sway and yaw and their estimates are shown in the lower
left plots. It is seen that excellent tracking of the position, velocity and bias
is obtained even though the measurements are highly noise-corrupted. In par-
ticular, it is impressing that the stochastic behavior of the bias is estimated
as well. This means that the zero white noise assumption in the proof can be
relaxed when implementing the observer.

6.2 Experimental Results

The simulated observer was implemented on Northern Clipper (Figure 8) to
investigate the performance and robustness on "real" data. The time-series
from the full-scale experiments are shown in Figures 12{14. The experiments
were performed in an extreme weather situation to demonstrate the �ltering
properties. The amplitudes of the 1st-order wave-induced motion in surge,
sway and yaw were as large as 8.0 (m), 10.0 (m) and 2.0 (deg), respectively.
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This corresponds to sea state codes 8 and 9 (very high or phenomenal seas).
Again, excellent results were obtained. It is seen from the plots that most of
the 1st-order wave disturbances are �ltered out resulting in smooth estimates
of the positions, heading and velocities. Hence, the feedback controller should
not be to much a�ected by the rough weather condition.

7 Conclusions

In this paper a nonlinear passive observer for ships in surge, sway and yaw
has been derived. The observer is proven to be global exponential stable and
passive. The number of tuning parameters has been reduced to a minimumby
using passivity theory. It has been shown that both the low-frequency position
and velocity of the ship together with accurate bias state estimates (environ-
mental disturbances) can be computed from noisy position measurements. In
addition, �ltering of 1st-order wave-induced disturbances has been done.

The nonlinear passive observer has been simulated on a computer model of a
supply vessel and implemented on a full-scale supply vessel (Northern Clip-
per) with excellent results. The simulation results showed that all estimation
errors including the bias estimation errors converged exponentially to zero.
Experimental results from sea trials performed in the North Sea have also
been reported.

The main advantage of the nonlinear design to a linear design is that the
kinematic equations of motion do not have to be linearized about a set of
prede�ned constant yaw angles, typically 36 operating points in steps of 10
degrees, to cover the whole heading envelope of the ship. This is, however,
common when using linear Kalman �lters and gain scheduling techniques. In
addition, it is shown that the tuning procedure is relatively simple to perform
due to the passive structure of the observer. On the contrary, it is quite time
consuming to tune the Kalman �lter since the weighting matrices will be of
dimension 15�15 and 3�3 corresponding to the estimation error and control
input vectors, respectively.

The results of the paper have applicability to dynamic positioning (DP), track-
ing control and berthing of ships as well as other marine craft. Future work will
look into the design of a nonlinear control law utilizing the passive structure
of the observer.
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Fig. 9. Simulation study: Position, velocity, wave disturbance and bias (grey), and
their estimates (black) in surge.
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Fig. 10. Simulation study: Position, velocity, wave disturbance and bias (grey), and
their estimates (black) in sway.
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Fig. 11. Simulation study: Heading angle, angular rate, wave disturbance and bias
(grey), and their estimates (black) in sway.
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Fig. 12. Experimental data: Control inputs in surge, sway and yaw.

0 200 400 600 800
-15

-10

-5

0

5

10

GPS-meas. and estimated x   [m]

0 200 400 600 800
-10

-5

0

5

10
estimated xw   [m]

0 200 400 600 800
-25

-20

-15

-10

-5

0

GPS-meas. and estimated y  [m]

time  [sec]

0 200 400 600 800
-10

-5

0

5

10
estimated yw   [m]

time  [sec]

Fig. 13. Experimental data: Actual LF+WF position (grey) with estimates (black)
of the LF- and WF-position components in surge and sway.
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Fig. 14. Experimental data: Upper plots { Actual LF+WF heading angle (grey)
with estimates (black) of the LF- and WF-heading angles. Lower plots { Estimates
of the LF velocities in surge, sway and yaw.
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