Global output tracking control of a class of Euler-Lagrange systems
with monotonic nonlinearities in the velocities
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Abstract

In this paper, we address the problem of output feedback tracking control of a class of Euler-Lagrange
systems subject to nonlinear dissipative loads. By imposing a monotone damping condition on the non-
linearities of the unmeasured states, the common restriction that the nonlinearities be globally Lipschitz is
removed. The proposed observer-controller scheme renders the origin of the error dynamics uniformly glob-
ally asymptotically stable, in the general case. Under certain additional assumptions, the result continue to
hold for a simplified control law that is less sensitive to noise and unmodeled phenomena.

1 Introduction

In contrast to the well developed theory of linear systems, results for nonlinear systems do not apply in general,
but are restricted to classes of systems for which certain structural properties can be exploited. For instance,
when only a subset of the states are available for measurement, simple algebraic tests are available for linear
systems, that, if confirmative, ensure that the problem of output feedback tracking is solvable by means of an
observer in conjunction with a state feedback control law. Moreover, the observer and the control law can be
designed independently, a fact which is referred to as the separation principle for linear systems. For nonlinear
systems in general, even an estimate that converges exponentially fast to the actual state, does not guarantee
stability of the closed loop system when used in a state feedback control law.

Among the first papers on observer design for systems with nonlinearities in the unmeasured states was one
by Thau (1973), whose results were later generalized by Kou et al. (1975). They considered systems in the form

T = Ax—i—g(t,u,y)—l—f(t,u,x)
y = Cux

where f is assumed to be globally Lipschitz in x with Lipschitz constant v. They went on to construct an
observer as follows )
&= Ai+g(t,uy) + F(tu,2) + Ly — C2)

where L is the observer gain matrix. Their main result stated that the estimate & will converge to the true state

x, provided that v < Amin(Q)/2Amax(P), where P and @ are symmetric positive definite matrices satisfying

the Lyapunov equation (A — LC)TP + P(A — LC) = —Q. Raghavan and Hedrick (1994), and later Rajamani
*Department of Engineering Cybernetics, Norwegian University of Science and Technology, N-7491 Trondheim, Norway.

t Author for correspondence. e-mail: aamo@itk.ntmui.no
fCenter for Control Engineering and Computation, University of California, Santa Barbara, CA 93106-9560, USA.




(1998), provided systematic approaches to finding an observer gain matrix L that satisfies this condition. In
two recent papers, Arcak and Kokotovi¢ (1999a, 1999b) remove the global Lipschitz condition on f, and instead
require a monotonic damping property to hold. As we will demonstrate, this damping property is of interest in
offshore applications.

The papers by Arcak and Kokotovi¢, and a recent paper by Loria and Panteley (1999), are the main sources
of motivation for this work. Loria and Panteley (1999) present a separation principle for fully actuated Euler-
Lagrange systems that can be transformed, via a global change of coordinates, into the following form

g = J(qv (1)
Mi+ov(q) = 7 (2)

where ¢ and v are n-dimensional vectors of generalized positions and velocities, respectively, M is a symmetric
positive definite and constant matrix, 7 is the control input, and J is an n X n matrix as a function of ¢q. In
contrast to the numerous references made to ship dynamics in Loria and Panteley (1999), the class of systems
described by equations (1) and (2) does not include systems where © depends on v. Clearly, this fact excludes
offshore structures and ships from the class, since they will be subject to coriolis and centripetal forces, as well
as hydrodynamic drag. In general, these terms are nonlinear functions of the velocities. As already mentioned,
nonlinearities in the unmeasured states are not trivial to include in the analysis, and the global output feedback
tracking control problem has not been solved for general Euler-Lagrange systems (the global set-point regulation
problem has been solved, though (Berghuis and Nijmeijer 1993)). In the special case of one degree-of-freedom
systems, Loria (1996) presented the first explicit global solution to the problem. In Besangon (1998), a more
elegant solution to the one degree-of-freedom problem was presented. For higher order systems, a semi-global
result has been achieved by Loria and Nijmeijer (1998).

We extend the class of systems considered in Loria and Panteley (1999) by adding a term, nonlinear in
the unmeasured states, that satisfies the monotone damping property employed for observer design in Arcak
and Kokotovi¢ (1999b). Although this property allows the unmeasured states to be raised to any power, it
ensures that the unboundedness observability property of Mazenc et al. (1994) holds. The observer-controller
scheme proposed in this paper, renders the origin of the error dynamics uniformly globally asymptotically stable
(UGAS). In a separate result, positive definiteness of the linear damping term, or alternatively, an additional
assumption on the matrix J(g), is exploited to obtain UGAS by means of a simplified control law.

2 Notation and definitions

We will denote the set of natural numbers by N, the Euclidean space of dimension n by R, the set of nonnegative
real numbers by R, and the closed ball of radius r by B,.. The 2-norm of elements of R™, as well as the induced
matrix 2-norm, is denoted by ||-||. Estimates will be denoted by a hat, that is, & and & are estimates of = and
&, respectively. The following definitions are taken from Khalil (1996) and Krsti¢ et al. (1995).

Definition 1 A continuous function o : Ry — Ry is said to be a class K function if it is strictly increasing
and «(0) = 0. If, in addition, a(r) — 0o as r — oo it is said to be a class Ko function. A continuous function
0 : Ry xRy — Ry is said to be a class KL function if, for each fized s, the mapping B (r,s) is a class K function
with respect to r and, for each fixed r, the mapping B(r, s) is decreasing with respect to s and B(r,s) — 0 as
8§ — 00.

Definition 2 The solution x(t; xo,to) of & = f(t,x) is uniformly globally bounded (UGB) if for each xg € R™
there exists a constant b (independent of tg), such that

[z < b(zo)



Definition 3 The equilibrium point x = 0 of & = f(t, ) is uniformly globally asymptotically stable (UGAS) if

1. it is uniformly globally stable (UGS), that is, there exists v € Ko such that, for each (to,zp) € Ry x R™
and all t > ty, we have

@)1 <~ (lzoll) ;

2. for each pair of strictly positive real numbers € and r, there exists a positive real number T such that

lz@)l <€, VE=to+T(er), Vlz(to)ll <7 3)

Definition 4 The equilibrium point x = 0 of & = f(t,x) is uniformly locally exponentially stable (ULES) if
there exist positive constants k, v and ¢ such that

()| < K lle(to)l| e 1), Wt > to, ¥ [la(to)l| < (4)

If (4) is satisfied for any initial state x(tg), then the equilibrium point is uniformly globally exponentially stable
(UGES).

Definition 5 The system & = f(t,z,u) is input-to-state stable (ISS) if there exist a class KL function 8, and
a class K function v, such that for any initial state x(ty), and any bounded input u(t), the solution x(t) exists
and satisfies

@I < B (lz(to)ll .t = to) +7< sup U(T)>

to<t<t

3 Problem statement

In the Lyapunov analysis that follows, we will require a monotone damping property to hold for the function
of the unmeasured states (denoted d in (8) below). More precisely, we require that the function d : R — R is
locally Lipschitz and satisfies

(2 — )T P(d(x) — d(y) 20, Va,ycR” (5)

where P = PT > (. For the special case when d is continuously differentiable, the following lemma provides a
test for this property (see Ortega and Rheinboldt 1970).

Lemma 1 (monotone damping property) Suppose d:R™ — R"™ satisfies

- - > Y. n

where P = PT > 0. Then, (5) holds for d.

We consider systems in the following form

¢ = Jgv (7)
Miu+Dv+dv)+ov(q) = 7 (8)
where ¢, € R®, M and D are constant matrices satisfying M = M” > 0 and D + DT > 0, respectively, and

d(v) satisfies (5) with P = I. As in Loria and Panteley (1999) we will assume that J : R” — R™ "™ has the
following properties



Property 1 J(q) is invertible and satisfies 0 < k;j < ||J(q)|| < ks for all ¢ € R™.

Property 2 %J(q) = J(q,q) is globally Lipschitz in ¢, uniformly in q, with Lipschitz constant L ;.

Problem 1 (the global output feedback tracking control problem) Consider the system given by equa-
tions (7)-(8). Let a desired trajectory, qq : [tg,00) — R™, be given, that has continuous first and second
derivatives whose norms are bounded above by B,. Find a controller

é‘ - f(t7<7Q)
T = h(t,¢q)

such that ¢ — qq, and ¢ — G4, as t — oo.

4 Main results

4.1 Observer design
Copying equations (7)—(8) and adding output injection terms yield the following observer

i = J@p+Koq 9)
Mi+ Do +d(®) +v(q) = 7+ MK, (q9)d (10)

with error dynamics, in terms of § £ ¢ — ¢ and & £ v — 1, as follows

~Ko,q+ ()P (11)
= —K,,(q)i— M *[Di+d(v)—d(i)] (12)

R Qe
|

The error dynamics (11)—(12) are time-varying, since the measurement ¢ is time-varying. Now, consider the
Lyapunov function candidate given by

1
Vo(t,4,7) = 5 (§"Pog + 0" MD) (13)
where P, = PI > 0. Setting K,,(q) = M *J(q)T P,, the time derivative of V, along the trajectories of (11)—(12)
is

. o 1. N y N
Vo(t,q,0) = fiqT(PoKol +KaTlPo)q+qTPoJ(q)u

—"MK,,(q)d — %DT (D+D") v — " [d(v)—d(P)]

Since d satisfies (5) with P = I, we get

Vo(t,4,7) < —54" (PoKo, + Kg Po)j — 50" (D+D") D (14)

N —

1
2



Clearly, for D+ DT positive definite, the origin (g, 7) = (0,0) of (11)—(12) is UGES, provided that K, is chosen
such that P, K,, + K, g; P, is positive definite. Now, what happens if the damping and friction forces cannot be
represented by a positive definite D + DT, that is, D + D7 is only positive semi-definite? This is, for instance,
the case for offshore vessels and structures for which the hydrodynamic drag is modelled by Morison’s equation,
and for ships not possessing straight-line stability. In Loria and Panteley (1999), UGAS and ULES of the origin
(G,7) = (0,0) of (11)—(12) is shown by using Theorem 1 in Fossen et al. (2000) (also in Loria et al. (1999)),
under the assumption that the trajectories of (7)—(8) are uniformly bounded. The idea of this theorem is to
decompose the system into one part, for which the origin is ULES, plus a perturbation whose norm is bounded,
on any compact subset of the state space, by a linear function of ||||. Direct application of this theorem requires
a global Lipschitz condition to hold for d, but in our case, d is only locally Lipschitz. A small modification of
the theorem, taking (5) into account, resolves this problem.

Proposition 1 Let P, = PI > 0, and suppose the observer gain matrices are chosen according to

0 < PK, +K!P,
Ko,(9) = M_IJ(Q)TPO

If the trajectories v(t) are uniformly globally bounded, then the origin of (11)-(12) is uniformly globally asymp-
totically stable (UGAS) and uniformly locally exponentially stable (ULES). Moreover, if D + DT > 0 then it is
uniformly globally exponentially stable (UGES).

Proof. The UGES part of the proposition is clear from equations (13) and (14). We prove the UGAS/ULES
part. In reference to Definition 3, we need to prove uniform global stability (UGS) and uniform attractivity.
From equations (13) and (14), and by the positive definiteness of P,K,, + K_ P,, there exists a strictly positive
constant ¢y, such that ]

Volt,§,7) < —c1 ||l <0 (15)

So the origin is UGS, which means that there exists a class Ko, function, «, such that [|z(¢)|| < v(||z(to)]l),
where we have defined x £ (4, 7) to simplify notation. In order to prove uniform attractivity, we rewrite the
system (11)—(12) as

i = f(t,x) +g(t, ) (16)
where
-4+ J(q)v
Jt) = { ~M~1J(q)"q ~ M-y v [d(v)—d(®)] }
and

- Ko G+
5th,2) = [ —M~1J(q)" Pog + M~ J(g)"q }

We start by proving that, for any r > 0, the origin of & = f(¢,z) is ULES for initial states belonging to B;.
Define w = v(r) and consider the Lyapunov function candidate V5 : [tg, o0) x B,, — R, defined by

—_

Vo(t,z) = = (§7G+ 0" MD) —eq" J(q)i (17)

[N}

Since M = MT > 0, there exist constants ¢, and ¢, with ¢, > ¢p, such that

e ||2])® — edT T (@) < Va(t,z) < cq |l2]|* — g7 T (q)7



so0, by imposing € < ¢/k;s, we have that
3ca
3 llzll® < Va(t,@) < S alf”, V(t.a) € [to,o0) x B, (18)

The time derivative of V5(t, z) along trajectories of & = f(t, z) is

Vo(t,z) < =G G+eqd J(@QM ™" J(q) G+ eq" J(qQM ™" [d(v)—d(P)]

+eG" J(@)M ™' Dir — e¢" I (q, Q)i + " J(q) TG — ev " T (q)" T (q)¥
~112 ~12 — ~112 _ N ~

—|a))* — k2 [|9))* + ek | M| 7 1G11* + ek ||| |d(v)—d(@)]| 1]

+ (ks M 11 + < ||| + <) lal 117

IA

Notice that since d is locally Lipschitz, we can find a Lipschitz constant, Lg,,, for d on the compact set B,,. Thus,
ld(v)—d(P)|| < La, ||P|. Furthermore, since v(t) is assumed to be UGB, there exists a constant, b(||lv(to)]]),

such that ||v(t)]] < b(||v(to)]|). Thus, using Properties 1 and 2, we get the following bound on HJ(q, q)H

|7@d)| < Zs 7@l < Liksb(vito)l) 2 85

Defining ¢ = ky ||M ™| La, + ks ||[M 7| |D[| + 8 + ks, we get

) 1 N : 1 5 EkQ ~ 1 q T l __E¢ q
Vate.o) < - (5 el ) i - gl - et -5 e || 2 S ]

[l
2
e < min{&, <&> }
k‘J C

Vo(t,z) < —cz ||| (19)

(1 ek?
Co = Imin Z,T

It remains to show uniform attractivity of the full system (16). Consider the Lyapunov function candidate
V : [tg,00) X B, — Ry defined by V(t,z) £ uV,(t,z) + Va(t,z) where u > 0 is to be specified later. From
equations (13) and (18), it is clear that there exist constants ¢/, and ¢, with ¢, > ¢}, such that

If we pick & such that

then

with

& ll|* < V(t,z) < & ||| (20)
From equations (15), (16), and (19) we have
o,

- <12 2
D(t.a) <~ = o ol + | G2 ) | ) (1)
Using Property 1 we can find a positive constant cs, such that
l9(g, v, )l < es 4]l (22)



Let j;(g) denote the i*" column of J(q), that is
J(q)=1[ jile) d2(a) - Jnlq) ]

The Jacobian of j;(q), ngﬂ, is bounded uniformly in g, otherwise Property 2 would not hold. Thus, we can
find a constant, 3,;, such that

d7i(q)
< Bgy:, VgeR"
H 8(] = ﬁaj q
The Jacobian of Va(t,z) is
%(W) = [ §" e S (JG+D)TQ) vTM —<q"J(q)
~T J1§q+q2
qT J2§q+CJ2
= | @ - | I+ . p"M —£q"J(q)
i B (@+4)
By noticing that
LfT 31§q+q2
QT Jz§q+q2
<VnBa; lldll < VnBaw
T D (d44)
q oq

and, by using Property 1, we get

[0

< (U 2RD) 1l + 22 (ks M1+ (ks + VnBa,0)) Nl 17]
+ (UM + €2 (kg + vBagw)”) 17
Thus, we can find a positive constant ¢4, such that
G20 < el (23)

Inserting the bounds (22) and (23), into (21), we get

° ~112 2 ~
V(t,z) < —cpllql *@HIH + czea ||| [|g]|
2 (0304) c2 c3c4
= —apllql” - H 12 4+ == ld]1* — ( 5H$H—\/—H ql)?
(0304) 2 2
< —(cw— 1gl” — Hx\l (24)



Thus, for sufficiently large p, V(t,x) is negative definite on [tg,00) x B,. From equation (20), and the last
term in equation (24), we conclude that the origin x = 0 of (16) is ULES, that is, there exist strictly positive

constants k and 5 such that
()| < klz(to) ]| e~

for all ¢ > tg and z(tp) € B,. Now, given € > 0 (recall that r > 0 is already given), we have that (3) holds with
T=In(&)/y3 =

Under an additional assumption on J(¢), and by following the lines of Arcak and Kokotovi¢ (1999a), we can
find an observer that renders the error dynamics UGES, even in the case of only positive semi-definite D + DT

Assumption 1 A locally Lipschitz function, ¢ : R™ — R™, is known, such that

%(q)](q)+ (g—(s (q)J(q)) >el, Vg R"”

for some € > 0.

We will use the knowledge of such a function to perform a change of variables. Define the new variable as
follows

y=v—¢(q)
where ¢ satisfies Assumption 1. Writing the system (7)—(8) in terms of ¢ and y, we obtain

¢ = J@y+J(q)o)
¢

§y = —M ' (D(y+d(q) +dy+ ¢(q) +v(q) —7) - 3g @y +J(@)9(@)
Now, consider the observer
¢ = J@i+ @) +Kod (25)
g = —M N (D(@G+ d(q) +dG+ ¢(q) +v(g) — T)
-5 @i+ T@60) + Ko@) (26)
with error dynamics, in terms of § 2 ¢ — ¢ and § 2 y — ¢, as follows
i = —Kog+J(q)i (27)
§ = Kl - MDY - M7 dly + o) - dG + 00)] - ST (28)

Proposition 2 Suppose the observer gain matrices in (25)-(26) are chosen as in Proposition 1. If Assumption
1 holds, then the origin of (27)-(28) is uniformly globally exponentially stable (UGES).

Proof. Using the Lyapunov function candidate V,(¢,q,9) = & (¢7Pog + §7 M7), and setting Ko,(q) =
M~1J(q)* P,, the time derivative of V, along the trajectories of (27)-(28) is

o 1. o o 1 i
Volt.4.9) = —5@" (PoKo, + KJ Po)i+ 3" Pod(0)j — 5" 7(a) Poi — 53" (D + D) g

" d(y + 6(a)—d(i + 6(@)] — 53" (g—gj<q> (f7@) ) j



Since d satisfies (5) with P = I, we get

§"(PK,, + K] Po)d — Lor <%J(q> + (%;(q)) ) ]

7o(t, G, ) < —
Vo(t,4,7) < 2 dq dq

N

In view of Assumption 1, UGES of the origin (¢,7) = 0 of (27)—(28) follows from standard results (Khalil 1996,
Corollary 3.4). =

4.2 Controller design
Now, moving on to controller design, we define the virtual tracking error as
22 J(qQ)0 — 4a + Kpge
where ¢, £ ¢ — ¢4 and K, + KpT > 0. Then,
e = —Kpge + 2+ J(q)7 (29)

and
2= J(q.q)0 + J(@M (T + MK,,(q)§ — Dir — d(i?) — v(q)) — da + K (J(q)v — da) (30)

The theorem below covers the general case, that is, when D + D7 is only positive semi-definite, and we cannot
find a ¢ that satisfies Assumption 1. In this case, we achieve UGAS of the origin of the error dynamics.

Theorem 1 Let P, = PT >0, and set K,, = M~'J(q)T P,. Suppose that the matrices K,,, K,, and Kq, are
chosen such that

P, Ko, + KL P, > 0

K, = K} >0
K; = K!I'>0
Then, the nonlinear output feedback tracking controller
r o= M@ { a0 = (Ka+ lael T+ 11217 T) 2+ o+ Kpia — Ky (0)0 — J(a, T (@)9)7 |
+v(q) + Dv +d(D) (31)

renders the origin £ = (4,7, qe, 2) = 0 of the error dynamics (11)-(12) and (29)-(30) uniformly globally asymp-
totically stable (UGAS).

Proof. Inserting the control law (31) into (30), we obtain
P o= g~ (Katllal®1+2°1) 2
I @M@ Pod + (0, (@) = (@, T@)9)| 7+ K, T (@) (32)
The derivative of Ve(t, ge, 2) = 3 llgell” + % |2]|* along the trajectories of (29) and (32) is
Vet qe ) = —al Kpae — 2" Kaz — |le|* 121" — 211" + 27 T (@) M T (q)" Py
+27 (g, J(@w) = J(a, T (@)9)| &+ 27 Kp T (0)7 + a7 T (@)F (33)

=N



Using Properties 1 and 2, we get
27 (g (@) = J(a, T(@)9)] # < Liks 2] 1] 1] (34)
and, since J(¢)? = 2 + ¢q — Kpge, we get
120 < Rg=r 12l + kg (1K el + kg1 B4 (35)
where k-1 is an upper bound on ||J(g)!|| (which exists by Property 1). Inequalities (34) and (35) imply
2T 1 J(g, J(g)v) = J (g, J(Q)ﬁ)} U < Ljksky— (12 + 1 Kpll lgell + Ba) 12] 1] (36)

Substitution of inequality (36), along with the inequalities

EI@M T () Pog < KT ||MH| [ Poll 2] I4] (37)
K, < kg K 12 1] (38)
4 I < kgl 7] (39)
into equation (33), yields
. 1 1, . 1 2 _ T,
Vo < —gal Kot = 37 Ka2 + (= Phosn o) 217 + 83 |~ 1o el )

A4 212 (1~ 292112 ~ ~
(Bl + Lk 212 150) + (= llael 1211 + Lkskes 1B e 12111

1 2 N
(=g min () e+ b e 17

1 2112 A
(= JAmin ) [21° + (2o B+ s LD 121 191
where Amin (K7) denotes the smallest eigenvalue of the matrix K». Upon completion of squares, one can find a
constant ¢ such that

. . 1 1, R o
‘/c(taqeaz) S _§qZque - QZTKdZ +c H(q’I/)HQ (40)

which proves, using standard results (Khalil 1996, Theorem 5.2), that the (g, 2)-subsystem is ISS with input
(4, 7). From the proof of Proposition 1, ||(g, #)|| is UGB, so it follows from (40) that g, and 2 are UGB. Therefore,
v is UGB. The theorem now follows from (Khalil 1996, Lemma 5.6) along with Proposition 1. ®

In the control law (31) of Theorem 1, the variables g. and 2 are raised to the third power in order to dominate
the estimation error. This may be undesirable due to practical issues such as measurement noise, saturation
in the actuators, and unmodeled actuator dynamics. The next result covers the case when an exponentially
convergent observer is available, in which case we can achieve UGAS of the origin of the overall system with
less control effort. Moreover, we achieve exponential convergence to any e-neighborhood of the origin. Before
we state the theorem, we need the following lemma.

Lemma 2 Let x = 0 be an equilibrium point for the nonlinear system

&= f(t,x), x(to) =g (41)

10



where [ : [tg,00) Xx R™ — R"™ is piecewise continuous in t and locally Lipschitz in x. Let V : [tg,00) x R™ — R
be a continuously differentiable function such that

Billz|® < Vita) <k ] (42)
ov. oV c
St et < —kslal+ g (ol o (2ol ¢ to) (43)

vVt > tog, Vx € R™, where k1, ko, k3, and c, are strictly positive constants, g : Ry — R is continuous, and o is a

class KL function satisfying
o0

/ o (r,8)ds < Goor (44)

to

for some constant oo, Suppose that there exist constants k > 0, and v > 0 such that k|z||° > g(||z]),
Y|z|| > r. Then, the equilibrium point x =0 of (41) is uniformly globally asymptotically stable (UGAS).

Proof. First we show that solutions can be continued for all time. From (42) and (43), we get

t
lz@)||° < V(t’””)gv(to’””‘)Hi V(r,x)dr (45)
kq kq k1

to
k 1 t
2 c

< = lzoll +—/9(Hx|\)o(\lwo\|,tfto)dT

k1 k1

to

Define

B = sup g(|«[)
el <r

By continuity of g on Ry, 3, is finite. We then get

t

c k? c 67‘00 kO'() c

lz@®)I” < = lloll” + (t—to) + [ —— llz(n)I"dr
ky ky ky

to

where we have set 09 = o (||zo||,0), and used the fact that k [|z]|° > g (||z||) for sufficiently large ||z||. Using
Gronwall’s inequality (Khalil 1996, Lemma 2.1), it follows that

8,00
k1

R c koo (k c 0 koo 4y
(o)1 < 22 ool + 2222 ¢ —t0) + 222 (2 ol (¢ = t0) + 22 (1= 10)?)

ko 2k,

which shows that solutions exist for all ¢ > t3. We proceed to show that the solutions are in fact bounded.

Since o € KL there exists a time ¢, > ¢, dependent on the initial state, such that o (||zo]| , £« — to) < % Thus,

we get

k

kag (=) ks
2k -2

Again we have used the fact that & |z|° > g (||z]|) for sufficiently large ||x||. This shows that the set S =

{z: ||z|]| < r} is globally attractive, that is, the distance between x and S tends to 0 as t — oo, for all initial

V< ks 2]l + el ¥zl = 7, Ve > 1.

11



states xo. Thus, boundedness of solutions follows. We finish the proof by showing uniform attractivity. Since
the solutions are bounded, given 3, there exists 3, > 0, such that for all ||zo|| < 8, ||z(t)|| < B, for all t > ¢o.
Now, define
B, = sup g(al)
=<8,

By continuity of g on Ry, 3, is finite. From (42)-(43), and (45), we get

t
c k? c k3 c 1
e < Rl + [ SR el + 2o (e (ol 7~ t0)] e
k1 k1 k1
to
K [k 8
2 c 3 c g
< 2 -~ 2o —to)| d
< Eleolr+ [ [ 1+ o ool 7 —t0)| ar
to
k: ByoacB [ K
2 hHe g(foo 3 c
< 2pgey Lol -~ d
< o Bty [l o)) o
to

where we have used (44) in the last step. Using Gronwall’s inequality, it follows that

(ol < (g0 + LaZeel) oo
k1 k1

and finally that

()] < (ﬁgc + M) © (o) 8)

k1 k1
n

Theorem 2 Let P, = PT > 0 be a symmetric, positive definite matriz, and set K,, = M~'J(q)T P,. Suppose
that the matrices K,,, K, and Kq, are chosen such that

P,K, +K. P, > 0
K, = K} >0
Ki; = KI'>0

If Assumption 1 holds (respectively, D + D' is positive definite), then, the nonlinear output feedback tracking
controller

T=MJ(q)™" {fqe — K2 + g+ Kpgag — KpJ(q) — J(q,J (q)ﬁ)ﬁ} +v(g) + Dv +d(D) (47)

renders the origin & = (§,9,qe,2) = 0 (respectively, § = (¢,V,qe,2) = 0) of the error dynamics (27)-(28)
(respectively, (11)-(12)) and (29)—(30) uniformly globally asymptotically stable (UGAS).

Proof. Inserting the control law (47) into (30), we obtain

f=—qe— Kqz + J(@M 1 J(Q)" Pog + |J(q, I (@)v) — J(q, T (@)D)| ¥ + KT (q)7 (48)
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The derivative of V.(t, qe, 2) = 3 llgell” + 3 |2]|* along the trajectories of (29) and (48) is

Velt,@e,2) = —qLKpqe — 27 Ka2 + 27 J(Q)M 1 J(q)" Pog
+27 (g, J(@)v) — I (q, J(Q)f/)} v+ 2T Ky J (@0 + ¢l T (q)0 (49)

As in the proof of Theorem 1, substitution of inequalitities (36), and (37)-(39) into equation (49), and noticing
that [|2]] < [|¢]| and [|ge[| < [[€]], yields

Ve <~ Ko — 2TKa2 + (er el + e D) G 2)
where we have defined

kg (kg ||MTH I Poll + L kg B + 1| + 1)
2 £ Ljkjks (1+|Kl)

C1

In view of Proposition 2 (respectively, the UGES part of Proposition 1), the positive definiteness of K, and Ky,
ensures the existence of a strictly positive constant ¢, such that the time derivative of V=1V, 4 V. is bounded
above as follows

; 2 2\ (/5 =
V< —clél + (er 6l + e I617) 121
Proposition 2 (respectively, the UGES part of Proposition 1) provides the following bound on ||(g, 7)||

16, )11 < kol (dto), o(to)) | €771 < ky [|€ (to) || e 1)

where k1 and y are strictly positive constants. Thus, we get

V < —cllél? + g(lélDe(ll€(to)ll .t — to)
where we have defined
9(p) £ c1p + cap?

and
o (p,7) = kipe "

Clearly, o is integrable in its second argument on R.. Also, if we pick » = 1 and ks = ¢ + c2, we have
g(p) < kop?, for all p > r. Thus, we can apply Lemma 2 to conclude that the origin ¢ = 0 is UGAS. =

Remark 1 Notice from (46), that for any € > 0, we can find a constant k., such that

— ks g,
()] < ke ||z(to) || e T v |2(t)]| > e

In other words, we have exponential convergence of the trajectories of (27)-(28) (respectively, (11)-(12)) and
(29)-(30) to any e-neighborhood of the origin.

Remark 2 Notice that in both theorems above, a separation principle holds in the sense that the proposed
controller, which clearly stabilizes the system when the full state is available, in conjunction with the proposed
observer, renders the origin of the overall system UGAS. In addition, the controller gains and the observer gains
can be chosen independently of each other.
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5 Examples
Example 1 Consider the mass-spring-damper system
mi + dyi +do @] &+ ds |37 &+ dy |22 4 -+ dy 2" E+ k(z)r = u (50)

where m > 0, dy, da, ds,...,d, > 0, n € N, k(z) is a spring constant (possibly nonlinear), and u is the control
input. Defining v = 2, and q = x, (50) can be written in the form (7)-(8) with
J(@) =1, M=m, D=d,,
d(v) =da|v|v+ds |1/|2 v+dy |1/\3 v+---+d, |1/\n71 v, v(q) =k(q)q, and T =u

It is clear that J(q) satisfies Properties 1 and 2, and since d/dy(\y\iy) = (i+1) ‘V"L >0 for allv € R and
foralli € 1,2,...,n, d(v) satisfies (5) by Lemma 1. Thus, Theorem 1 is applicable. Clearly, if dy > 0 then
Theorem 2 is also applicable. In fact, Theorem 2, is applicable for di = 0 as well, since Assumption 1 holds

(pick ¢(q) = q)-

Example 2 (omni-directional intelligent navigator (ODIN)) ODIN is a spherical autonomous under-
water vehicle developed at the Autonomous Systems Laboratory at the University of Hawaii (Choi et al. 1995).
Motion on a horizontal plane (constant depth) is governed by (Kardash 1998)

ME+C(EE+DE)E = 7

o= Jmg
where
[ 2m 0 0 0 0 —2mw
M = 0 2m 0 , C) = 0 0 2mu
| 0 0 %WpR5 2mv  —2mu 0
[ di|(u,v)| 0 0 cp —syp 0
D(¢) = 0 dy |(u, v)] 0 s Jm) = s ey 0
i 0 0 dy |r] + da 0 0 1
E=[u v 7 ]7T is the velocity in body-fized coordinates, n = = y < |7 is the position and orientation in

earth-fixed coordinates, and T is the control input. sy and cy denote the sine of ¥ and cosine of 1, respectively.
M is the mass matriz including hydrodynamic added mass, C is the Coriolis and centripetal matrix including
hydrodynamic added mass, and D 1is the hydrodynamic damping matriz. m and R are the mass and radius of
the ODIN, respectively. d;, di and dg are positive constants for the hydrodynamic damping forces, and p is
the water density. This system fits directly into the form of (7)-(8) by setting q = n, v = &, v(q) = 0, and
d(v) = (C(v) + D(v))v. J(n) is orthogonal, and clearly satisfies Properties 1 and 2. However, d(£) does not
satisfy the condition of Lemma 1, and in particular, it can be shown that (5) does not hold. This problem is
resolved by transforming the equation of motion into earth-fized coordinates as follows

M, = JW)MJT(p) =M
0 omy  —2my

Cy(i) = JW)|CE) —MIT@W)JW)| T @)= | —2mdp 0 2mi
2my  —2mz 0
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Dy (n,7) = J(4) [D(€)] I (4)

pdy [ul + s2pdy |v|  cbsipdy |u| — svebdy v 0
— | svevd; |u| — spebdy |v|  s2pdy |u| + pdy v 0
0 0 dy |1+ d
where we have kept u = xcy + ysy and v = —xsy + ycy in the expression for D, for notational simplicity.
Defining q =, and v = 1), the elements of (7)—(8) become
2m 0 0 0 0 O
Jg) = I, M= 0 2m 0 , D=0 0 0
0 0 ErpR° 0 0 d
edy [u|u — sdy [v| v
diq.v) = [Cy)+Dy(q)v=| svdelulutevdifulv g =0
dy M (G

The fact that q appears in the expression for d, does not present a problem, since q is measured. In order to
apply Lemma 1, we need the Jacobian of d (with respect to v) which is

2c2dy [u| + 28%pdy [v]  2svperpdy |u| — 2svepdy |v| 0

94 _ | 2sypeipdy |u] — 2svcpdy [o]  25%dy ul + 27dy [0 0
v 0 0 2, M
so we get
T 4cpdy [u| + 4s29dy [v]  dsiperpdy |u| — dsierpd, |v| 0
[%] + [%] | Asvevd; [u] — dsperd; o] 4s%0d;ful + dtud; o] 0 (51)
ov ov 0 0 Ad, ‘w‘

Since all the principal submatrices of (51) have nonnegative determinants, (51) is positive semi-definite for
all (l‘,y,l/J) € R3 (and for all v). Therefore, by Lemma 1, (5) holds for d with P = I. We can now apply
Theorem 1. D is not positive definite, but Assumption 1 holds (simply choose ¢ equal to the identity on R3).
Thus, we can also apply Theorem 2. Based on Theorem 2, we construct the following controller

(1) ok ]
i -M7'P, —(I+K,+Ky) g
q
+[M—1P21K0}(HK KK, T4k A
o » d Ky, IT+KgK, K,+Kg I da
qd
T=dg+q) +(D—-M(Kqs+Kp))y
q
+[ D= M1+ Ky + Ka+ KaKy) M (I+ KqKy) M (Kp+Ka) M ] gj
da
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Figure 1: Simulation of output tracking of the ODIN. The desired trajectory (dashed line) is constant velocity
of 1.hm/s on a circle with radius 5m, starting in the location (z,y) = (5,0) at t = 0. The desired heading
is in the direction of travel. Trajectories of the ODIN are shown for three different initial conditions: 1)
(z,y,v) = (—10,0,0); 2) (x,y,%) = (0,0,0); and 3) (x,y,v) = (10,0, 0). The initial velocity is zero in all cases.
The initial condition of the observer is zero position and zero velocity. A box is plotted at the desired position
for seven time instances. At the same time instances, circles with arrows are plotted indicating the position and
heading of the ODIN.

Simulations (see figure 1) confirm that tracking is obtained for this test case. The numerical values used in
the simulations are summarized below (the physical parameters for the ODIN model are taken from Kardash
(1998)).

2
R=03m, m=150kg, p=lkg/m3, dy = 48N (%) , di = 80Ns%/m, and dp = 30N

K, =1, Po=1I, K,=10I, Kq=05]

6 Conclusions

In this paper, we have addressed the problem of output feedback tracking control of a class of Euler-Lagrange
systems subject to nonlinear dissipative loads. By imposing a monotone damping condition on the nonlinearities
of the unmeasured states, the common restriction that the nonlinearities be globally Lipschitz is removed. The
proposed observer-controller scheme renders the origin of the error dynamics uniformly globally asymptotically
stable, in the general case. Under certain additional assumptions, the result continue to hold for a simplified
control law that is less sensitive to noise and unmodeled phenomena.

16



7 Acknowledgements

This work was supported by the Research Council of Norway, the National Science Foundation under grant
ECS-9812346, and the Air Force Office of Scientific Research under grant F49620-95-1-0409. The first and third
authors would like to thank Dr. Anton Shiriaev and Dr. Antonio Loria for valuable discussions.

References

1]

ARcCAK, M. and KokoToviC, P. V., 1999a, Nonlinear observers: A circle criterion design, Proceedings of the
38th IEEE Conference on Decision and Control, Phoenix, Arizona, USA.

ARCAK, M. and KokoTovi¢, P. V., 1999b, Observer-based stabilization of systems with monotonic nonlin-
earities, Asian Journal of Control, 1, 42—48.

BERrRGHUIS, H. and NIUMEIJER, H., 1993, Global regulation of robots using only position measurements, Systems
& Control Letters, 21, 289-293.

BESANCON, G., 1998, Simple global output feedback tracking control for one-degree-of-freedom Euler-Lagrange
systems, Proceedings of the IFAC Conference on Systems Structure and Control.

CHol, S. K., YuH, J. and TAKASHIGE, G. Y., 1995, Design of an omni-directional intelligent navigator, in
J. Yuh (ed.), Underwater Robotic Vehicles, TSI Press.

Fossen, T. I., Loria, A. and TEEL, A., 2000, A theorem for UGAS and ULES of nonautonomous sys-
tems: Robust control of mechanical systems and ships, 7o appear in International Journal of Robust and
Nonlinear Control .

KaArDpASH, E., 1998, Sonar-based navigation and control of autononmous underwater vehicles, M.Sc. thesis,
Department of Engineering Cybernetics, NTNU, Norway.

KuaviL, H. K., 1996, Nonlinear Systems, Prentice-Hall, Inc.

Kou, S. R., ErLior, D. L. and TARN, T. J., 1975, Exponential observers for nonlinear dynamic systems,
Information and Control, 29, 204-216.

KRrsTI1¢, M., KANELLAKOPOULOS, I. and KokoTovi¢, P., 1995, Nonlinear and Adaptive Control Design, John
Wiley & Sons, Inc.

Loria, A., 1996, Global tracking control of one degree of freedom Euler-Lagrange systems without velocity
measurements, Furopean Journal of Control, 2, 144-151.

Loria, A. and NIOMEJER, H., 1998, Bounded output feedback tracking control of fully actuated Euler-Lagrange
systems, Systems & Control Letters, 33, 151-161.

LoriA, A., Fossen, T. I. and TEEL, A., 1999, UGAS and ULES of nonautonomous systems: Applications
to integral control of ships and manipulators, Proceedings of the Furopean Control Conference, Karlsruhe,
Germany.

17



LoriA, A. and PANTELEY, E., 1999, A separation principle for a class of Euler-Lagrange systems, in H. Ni-
jmeijer and T. I. Fossen (eds), New Directions in Nonlinear Observer Design, Springer-Verlag London.

MAzenc, F., PrALY, L. and DAYAwWANSA, W. P., 1994, Global stabilization by output feedback: examples
and counterexamples, Systems € Control Letters, 23, 119-125.

OrTEGA, R. and RHEINBOLDT, W. C., 1970, Iterative solutions of nonlinear equations in several variables,
Academic Press, New York.

RAGHAVAN, S. and HEDRICK, J. K., 1994, Observer design for a class of nonlinear systems, International
Journal of Control, 59, 515-528.

RAJAMANI, R., 1998, Observers for Lipschitz nonlinear systems, IEEFE Transactions on Automatic Control,
43, 397-401.

Tuau, F. E., 1973, Observing the state of nonlinear dynamic systems, International Journal of Control,
17, 471-479.

18



