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Abstract

The main contribution of this paper is a theorem to guarantee uniform global
asymptotic stability (UGAS) and uniform local exponential stability (ULES) for a class
of nonlinear nonautonomous systems which includes passive systems. These properties
(and a uniform local Lipschitz condition) guarantee robustness of stability while weaker
properties, like uniform global stability plus global convergence, do not. Our main
result is then used in the tracking control problem of mechanical systems and ships.
We use an adaptive backstepping design and prove UGAS of the closed-loop tracking
error system, in particular we obtain that both the tracking and parameter estimation
errors converge uniformly globally to zero.

Notation: |[-|| stands for the Euclidean norm of vectors and induced norm of matrices. |||,
denotes the L, norm. We denote by B, the set B, := {z € R™ : ||z]| < r}. A continuous function
a:Ryo — Ry is said to be of class K, a € K, if () is strictly increasing and a(0) = 0; a € K
if in addition a(s) — oo as s — oo. A continuous function 3(-,-) : Ryg x Ry = R3¢ is of class
KL if (-, t) € K for each fixed ¢t > 0 and 3(s,t) — 0 as t — oo for each s > 0. Unless otherwise
specified we use in general the letter ¢ to denote a positive constant. For positive definite matrices
we use the bounds p,, I < P < ppy1.

1 Introduction

When designing industrial control systems it is important to include integral action in the
control law in order to compensate for slowly-varying and constant disturbances. This is
necessary to avoid steady-state errors both in regulation and tracking. For nonlinear systems
often this is done in an ad-hoc manner with no proof of stability or convergence.

This paper discusses a method for integral action when backstepping. The integral part
of the controller is provided by using adaptive backstepping ([10]) under the assumption of
constant disturbances. These are estimated on-line by using parameter adaptation. The
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resulting error dynamics consists of the tracking error states and the parameter estimation
error states. This leads to a new system of higher order than the original system. Moreover,
the closed-loop system is typically time-varying since the nonlinearities, which originally
depended on the state of the system, must be rewritten in terms of the tracking error states
and a time-dependent reference signal.

There are various types of asymptotic stability that can be pursued for time-varying
nonlinear systems. The most useful of these, from a robustness point of view, are uniform
(global) asymptotic stability and uniform (local) exponential stability. These are defined for
the ordinary differential equation

&= f(x, 1)  x(t,) = o, (1)

having solutions denoted z(-,%,,x,), as follows:

Definition 1 The origin of the system (1) is said to be uniformly globally asymptotically
stable (UGAS) if

1. there exists v € Ko such that, for each (x,,1,) € R" x Ry and all t > t,, we have
[ (¢, to, o) < v([l2oll) ; (2)

2. for each pair of strictly positive real numbers (r, o) there exists a positive real number

T such that

lzo|| <7 = ||x(t,to,20)|| <o Vit +T . (3)

O

Definition 2 The origin of the system (1) is said to be uniformly locally exponentially
stable (ULES) if there exist strictly positive real numbers r, k, A such that

lzoll <7 = Nlw(t,to, 2o)|| < kllaofle™ ") (4)
O

The reason these types of stability are most useful is that (at least when f(-,¢) is locally
Lipschitz uniformly in ¢) they guarantee total or robust stability. This is not necessarily the
case for weaker forms of asymptotic stability for time-varying systems. To see this, consider
the following.

Example 1 (Nonrobust GAS system) Consider a system of the form
= —a(t)z’. (5)

When a(t) is such that the origin of this system is uniformly locally asymptotically stable
and a(t) is bounded, it is well-known (see [7, Lemma 5.4]) that the system

= —a(t)x® 4+ d(t) (6)



is locally input-to-state stable; in particular, small bounded signals d(¢) and small initial
conditions x, yield small state trajectories for all £ > 0, i.e., for each ¢ > 0 there exists 6 > 0
such that

max{aol [dlo} S5 = [e(ttneadl| e W20, (1)

On the other hand, consider the case where a : R>o — Ry is continuous, strictly decreas-
ing with lim,, a(t) = 0 but with «(¢) nonintegrable (for example a(t) = 1/1 +t ) i.e.,
limy_ oo fot a(7)dr = co. In this case it is easy to see that the first part of the (UGAS) defini-
tion is satisfied for the system (5). Moreover, it can be shown that for all (z,,%,) € R" xR
the trajectories of (5) satisfy limy_, ||2(%, %0, 20)|| = 0. Yet, for this a(t), the system (6) is
not locally input-to-state stable. Indeed, let € > 0 be given and suppose there exists a § > 0
such that (7) holds. Let 7" > 0 be such that ||a(¢)z®|| < 0.5¢ for all ||z|| < e and all t > T.
Let z, = § and pick d(t) = 0 for all ¢ € [0,7] and d(¢) = min {d, ||a(¢)z*(t) + 0.55]|} for all
t > T. By assumption ||z(t)|| < € for all ¢ > 0. Also x(¢) > 0 for all ¢ > 0. Hence, by
construction we have & = 0.5¢ for all ¢ > T'. But this contradicts ||z(¢)|| < e for all ¢ > 0. O

In this paper we contribute a theorem that states sufficient conditions for UGAS and
ULES for time-varying nonlinear systems in a form that is common in nonlinear adaptive
control. Our sufficient conditions are stronger than typical persistency of excitation condi-
tions in adaptive control (see, for example, [6] and [9] where a new notion of PE for nonlinear
systems was introduced) but cover the problems that we are interested in for this paper. Our
conditions admit a direct Lyapunov proof for UGAS and ULES instead of having to appeal to
linear systems theory and the notion of uniform complete observability. Besides, we have not
been able to locate any results in the literature that convincingly prove uniform convergence,
and hence UGAS, under persistency of excitation. Instead, the usual proofs simply establish
trajectory by trajectory convergence (see' [13, Proposition 1]) or exponential convergence
(for example, see? [19, Lemma A.5] or [7, Theorem 13.3]).

Recall that our stated reason for pursuing UGAS and ULES is robustness and/or input-
to-state stability with respect to unmodeled disturbances when using certain controllers with
integral action. It is worth noting that in [5] the authors solved a similar (global) input-to-
output stability problem without appealing to UGAS by explicitly modeling the location of
these unmodeled disturbances and further modifying the control law. In this case it was also
assumed that the constant disturbances belonged to a known compact set.

The rest of our paper is organized as follows: in the next section we present our con-
tribution on UGAS and ULES for a class of time-varying nonlinear systems. In Section 3,
a mass-damper-spring system is used to demonstrate the adaptive backstepping algorithm
and the utility of our stability theorem for the cases of matching and extended matching of
the disturbance and the control input. Finally, a nonlinear ship tracking control problem
is discussed where the tracking error dynamics is non-autonomous due to forward speed
variations of the ship.

!The cited proposition claims UGAS but the proof relies on a lemma that pays no attention to uniformity
of convergence in the initial time.

?Both of the cited results prove exponential convergence by associating to each trajectory a time-varying
linear system that is shown to be ULES. No attention is paid to whether the convergence is uniform over
the family of linear systems generated by all trajectories starting in a compact set. Only the result in [7]
claims ULES.



2 Main Result

The analysis problem we will run into in this paper is to establish uniform global asymptotic
stability (UGAS) and uniform local exponential stability (ULES) for a system in the form:

.1'/‘1 = h(l‘l,t) + G(l‘,t)l‘g (8&)
T
iy = —PGz,1)T (W) ., P=P" >0 (8h)
o]

where z; € R™, 2y € R™ and W : R™ x Ryo = Ry is a C! function satisfying certain
properties (see A2 below). We assume further that all the functions are such that the
solutions exist and are unique (for instance, if they are locally Lipschitz in x, uniformly in
t, continuous in both arguments). The assumptions in the following theorem will be used
throughout the paper to establish UGAS and ULES when designing backstepping controllers
with integral action, for mechanical systems.

Theorem 1 If Assumptions Al and A2 below hold, then the origin of the system (8) is
UGAS.

A1l Define Go(xq,t) := G(x,t)|sz0. Assume that there exist continuous nondecreasing
functions p; : Rso — Rxo, (j = 1,2,3) such that, for all t > 0, z € R™*"

e e e | R UL Y )
max (|G (. Ol |Go(zz )} < palllel) (10)
{HaG )>HH H} < pollleal) s i€ {1 ima} . (1)

Furthermore, for each compact set K C R™ there exists b,, > 0 such that
Golxg, 1) T Go(xg,1) > byl (12)

for all (z2,t) € K x Rxo.

A2 There exist class-K ., functions a; and a3 and a strictly positive real number ¢ > 0 such

that
ar(|z1]]) £ Wiz, 1) < a((|a1]]) (13)
8W(a:;:1,t) + aWa(jll’t)h(xl,t) < —cl|aa? . (14)
Moreover, if ay(s) & s? for sufficiently small s then the origin is ULES. 0
Remark 1

e Systems of the form (8) include applications in adaptive control of linear time varying
(see e.g. [6, 12, 16]) and nonlinear systems (see e.g. [7, 11]). In particular, even though
the class of systems considered here includes that considered in [11, Theorem B.2.1],
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it is worth noticing that the condition (B.10) of the latter reference is slightly weaker
than (12). As mentioned before, a further relaxation of these conditions in terms of
persistency of excitation, has been reported in [15], however, for the purpose of this
paper, condition (12) suffices.

e Notice also that if we define

F(t,z):=

h(zy,t) + G(x, 1)y
.
PGz, )T (L(W))

8751
the system ¥ : v — y, with internal dynamics @ = F(¢,2)+v(), external input v(t) :=
col[vy(t); 0] with vy(¢) € R™ and output y(t) = g—;/l(:z;(t)) is output strictly passive

with storage W (zy). Systems belonging to this class often include Euler-Lagrange
systems (see e.g. [14].) O

Proof . For uniform global stability we consider the Lyapunov function candidate V; :
Rmitm2 % RZO — RZO

1
%(l‘,t) = W(l‘l,t) + §$2TP_1J/‘2 (15)
which, from (13) is positive definite, radially unbounded and decrescent. The time derivative
of Vi(z,t) along the trajectories of (8), yields
Vi(e,1) < —¢|laf|* <0 (16)

and therefore, the origin is uniformly globally stable (UGS). That is, there exists a function
v of class Ko, such that ||z(t)]] < v(]|@6]), xo = x(s).

Now we prove global uniform attractivity, that is, point 2 in Definition 1. Notice that
(8) can be rewritten as

&= Az, t)e+ f(z,1) (17)
where
Az, 1) = [ _Go(—é’w Go(gz,t) } (18)
and
h(xy,t) + a1 — Go(l‘z,_tr)l‘z + Gz, t)xy
fat) = —PG(x,t)7 (ng“)) + Go(wa,t) T2y ] (19)

We will regard f(x,t) as a perturbation to @ = A(x,t)x and first prove that the system
& = A(z,t)z is uniformly exponentially stable on each compact set of initial states. More
precisely, we will show that for each r > 0 we can find a C! function V4 and strictly positive
real numbers ¢; (7 = 1,2, 3) such that for all (z,1) € B,() x Rxo we have ¢; H:L‘H2 < Va(a,t) <
Co H:L‘H2 and V, < —es H:L‘H2 To that end we define w := v(r) and consider the Lyapunov
function candidate V; : B, x Rsg — R defined by

Va(, 1) = 5 (Il + lleal) = 217 Gola, s (20)

DN | —



where we impose ¢ < 1/(2py) with ps = pa(w), so that 0.25 H:L‘H2 < Va(t,x) < 0.75 H:L‘H2 for
all (z,t) € B, x Rs. The time derivative of V;(z,t) along the trajectories of & = A(z,t)x is

Va(a,t) = —||a1]|® — exy Go(a, )y + ey Go(@a, 1) Golg, t) T2y
+5$1TGO($2,t)l‘2 — €$2TGO($2,t)TGO(l‘2,t)l‘2 .

From (10) and (11) there exists b}, > 0 such that® |G (z2, )| < by for all (z,t) € B, xRxo.

Hence after some straightforward boundings we obtain that V,(x,t) satisfies

: 1 ebz, 1
e < - (3- e@)mw—~;wzu——mm
A st [l
2 llell] e+ b el
for all (z,t) € B, x Ryq. Clearly, if
_— { L bn } (22)
e<-ming —, ——————
T2 3 (bhy + p2)?

then %(:p,t) < —c3 H:L‘H2 with ¢3 = 0.25 min{eb,,, 1}.

Using the calculations above we proceed to prove global uniform attractivity for the
perturbed system (17). Consider the Lyapunov function candidate V : B, x R>o = Ry
defined by V(x,t) := pVi(x,t) + Va(x,t) where g > 0 is to be specified later. From (15), (20)
and (13) it follows that

inHZ < V(z,1) < as([l]]) (23)

where we defined as(s) := pa2(5)+ﬁ52+0.7552 and we remind the reader that P > p,, 1 > 0.
From Assumption A2, (16) and (22) we have

. oV,
Vat) < —meH—wﬂ\H+‘—3thHﬂ%ﬂH (24)

while from Assumption Al, there exists a continuous and nondecreasing function pu(||z||)

such that
oV,
max{ | Z2 0| s} < el el (25)
using this bound in (24) we obtain
: —0.5p4 | {1l 2
Viz,t) < — lzall] | e —~ 05 26
w0 < =[] o, 03] (] - oseoten (26)
3With an abuse of notation let us write acT ﬂa%t)— Zl 1 (&2); %((&)t))_ Then it follows from A1l

GO ($2;t)H S

and direct calculations that there exists a continuous nondecreasing function p(s) such that

pUllll) -




where py = ps(w) that is, V(x,t) is negative definite on B, x Ry if p is sufficiently large so
that y« > p2/(2ces). From the last term on the right hand side of (26) we obtain that V(1) <
—ay(V(t)) for all t such that z(t) € B, and where we have defined ay(s) := —0.5¢3[az " (s)]?
which is clearly of class K. Moreover, since z(t) € B, for all (z.,t,) € B, x Ry, it
follows that V(t) < —ay(V(t)) for all t > 0 therefore, from standard comparison theorems
[7, Lemma 2.5] we obtain the existence of a function g € KL such that V(t) < (Vo,t —1,)
— where V, := V(o,1,) — which implies, from (23), that ||z(¢)|| < 24/B(as(]|z]]),t — to)
for all (2o,t,) € B, x Rsg. Therefore, given » > 0 and o > 0 if we pick 7" such that
2y/B(as(r), T) < o, then (3) holds.

To complete the proof, notice that if ay o s* then so is asz, and ULES follows from
standard results (see e.g. [7, Corollary 3.4]), looking at (23) and (26). [

Remark 2 [t is clear from the method of proof that this result hinges upon the ability to
show that the unperturbed system @ = A(x,¢)z is ULES. The decomposition into a ULES
and a perturbation is inspired by the results in [19]. For ULES of & = A(x,t)x we have
imposed the bound (12). O

3 Robust tracking control of mechanical systems

The concept of constant disturbance adaptation will now be demonstrated on a nonlinear
mass-damper-spring system where x € R denotes the position, v € R denotes the velocity
and 7 € R is the control input. Assume that the mass m > 0, the damping function
d(v) > 0,Yv and spring stiffness k(z) > 0,Va. We consider two cases, depending on the
state equation in which the constant disturbance # € R appears. In order to compensate for
this perturbation we add an integral action to the control law.

1) Integral action based on matching between the disturbance and the control
input

T = v (27a)
mv 4+ d(v)v+ k(z)r = 740 (27b)
f = 0. (27¢)

In this case the control input 7 can compensate for § directly (both terms are in the same
state equation).

2) Integral action based on extended matching between the disturbance and
the control input

T = v+ (28a)
mv+dv)v+k(x)r = 7 (28b)
f = 0. (28¢)

In the extended matching case there is a structural obstacle since the control law cannot
be used to compensate for the unknown term € directly. This is due the fact that 6 and
7 do not enter the same state equation. However, this problem can be solved by adaptive
backstepping.



3.1 Direct matching of the disturbance and control input

Let x4(t) and v4(t) be the desired position and velocity references respectively. Then, the
tracking control law for the matching case can be designed by considering the position and
tracking errors, zy = * — x4 and z; = v — v;. Next, we introduce the new state variable

Z9 1=V — Q, (29)
with «, the virtual control input given by
a=vg— 121 , c>0. (30)
Using (30) and (29) the velocity tracking error can be written as
21 = —c121 + 22 (31)
while differentiating (29) and using (27b) we have

Zg =0 — 0g+ c1(v —vy) (32)
miy =7 — d(v)v — k(z)z + 0 — mig + mer(v — vy) . (33)

At this point, consider the control Lyapunov function candidate V;(z, 9) =0.5z7+ %52 where

p>0and, 0 = 0 — 0 is the parameter estimation error. The time derivative of V;(z, 5) along
(31), (28¢) yields
. ~ 9 1 ~x
Vi(z,0) = z120 — c127 + —00 . (34)
p

Next, consider the control Lyapunov function candidate V3(z, QN) = Vi(z1, QN) +0.5mz3, whose
time derivative along (31) and (33) yields

. 1 ~%
Va(2,0) = 2120 — c127 + =00 + 25 (1 — d(v)v — k(z)z + 0 — mog + me (v —vg)) . (35)
P

Choosing the control and adaptation laws as
T = dv)a+k(x)r — 0 4+ moyg — mep (v —vg) — 21 — 229 (36a)
H — 2o (36b)
where o = v — z3, we obtain

Va(2,0) = —c12} — [ez + d(v)] 23 (37)

which is clearly negative semidefinite. Therefore, V;(z, 9) qualifies as a Lyapunov function
for the error dynamics (27), (36) which is given by

3 R ey v | Y R e 39
==plo ][] (39

mzo



Notice that the dissipative term d(v) = d(z3+ ) = d(z2—c1z1+v4(t)) > 0, Vo € R has not
been canceled out in order to exploit this damping in the design. The price paid however,
is that the error dynamics is non-autonomous and therefore the stability analysis cannot
rely on invariance principles like La Salle-Krasovskii’s. Moreover, since we are interested in
establishing UGAS, standard results like Barbalat’s Lemma, cannot be used either. Instead,
we invoke Theorem 1; let x; = z, x5 = HN, Gz, )" = [0 —1/m] and W(z1) = 0.5(z1% +mzy?).
Assumption A2 holds true since the feedback gains ¢; > 0, ¢ > 0, and d(v) > 0. Also the
first assumption is clearly satisfied since d(v) is uniformly bounded and (' is a constant vector
satisfying GTG = 1/m? > 0. Therefore, the non-autonomous system (38)—(39) is UGAS.
Furthermore, since for this system we can take a(||z1||) = 2W (zy), for all z; € R* UGAS
and ULES follows.

3.2 Extended matching of the disturbance and the control input

In the extended matching case, backstepping is applied to overcome the structural obstacle
( see e.g. [10]). As in the previous section, z; = @ — 24 denotes the tracking error. However,
notice from (28a) that in this case the velocity error is 2y = @ — &4 = v + 6 — vy. Next, for
the state variable z9 = v — a we redefine the virtual control law as o = vy — 121 — 0 so that
the error dynamics becomes

,’/31 = —C1z21 — é + Z9 (40)
Zy = b=t e(v—vg)+ea(0—0)+0. (41)

At this point, consider the control Lyapunov function candidate V;(z, é) =0.527 + %52, with
p > 0, its time derivative along (40) yields

. ~ (1=
Vi(z,0) = 2120 — 127 + 0 <—9 — 21> ) (42)
P

We postpone the choice of update law for 0 to the next step. Consider now the control
Lyapunov function V5(z,0) = Vi(z,0) + 0.5mz3, whose time derivative along (41) is

. ~ (1=
Va(2,0) = z1z9 — 127 + 0 <—9 — 2z — mC122> +
P

2 (T — d(v)v — k(x)z — mig 4+ mey (v — vg) + med + mé) . (43)
Choosing the parameter update, and control laws as
é = p(z1 + merz2) (44)
7 =d(v)a + k(z)z + mig —mey (v —vg) —merd — (mp+ 1)z — (mPpey + ¢2)z (45)
where we recall that & = v — z,, we obtain
Va(2,0) = —c122 — e + d(v)]22 . (46)

which is clearly negative semi-definite. Therefore V5(z, 5) as defined below (42), qualifies as
a Lyapunov function for the error system

{2 } B [ ~1fm —(Cz—}—il(v))/m} {2 } + [ . }9 (47)
0=—p[ -1 —cl}{ o } - (43)

mzo



where the feedback gains ¢; > 0 and ¢; > 0. To conclude UGAS of the closed loop system
above we invoke Theorem 1. The system (47), (48) differs from (38), (39) only in the
definition of GT = col[—1, —¢;]. Hence it is clear that all assumptions of Theorem 1 hold
true for this system as well and UGAS and ULES follows along the same lines as in the
previous section.

4 Vectorial Backstepping of Ships in 3 DOF

Conventional ship control systems are designed under the assumption that the kinematic
and dynamic equations of motion can be linearized so that gain-scheduling techniques and
optimal control theory can be applied [2]. This is not a good assumption for tracking
applications where the surge and sway positions (z,y) and yaw angle 1) must be controlled
simultaneously, see [4, 1]. The main reason for this, is that the rotation matrix in yaw J(n),
typically must be linearized about 36 operating points (steps of 10 degrees) to cover the
whole circle arc with adequate accuracy. In addition to this, assumptions like linear damping
and negligible Coriolis and centripetal forces are only good for low-speed applications, that
is station-keeping and dynamic positioning (DP). These limitations motivate us to seek
for a nonlinear control design. In particular, backstepping can be used for this purpose
by exploiting nonlinear system properties like symmetry of the inertia matrix, dissipative
damping and skew-symmetry of the Coriolis and centripetal matrix, see [2, 3]. See also [§]
for a separation principle, passivity-based output feedback design.

Moreover, when designing ship control systems, an integral action is needed in order
to compensate for constant (or slowly-varying) environmental disturbances® due to slowly-
varying ocean currents, 2nd-order wave-induced drift forces and slowly-varying wind forces.

4.1 The model

In this section we consider surface ships affected by constant environmental forces e € R?,
that is according to [2],

o= Jmy (49a)
Miv+ Cw)rv+ Dv)y = Bu—}—J(n)Te. (49b)

This model describes the motion of a surface ship in n=3 degrees of freedom (DOF) where
v = [u,v,r]" is the velocity vector decomposed in the body-fixed reference frame, n = [z, y,¥]"
is the position/attitude vector decomposed in Earth-fixed coordinates and « € R" is a vector
of control inputs (azimuth thrusters, main propellers and tunnel thrusters). It is assumed
that B € R**" and r > 3 such that the ship is fully actuated or overactuated. According to
[2] the model (49) possesses the following properties.

(i) M = MT" is positive definite, i.e., 2T Mz >0, V2 € R\ {0}

(ii) C(v) = —CT(v) is skew symmetric, i.e., ' C(v)x = 0,z € R®

(i) D(v) is strictly positive, i.e., 2" D(v)z =32 "[D(v) + DT (v)]z >0, Vo € R*\ {0}
(iv) BBT is non-singular

(v)  J(n) is the elementary rotation matrix in yaw, hence J'(n)J(n) = I

1See [2] for details.
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As it can be appreciated from (49), this ship model is similar to the mass-spring-damper
system of Section 3, except for the coordinates transformation given by the ship kinematics
equation (49a). That is, the velocities v of the ship do not correspond exactly to the time
derivative of the positions 1 due to the different coordinate frames in which these quantities
are expressed. However, the orthogonality property (v) of the Jacobian J(), allows to make
the following global nonlinear change of coordinates. Differentiate (49a) once and substitute
the resulting expression for 1, as well as for v, in (49b). Next, premultiply on both sides of
the resulting matrix equation, by J(n). The marine vehicle dynamics (49) is then equivalent
to

M)+ Cy(n,v)n+ D, (n,v)p = J(n)Bu+e (50)

where we have defined the Farth-fired model matrices:

M, (n) = J(m)MJ" (n)

Cyln,v) = J([C () = MI " ()J (n, S (m)w))J T ()

Dy, v) = J () D) () -
f

Due to the orthogonality of J(n) the dynamic model (50) possesses similar properties to
those stressed for (49): (see [2])

(vi)  M,(n) = M,(n)" is positive definite and moreover Imys, m,, > 0 such that
muy I < M,(n) < mal for all € R3.

(vii)  The matrix Ny,(n,v) := 0.5M,(n,v) — C, (n,v) is skew symmetric.

(viii) D,(n,v) is strictly positive.

4.2 Control design

The control objective is to track a smooth bounded reference trajectory given by 74,7, and
ng while rejecting the environmental disturbances e. This problem can be solved by using
nonlinear coordinate transformation defined above. Furthermore, let us define the two virtual
reference trajectories in the Earth-fixed and body-fixed reference frames:

e = 1 — AT (51)
v, = J (), (52)

where 17 = 1 — 1y i1s the Farth-fixed tracking error and A > 0 is a diagonal design matrix.

Furthermore, let s = 0 —1, = 1 + Afj denote a measure of tracking error. In these new
coordinates, the marine vehicle Earth-fixed dynamics (50) takes the form

My()$ = —Cy(n,)s — D, (1,0)s+I () Bu — Mis, — C(w)w, — D(whw, + J(n)7el . (53)
At this point, let us define the virtual control vector
ﬁ:J(U)VéS—}—Oél (54)

where o is a stabilizing vector field which can be chosen as ay=1, = 1y — A7, hence (54)
becomes

= —Aij + s . (55)
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Consider now the control Lyapunov function candidate Vi (1) = 0.57" K5 where K, = KpT >

0 is a design matrix. The time derivative of V;(7j) = 0.57" K, along (55) yields V;(7}) =
—ii T K,Afi + 7" K,s. Next, motivated by [17, 18] let Vi(i, s,n4(t)) = Vi(7) + 0.5sT M, (n)s,
its time derivative along (55) yields

. - . 1
Va(ig, 5 ma(t)) = =" KpAd + 8T [Kyij+ M ()45 My (n,v)s] (56)
Substituting (53) in (56) we obtain

Vi, s,m4(t)) = =i K Af — sTD, (. v)s + sTe (57)
+sTI T (K i+ Bu— Mo, —C(v)y,~D(w)v,]  (58)

where we have used the properties (vi)-(viii). Hence by defining the control law
u= BIM+C(w)v,+D(w)v,—J" (n)K s — JT (n)K 7] (59)
where Bt= B"(BB")™' we obtain
Vo= —i) KA — s (Dy(n,v) + K )s+s e . (60)

Clearly, in the absence of disturbances (i.e., if e = 0) or in the case when these can be
exactly canceled in the control law, ‘/2(777 s,m4(t)) is negative definite. From this, UGES can
be concluded. Since in common practice this assumption is unrealistic, consider instead the
augmented controller

u = B Mu,+C)v +Dw)v,—J (n)K ;s — JT(n)Kpﬁ —J(n)"é (61a)
é = s (61b)
where € is the estimate of e. Defining € := é — e, the error dynamics (49), (61) in the

Earth-fixed coordinates yields

[j}:‘{—Mﬁm&)Mﬂmwmwﬂmmw+Kw]M]+[4gwnF
. o)

At this point, we can invoke Theorem 1 to ensure UGAS and ULES for the closed loop system
(62). For this, let z; = col[f}, 8], z2 = & W(ay,t) = 0.55" M, (7+n4(t))s+Vi(5}), P = ~I and
G(x1,t) = col[0; —M~'(57 4+ na(t))]. Hence, due to the properties (vi) — (viii), all conditions
in the Theorem are satisfied. Indeed, notice that we can take az(||z1||) = mars®* + kp,, 7% It
is also clear that a necessary condition for this result to hold, is the orthogonality property

of the Jacobian J(n).

5 Conclusions

In this paper UGAS and ULES of nonlinear non-autonomous systems where constant dis-
turbances are compensated for by using an integral controller have been discussed. Integral

12



action is provided by using adaptive backstepping. The main result of the paper is a theo-
rem for UGAS/ULES which is intended as a design tool when designing industrial controllers

with integral action. Emphasis is placed on non-autonomous systems since these cannot be

analyzed by using LaSalle’s theorem for invariant manifolds. Moreover, for time-varying

systems, arguments based on Barbalat’s Lemma as often used in the Robotics literature, do

not lead to uniform asymptotic stability results. We presented some applications to back-
stepping tracking control of ship and mechanical systems, thereby highlight the utility of our

main theorem in establishing UGAS and ULES of control systems with integral action.
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