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Abstract—This paper presents a globally contracting con-
troller for regulation and dynamic positioning of ships, using
only position measurements. For this purpose a globally
contracting observer which reconstructs the unmeasured states
is constructed. The observer produces accurate estimates
of position, slowly varying environmental disturbances (bias
terms) and velocity. The estimates are automatically adjusted
to the present sea state by gain-scheduling the wave model
parameters in the observer. Finally, the estimates are used
in a nonlinear PID control law and the stability proof of
the observer-controller is based on a separation principle for
contracting systems in cascade.

I. INTRODUCTION

One of the most important issues to take into account
when designing dynamic positioning (DP) systems for ma-
rine vessels, is wave filtering (Balchen et al. [1], Fossen
[3], [4]). The total vessel motion is modelled as the super-
position of low-frequency (LF) vessel motion and wave-
frequency (WF) motions, and an observer is needed to
reconstruct the LF motions from the position and heading
measurements (sum of the LF and WF motions), see Fig. 1.

In Grøvlen and Fossen [9], uniform global exponential
stability (UGES) of a DP system (ship model, observer and
control law) was proven by using observer backstepping.
An extension of this paper to vectorial backstepping is
found in Fossen and Grøvlen [5]. These papers can be
regarded as the first attempt to design a fully nonlinear
DP-control system, since wave filtering and bias estimation
were not included. In Fossen and Strand [6] an UGES
observer with wave filtering capabilities and bias estimation
was designed using passivity. An extension of this observer
with adaptive wave filtering appeared in Strand and Fossen
[18] while a more detailed description of passive wave
filtering in DP is found in Strand [17]. In Loria et al. [15]
the same observer was used with a PD-type control law,
and by using the separation principle of Panteley and Loria
[16], it was shown that the DP system was uniform global
asymptotic stability (UGAS). More recently, in Lindegaard
[12], this result has been extended to the case where
acceleration measurements are available. It is also shown

that the resulting observer-controller system, nonlinear PID
controller with acceleration feedback and UGES observer,
is UGAS by using the separation principle of Panteley and
Loria [16].

Except [18], all these designs assume that the WF model
parameters does not change during operation, and that the
WF model parameters are known a priori, which is not a
realistic assumption. The sea state is constantly changing,
and therefore the observer should be able to automatically
adjust the reconstruction of the LF motion in accordance
with the varying sea state. In this paper, it will be shown
that this can be done by gain-scheduling the WF model
parameters from on-line measurements. This is referred to
as gain-scheduled wave filtering.

An observer, which corresponds to [6] in which the WF
model parameters are slowly varying, is proposed. One
difference between the adaptive observer in [18] and the
one presented herein, is that the observer gains in [18]
are constant, whereas in the proposed observer they are
adjusted to the slowly varying WF model parameters. The
observer gains of [6] are used to obtain notch filtering of
the frequencies around the peak frequency of the waves.
This is outlined in [6]. Hence, in the proposed observer, the
notch effect is adjusted to the peak frequency of the waves,
whereas in [18] it is not. The proposed observer should
therefore be considered as an alternative to [18].

Furthermore, it is shown that the complete DP-system,
consisting of the proposed observer with gain-scheduled
wave filtering in cascade with a PID controller, is globally
contracting and consequently UGES. The stability analysis
is based on contraction theory using parameter dependent
Lyapunov functions.
Organization of the paper: Section II is devoted to a sum-

mary of the main results in contraction theory, preliminaries
on linear parameter-varying (LPV) systems, the definition
of the ship model and the problem statement. In Section III
the globally contracting observer is presented. Section IV
shows how the cascade of a PID control law implemented
with the state estimates (instead of the true states), yields
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Fig. 1. Superposition of low-frequency (LF) vessel and wave frequency
(WF) motions. Only the total motion can be measured.

an overall globally contracting DP system. This is done
by using a separation principle for contracting systems in
cascade.

II. THEORETICAL PRELIMINARIES

A. Review of Contraction Theory
The problem considered in contraction theory is to ana-

lyze the behavior of a system, possibly subject to control,
for which a nonlinear model is known in the following form
(Lohmiller and Slotine [14]):

ẋ = f(x, t) (1)

where x ∈ Rn is the state and f(x, t) is a continuously
differentiable function. Hence, control may easily be ex-
pressed implicitly for it is merely a function of state and
time. Contracting behavior is determined upon the exact
differential relation:

δẋ =
∂f

∂x
(x, t)δx (2)

where δx is a virtual displacement, i.e. an infinitesimal
displacement at fixed time. For the sake of clarity, the main
definition and theorem of contraction taken from [14] are
reproduced hereafter.
Definition 1 (Contracting Region): A region of the state

space is called a contraction region with respect to a
uniformly positive metric M(x, t) = Θ>(x, t)Θ(x, t) where
Θ stands for a differential coordinate transformation matrix,
if equivalently F = (Θ̇+Θ∂f

∂x )Θ
−1 or ∂f

∂x

>
M+Ṁ+M ∂f

∂x
are uniformly negative definite.
This leads to the following convergence result:
Theorem 1 (Exponential Convergence): Any given tra-

jectory, which starts in a ball of constant radius with respect
to the metric M(x, t), centered at a given trajectory and
contained at all times in a contraction region, remains in
that ball and converges exponentially to this trajectory.

Proof: See Lohmiller and Slotine [14].
The following theorem establishes the link with UGES:

Theorem 2: If the system ẋ = f(x, t) is globally con-
tracting with respect to a constant Θ, then it is also UGES,
i.e. ∃ k, b > 0 such that ∀t ≥ 0,∀ xr0, xp0 ∈ Rn,

|xr − xp| ≤ k |xr0 − xp0| e−bt (3)

where xr = (xr0, t), xp = (xp0, t) and |·| denotes the
Euclidean norm.

Proof: See Jouffroy and Lottin [10].
In this paper, we will only consider global contraction,

i.e. the contraction region corresponds to the whole state
space.

B. Stability of Linear Parameter-Varying (LPV) Systems
Consider the linear system defined by:

ẋ = A(δ)x (4)

where the state matrix A(δ) is a function of a real valued
parameter vector δ = col(δ1, δ2, ..., δk) ∈ Rk.
Definition 2 (Quadratically Stable): The system (4) is

said to be quadratically stable for perturbations ∆ if there
exists a matrix K = KT such that:

A(δ(t))>K +KA(δ(t)) < 0 (5)

for all perturbations δ ∈ ∆.
The main disadvantage in searching for one quadratic

Lyapunov function for a class of parameter dependent
systems is the conservatism of the test to prove stability
of a class of models. Indeed, the test of quadratic stability
does not discriminate between systems that have slow time-
varying parameters and systems whose dynamic charac-
teristics quickly vary in time. To reduce conservatism of
the quadratic stability test, parameter dependent Lyapunov
functions will be considered instead.
Definition 3 (Affinely Quadratically Stable): The sys-

tem (4) is called affinely quadratically stable if there exists
matrices K0 = KT

0 , ....,Kk = KT
k such that:

K(δ) = K>(δ) := K0 + δ1K1+, ...,+δkKk > 0 (6)

A(δ)>K(δ) +
dK(δ)

dt
+K(δ)A(δ) < 0 (7)

for all perturbations δ ∈ ∆.
The above definition is a simplification of the definition

of affine quadratic stability used in Weiland and Scherer
[20], since it is required that K(δ) is symmetric.

C. A Lagrangian Ship Model
Let the position (x, y) and the heading ψ of the vessel

relative to an Earth-fixed frame be expressed in vector form
by η = [x, y, ψ]T , and let the velocities decomposed in a
vessel-fixed reference frame be ν = [u, v, r]T (Fossen [3],
[4]). The transformation between the vessel- and Earth-fixed
velocity vectors is given by:

η̇ = R(ψ)ν (8)



where the yaw angle rotation matrix is recognized as:

R(ψ) =

⎡⎣ cosψ − sinψ 0
sinψ cosψ 0
0 0 1

⎤⎦ ∈ SO(3) (9)

This matrix is orthogonal, that is R−1(ψ) = R>(ψ).
At low speed, the ship LF motion can be described by

the following Lagrangian model (Fossen [3], [4]):

Mν̇ +Dν = τ +R>(ψ)b (10)

where M ∈ R3×3 is the generalized system inertia matrix:

M =MRB +MA (11)

due to rigid-body mass MRB ∈ R3×3 and hydrodynamic
added mass MA ∈ R3×3. The linear damping matrix is
denoted as D ∈ R3×3 while τ ∈ R3 is a control vector of
generalized forces provided by the propulsion system, that
is main propellers aft of the ship and thrusters which can
produce surge and sway forces as well as a yaw moment.
Finally, b ∈ R3 is a vector of unknown bias terms due to
waves, wind, and currents.

In order to analyze this system using Lyapunov methods,
certain properties are needed. From the work of Cummins
[2] it follows that:

(MRB +A(ω))ν̇ +B(ω)ν = τ +R>(ψ)b (12)

where A(ω) ∈ R3×3 and B(ω) ∈ R3×3 are the frequency
dependent hydrodynamic added mass and damping matri-
ces. The time domain solution of (12) or Cummins equation
can be written (Fossen and Smogeli [8]):

(MRB +MA)ν̇ +Dp(s)ν +Dvν = τ +R>(ψ)b (13)

where Dp(s) ∈ R3×3 is a transfer function matrix incorpo-
rating the memory effect of the fluid due to potential theory
(ideal fluid). The viscous damping matrix Dv ∈ R3×3 is
included to compensate for skin friction etc., and:

MA =M>
A = lim

ω→∞
A(ω) > 0 (14)

The matrix Dp(s) can be computed using 5th-order state-
space model approximations for each of the retardation
functions (Kristiansen and Egeland [11]). For low-speed
control applications such as DP the damping matrix can
be approximated as:

D = Dp(0) +Dv > 0 (15)

that is potential damping Dp(s) is computed at s = 0.
Furthermore, it follows that:

M =M> > 0, Ṁ ≡ 0 (16)

For conventional ships, the eigenvalues of the damping
matrix D > 0 are all strictly positive due to the dissipative
nature of wave damping and laminar skin friction. In general
the damping forces will be nonlinear. However, for DP

and maneuvering at low speed linear damping is a good
assumption. For more details regarding ship modeling the
reader is suggested to consult Fossen [3], [4], and Fossen
and Smogeli [8].

D. Environmental Disturbances
Unmodeled external forces and moment in surge, sway

and yaw due to wind, currents, and waves are lumped
together into an Earth-fixed bias term b ∈ R3. The bias
is modelled as a random walk process:

ḃ = Ψn (17)

where

b vector of bias forces and moment
n vector of zero-mean Gaussian white noise
Ψ diagonal matrix scaling the amplitude of n

The first-order WF motion is modelled as a second order
linear system for each of the 3 DOF (Fossen [4]):

ηwi
ww

(s) =
kwis

s2 + 2ζiω0is+ ω20i
, (i = 1, 2, 3) (18)

where:

ω0i dominating wave frequency
ζi relative damping ratio
kwi parameter related to the wave intensity

The linear model (18) should approximate a wave spectrum
as shown in Figure 2. A minimal state-space realization of
(18) for surge, sway, and yaw (i = 1, 2, 3) is:

ẋw = Awxw +Ewww (19)
nw = Cwxw (20)

where xw ∈ R6 and:

Aw =

∙
03×3 I3×3
−Ω3×3 −Λ3×3

¸
Ew =

∙
03×1
I3×1

¸
(21)

Cw = [03×3,I3×3] (22)

where ww = [ww1, ww2, ww3]
> ∈ R3 is a vector of zero-

mean Gaussian white noise, ηw = [ηw1, ηw2, ηw3]
> ∈ R3

is the vessel’s WF motion due to first-order wave-induced
disturbances, and:

Ω = diag{ω201, ω202, ω203}
Λ = diag{2ζ1ω01, 2ζ2ω02, 2ζ3ω03}

E. Problem Formulation
The objective of the DP system is to make the vessel

maintain a desired position or follow a desired trajectory
(low-speed maneuvering), when the only measured state
variables are the position and heading which are contami-
nated with noise, that is:

y = η + ηw + v (23)
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Fig. 2. Modified Pierson–Moskowitz (PM) wave spectrum (Fossen [3]).

where v ∈ R3 is a vector of zero-mean Gaussian white mea-
surement noise. It is therefore important that the observer
is tuned in such a way that its gains reflect the differences
in the noise levels of the measured signals.

Definition 4 (Gain-Scheduled Wave Filtering): Wave
Filtering can be defined as the reconstruction of the
LF motion components η from the noisy measurement
y = η+ ηw+ v , as well as a noise-free estimate of the LF
velocity ν by means of an observer (state estimator).

This is crucial in ship motion control systems since
the oscillatory motion ηw due to first-order wave-induced
disturbances will, if it enters the feedback loop, cause wear
and tear of the actuators and increase the fuel consumption.
Gain-Scheduled Wave Filtering means that the reconstruc-
tion of η and ν is automatically adjusted to the present sea
state by updating the observer with on-line measurements
of the WF model parameters.

For purposes of the stability analysis of the closed-loop
dynamics, the following assumptions are made.

A1) n = ww = 0. These terms are omitted in the observer
stability analysis since the estimator states are driven by the
estimation error instead (deterministic Lyapunov approach).
Furthermore, zero mean Gaussian white measurement noise
is not included in the analysis (v = 0) since this term
is negligible compared to the 1st-order wave disturbances
ηw (Fossen and Strand [6]). Notice that the deterministic
observer will perform well even if these terms are non-
zero. However, in this case the estimation errors converge
to a ball around the origin instead of the equilibrium point
(stochastic analysis).
A2) R(ψ) = R(y3) where y3 = ψ+ψw. This assumption

is not restrictive since the magnitude of the vessel-induced
yaw disturbance ψw is typically less than 5◦ in extreme
weather situations (sea state codes 5–9), and less than 1◦
during normal operation of the ship (sea state codes 0–4).

III. OBSERVER DESIGN

The observer model is given by (Fossen and Strand [6]):

ξ̇ = Aw(ω0)ξ (24)
η̇ = R(ψ)ν (25)
ḃ = 0 (26)

Mν̇ +Dν = τ +R>(ψ)b (27)
y = η + Cwξ (28)

where ω0 = [ω01, ω02, ω03] is the parameter vector of the
unknown dominating wave frequencies in surge, sway and
yaw. Now consider the observer:

˙̂
ξ = Aw(ω̄0)ξ̂ +K1(ω̄0)(y − ŷ) (29)
˙̂η = R(ψ)ν̂ +K2(ω̄0)(y − ŷ) (30)
˙̂
b = K3(y − ŷ) (31)

M ˙̂ν +Dν̂ = τ +R>(ψ)b̂+R>(ψ)K4(y − ŷ)(32)
ŷ = η̂ + Cw ξ̂ (33)

where ω̄0 is the computed parameter vector of the dominat-
ing wave frequencies and:

Aw(ω̄0) =

∙
03×3 I3×3
−Ω(ω̄0) −Λ(ω̄0)

¸
(34)

where:

Ω(ω̄0) = diag(ω̄201, ω̄
2
02, ω̄

2
03)

Λ(ω̄0) = diag(2ζ1ω̄01, 2ζ2ω̄02, 2ζ3ω̄03)

The design method relies on the following assumptions
A3) ω0 is the only unknown parameters in the wave

model. For standard wave spectra such as PM and JON-
SWAP, the damping parameter ζ is approximately constant
for a wide range of ω0. Hence, if the sea state corresponds
to such a wave spectrum, this is a good assumption.
A4) ω̇0 = 0 (slowly varying)
A5) ω̄0 is computed from the position and heading

measurements using standard digital signal processing tech-
niques. Since ω0 is slowly varying, it will be sufficient to
update ω̄0 every T minutes (e.g. T = 15). It is assumed
that ω̄0 converges to the true value ω0.
A6) 0 < ω̄0min ≤ ω̄0 ≤ ω̄0max <∞
In order to incorporate the observer equations in the

framework of contraction, we write the observer equations
in a compact form similar to Lindegaard [12]:
Property 1 (Commutative Matrix): A matrix A ∈ R3 is

said to commute with the rotation matrix R(α) if:

AR(α) = R(α)A (35)

Examples of matrices A satisfying Property 1 are linear
combinations A = a1R(θ) + a2I + a3k

>k for scalars ai, θ
and k = [0, 0, 1]>, the axis of rotation. Also note that since



R(α) is orthogonal, that is, R>(α) = R−1(α), Property 1
implies that:

A = R>(α)AR(α) = R(α)AR>(α) (36)

Furthermore, if A is nonsingular, A−1 commutes with
R(α) too. Moreover:

AR(α) = R(α)A
A is nonsingular⇐⇒ A−1R(α) = R(α)A−1

(37)
Thus, given the following assumption:
A7) The observer gains K2(ω̄0) and K3 and each 3 ×

3 sub-block of Aw(ω̄0),and K1(ω̄0) commutes with the
rotation matrix (Property 1).

The observer can now be compactly written as:

˙̂x = T>(ψ)A(ω̄0)T (ψ)x̂+Bτ +Ky(ω̄0)y (38)

where x̂ = [ξ̂
>
, η̂>, b̂>, ν̂>]> and:

T (ψ) = diag{RT (ψ), RT (ψ), RT (ψ), I3x3} (39)

A(ω̄0) =

∙
A11(ω̄0) A12
A21 A22

¸
(40)

A11(ω̄0) =

∙
Aw(ω̄0)−K1(ω̄0)Cw −K1(ω̄0)
−K2(ω̄0)Cw −K2(ω̄0)

¸
(41)

A12 =

∙
0 0
0 I

¸
(42)

A21 =

∙
−K3Cw −K3

−M−1K4Cw −M−1K4

¸
(43)

A22 =

∙
0 0

M−1 −M−1D

¸
(44)

B =
£
012×3 M−1

¤> (45)
Ky(ω̄0) = [K>

1 (ω̄0),K
>
2 (ω̄0),K

>
3 ,K

>
4 R(ψ)M

−1]>(46)

The differential dynamics (2) of the observer can there-
fore be written as:

δ ˙̂x = T>(ψ)A(ω̄0)T (ψ)δx̂ := J(ω̄0)δx̂ (47)

Hence, it is required that J(ω̄0) is uniformly negative
definite which corresponds to:

J>(ω̄0) + J(ω̄0) =

T>(ψ)A>(ω̄0)T (ψ) + T>(ψ)A(ω̄0)T (ψ) < 0

However, since A(ω̄0) < 0⇒ T>(ψ)A>(ω̄0)T (ψ) < 0 the
above condition is equivalent to:

A>(ω̄0) +A(ω̄0) < 0 (48)

Hence, the rotation matrices can be removed from the
analysis. Instead of (47) we therefore consider the LPV
system:

δ ˙̂x = A(ω̄0)δx̂ (49)

Next, it must be proven that A>(ω̄0) + A(ω̄0) < 0 for
0 < ω̄0min ≤ ω̄0 ≤ ω̄0max <∞.

In our case (7) reduces to A(δ)>K(δ) + K(δ)A(δ) <
0, since the parameters are assumed to be time-invariant
(slowly varying). Thus, if this requirement is fulfilled, the
proposed observer structure will be contracting. Now it
must be proven that the observer estimate x̂ converges to
the actual system trajectory x. By comparing the observer
model (24)–(28) with the observer (29)–(33), it is seen
that for x̂ = x which implies that ŷ = y, the systems
are identical. Hence, the observer model is a particular
solution of the observer. From Theorem 1, we therefore
conclude that if J(ω̄0) is uniformly negative definite, all
trajectories in the state space converge exponentially to the
same trajectory. This leads to the following theorem:
Theorem 3 (Globally Contracting Observer): The

observer (29)–(33) is globally contracting under
Assumptions A1–A7 and the observer error converges
exponentially to zero if there exists a metric
M(ω̄0) =M>(ω̄0) > 0 such that:

A(ω̄0)
>M(ω̄0) +M(ω̄0)A(ω̄0) < 0 (50)

where A(ω̄0) is given by (40).
Proof: The proof follows directly from the above de-

duction. Note that V = 1
2δx̂

TM(ω̄0)δx̂ can be regarded as a
parameter dependent Lyapunov function for the differential
dynamics (49) of the observer where M(ω̄0) corresponds to
the parameter dependent metric used in contraction theory.

A. Observer Tuning
The observer gains are chosen according to Fossen and

Strand [6] to ensure low-pass and notch filtering. Thus:

K1(ω̄0) =

∙
−2(ζd − ζ)kI3×3

03×3

¸
+

∙
03×3

2(ζd − ζ)I3×3

¸
ω̄0

(51)
where ζd is the desired damping (typically 1.0) and ζ is the
relative damping ratio (recommended 0.1 for JONSWAP) in
the wave model, and:

K2(ω̄0) = kI3×3ω̄0 (52)

Hence, ωc = kω0, k > 1, is the cut-off frequency in the
notch filter. Further, the observer gains K3 and K4 should
be chosen such that:

K3i/K4i < ω0i < ωci (i = 1, 2, 3) (53)

This is the passivity requirement of Fossen and Strand [6].

B. On-line measurements
The on-line measurement of the dominating wave fre-

quency ω0 is based on the following assumption:
A8) The dominating wave frequency is present in both

the position (x, y) and the heading (ψ) measurements, since
the total vessel motion is assumed to be a superposition of
the LF and WF motions (see Figure 1).



Given this assumption, the wave spectrum peak fre-
quencies ω0i (i = 1, 2, 3) in surge, sway and yaw can
therefore be estimated on-line from position and heading
measurements using spectral analysis.

IV. CONTROLLER DESIGN

In order to take advantage of the proposed observer, the
control law must be implemented using the estimated states
instead of the true one, due to the absence of required
measurements, and because of the wave filtering. Hence,
it must be shown that such a combination yields stability
of the closed loop. In this section, it is shown that a PID-
controller implemented with the state estimates from the
observer with gain-scheduled wave filtering yield an overall
globally contracting DP system.

A. Contraction-Based Nonlinear Separation Principle
The following separation principle is cited from

Lohmiller and Slotine [13]. Consider the plant dynamics
in terms of an explicit state vector z given by:

ż = f(z, t) +G(z, t)u(ẑ, t) (54)

The observer is:

˙̂z = f(ẑ, t)− [e(ẑ)− e(z)] +G(z, t)u(ẑ, t) (55)

where ẑ is the state estimate, e(ẑ) − e(z) is the injection
term, and u(ẑ, t) is the control input. Letting z̃ = ẑ−z, the
Lyapunov-like analysis:

d

dt
(z̃>z̃) = 2z̃>

Z
∂(f − e)

∂z
(z − λz̃)dλz̃ (56)

then shows that the convergence rate of ẑ to z is specified
by ∂(f − e)/∂z. For a bounded G matrix this system is
a hierarchy, and thus the convergence rate of the plant
dynamics is given by ∂(f+Gu)/∂z. This result may in fact
be viewed as an extension of the standard linear separation
principle of Luenberger.

B. Observer-Feedback Control with Gain-Scheduled Wave
Filtering

Consider the following nonlinear PID control law:

ξ̇ = η (57)
ξ̇d = ηd (58)
τ = −KiR

>(ψ)(ξ − ξd)−Kdν

−KpR
>(ψ)(η − ηd) (59)

where ηd(t) is the desired position and heading. Thus, if:

ξ̇ = η (60)
η̇ = R(ψ)ν (61)
ν̇ = −M−1KiR

>(ψ)ξ −M−1KpR
>(ψ)η

−M−1(D +Kd)ν +R>(Kiξd +Kpηd) (62)

which can be compactly written as:

ẋ = T>(ψ)AτT (ψ)x+ τd (63)

where x = [ξ>, η>, ν>]> and

T (ψ) = diag{R>(ψ), R>(ψ), I3×3} (64)
τd =

£
0 0 (R>(Kiξd +Kpηd))

>¤> (65)

Aτ =

⎡⎣ 03×3 I3×3 03×3
03×3 03×3 I3×3

−M−1Ki −M−1Kp −M−1(D +Kd)

⎤⎦ (66)

is contracting, then the hierarchy of the PID controller
implemented with the state estimates:

˙̂
ξ = η̂ (67)
ξ̇d = ηd (68)
τ = −KiR

>(ψ)(ξ̂ − ξd)−Kdν̂ (69)
−KpR

>(ψ)(η̂ − ηd) (70)

from the observer (38), will be contracting.
Theorem 4 (Globally Contracting Observer-Controller):

The hierarchy of the observer (38) with gain-scheduled
wave filtering and the PID controller (70) is globally
contracting under Assumptions A3–A7 if there exists a
metric M(ω̄0) =M>(ω̄0) > 0 such that:

A(ω̄0)
>M(ω̄0) +M(ω̄0)A(ω̄0) < 0 (71)

and a metric Mτ =M>
τ > 0 such that:

A>τ Mτ +MτAτ < 0 (72)

where A(ω̄0) and Aτ are given by (40) and (66), respec-
tively.

Proof: This follows directly from the separation prin-
ciple for contracting systems.

V. CASE STUDY

A model of a 80 m supply vessel with two main pro-
pellers and three thrusters (one aft and two in the bow)
is used to illustrate the performance of the DP system
with gain-scheduled wave filtering. For this purpose the
Marine Systems Simulator (MSS) was used for simulations
(Fossen et al. [7]). The wave-induced motions are generated
using experimental RAOs (motion transfer functions for
the WF motion) resulting in highly realistic frequency
dependent sea loads. The wave amplitudes for the RAOs
are generated from the JONSWAP wave spectrum with 20
frequency components. The significant wave height Hs is
6.0 m corresponding to an extreme sea state, however wind
measurements are assumed such that the forces and mo-
ments on the observer equal the ones on the supply vessel.
The scenario is station-keeping at position (x = 0,y = 0)
and heading ψ = 45o with an initially badly tuned wave
filter. The initial value of ω0 is 0.83 rad/s corresponding
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Fig. 3. Initial and measured value of the wave peak frequency in surge,
sway and yaw used for observer gain scheduling.

0 200 400 600 800 1000 1200 1400 1600
−1.5

−1

−0.5

0

0.5

1

1.5

time in seconds

x 
[m

]

Measured position x(t) (dotted) and estimated LF position (solid)

Fig. 4. Measured position x(t) (dotted) and estimated LF position (solid)

to Hs = 1m in the JONSWAP wave spectrum. The same
value of ω0i is used in both surge, sway and yaw.
The PID-controller used in the case study is tuned to yield a
critically damped closed-loop system with natural frequency
of ωn = 0.8 rad/s. More details regarding implementation of
the observer and controller are found in Torsetnes [19]. The
simulation results for Hs = 6.0 m are shown in Figures 3–
8. A zoom-in of the x-position measurement together with
the LF estimates is given in Figures 7 and 8. It is seen that
the WF contribution of the LF estimates are significantly
reduced after updating the observer with a more accurate
value of ω0,which can reduce the noise in the commanded
forces and moments of the controller. This shows that gain-
scheduled wave filtering can yield significant improvement
in performance compared to a filter with fixed parameters
in varying sea states.
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Fig. 5. Measured position y(t) (dotted) and estimated LF position (solid)
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Fig. 6. Measured heading ψ(t) (dotted) and estimated LF heading (solid)
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Fig. 7. Zoom-in of measured and estimated LF x-position for initially
badly tuned wave filter
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Fig. 8. Zoom-in of measured and estimated LF x-position after updating
the wave filter with the measured value of ω0

VI. CONCLUDING REMARKS

A globally contracting controller for regulation and dy-
namic positioning of ships by output feedback has been
presented. For this purpose a nonlinear contracting observer
for estimation of velocity and slowly-varying environmental
disturbances was constructed using only position and head-
ing measurements. The wave state estimates are automat-
ically adjusted to the present sea state by gain-scheduling
the wave model parameters in the observer. The nonlinear
observer together with a PID control law are analyzed
using a separation principle for contracting systems in
cascade and it is shown that the resulting DP system is
globally contracting. Computer simulations demonstrate the
performance of the proposed controller and observer.
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