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Abstract: A propeller with a rudder can produce a thrust vector within a range of directions
and magnitudes in the horizontal plane for low-speed maneuvering and dynamic positioning.
The set of attainable thrust vectors is non-convex because significant lift can be produced
by the rudder only with forward thrust. It is suggested to decompose the attainable thrust
region into a finite union of convex polyhedral sets and a mixed-integer-like convex quadratic
programming formulation of the optimal control allocation problem for marine vessels with
any number of rudders as well as thrusters and other propulsion devices is derived. Actuator
rate and position constraints are explicitly taken into account. Using multi-parametric
quadratic programming software, an explicit piecewise linear representation of the least-
squares optimal control allocation law is pre-computed. It can therefore be implemented
with low computational complexity and high software reliability without the use of real-time
optimization. The method is illustrated using a scale model ship in a basin.

Keywords: Ship control, multi-parametric programming, disjunctive programming,
guadratic programming, constrained control, control allocation.

1. INTRODUCTION ing non-convex attainable thrust regions. Non-convex
attainable thrust regions may be azimuth thrusters
Control allocation algorithms for low-speed maneu- with forbidden zones, or propellers with rudders,
vering and dynamic positioning of marine vessels (Stephens 2004). It is observed by Lindegaard and
have been developed for a variety of propulsion de- Fossen (2003) that due to asymmetric lift produced
vices such as main propellers, tunnel thrusters, az-py the rudder with positive and negative thrust, the
imuth thrusters etc., (Fossen 2002, Sgrdalen 1997 corresponding least-squares optimal control alloca-
Berge and Fossen 1997, Webster and Sousa 199%jon problem becomes non-convex and therefore dif-
Lindfors 1993, Johansegt al. 2004). Rudders are of-  ficult to solve. The explicit solution approach sug-
ten used in such applications, but is not much studiedgested by Lindegaard and Fossen (2003) has the ad-
in the literature, with the exception of the work of vantage that it provides a computationally simple and
Lindegaard and Fossen (2003). The use of rudders hagfficient solution, but has the limitations that only
many advantages, such as fuel efficiency, that makespne rudder can be subject to sector constraints and
them attractive to use for control allocation in joystick that other constraints are neglected. This approach
maneuvering as well as dynamic positioning. is extended to the general case with any number of

Here a new control allocation method suited for ma- rudders and actuator magnitude and rate constraints

rine surface vessels is presented. The method is ap®€ included . Using convexification techniques, see

plicable for fixed and rotatable thrust devices involv- (Balas 1998, Ceria and Soares 1999, Sherali and
Adams 1999, Tawarmalani and Sahinidis 2002) for an

overview, aconvexmixed-integer-like reformulation
! This work is in part supported by the Research Council of Nor- of the problem that also takes into account actuator
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their rates of change is suggested. The optimizationwith ¢, = ¢ , - sinag — i, - cosag. The sum of
approach is based on solving several multi-parametricforces is then given by:
guadratic programs (mp-QP) which allows explicit 7= A)-T 4)
piecewise linear representations of the solution to
be pre-computed (Bemporagt al. 2002, Tendelet ~ whereT = [T, ..., T,|T and
al. 2003). A similar approach was suggested for com-

. .. . . COSs -+ COS
putationally efficient constrained control allocation by Ala) = sinzl o in z”
Johanseret al. (2005), but did not consider rotatable , ! , P

R

propulsion devices such as rudders. This limitation is
avoided here by using the concept of extended thrustlt is useful to apply the concept @xtended thrust
(Sgrdalen 1997) and the above mentioned convexifica-The extended thrust vectaris found by decomposing
tion techniques. The benefit of this is that the real-time the individual thrust vectors in the horizontal plane
implementation simply amounts to evaluating some according touy, , = X, ux, = Y. For a rotatable
pre-computed piecewise linear functions, which can propulsion devicey, = [ug ., uk,y]" € R?, 1 <k <

be done efficiently and reliably using binary search p-, While for a fixed propulsion device, € R and
tree representations of the piecewise linear functionsp- + 1 < k& < p. When using the concept of extended
(Tondelet al. 200%). The method is illustrated by thrust, (Serdalen 1997), the generalized thrust vector
examples using the experimental scale model ship Cy-is given by a linear model

berShip 1. The optimization f_ormulation given_ here + — Bu (5)

can also be implemented using standard online nu-

merical quadratic programming algorithms instead of Whereu = [ui, us, ..., u,]" € R™ andB € R**" is

explicit solutions found by mp-QP. given by:
B =[B,, By]
B, € R3*?pr s defined as:
1 0o --- 1 0
2. RUDDER CONTROL ALLOCATION MODELS B, = 0 1 ... 0 1
*glyy gl,r *gpmy gpr-,:r:

The general formulation of the control allocation

X e L andB; € R3%Ps is:
model for marine vessels in this section is taken from re

(Fossen 2002). In low-speed applications, it is com- COS Qtp, 41 **+ COS Oy
mon to use a 3-degrees-of-freedom model which only By = | sinap, 41 -+ sina,
takes into account surge-, sway- and yaw-motions, L
with the corresponding vessel-fixed generalized forces

In the rest of this paper it is focused mainly on pro-
pellers with rudders, although the method can be used
with any combination of fixed and rotatable propul-
sion devices.

7 = [X,Y,N]T. Propulsion devices (also called
thrusters) include propellers, tunnel thrusters, azimuth
thrusters, azipods and water-jets, among others. A
fixed propulsion device is one which can only generate
thrust in a given direction, while a rotatable device is The propeller/rudder lift and drag model given in
one which can alter the direction of thrust. Propellers Lindegaard and Fossen (2003) for speed-controlled
with rudders are included among the rotatable devices.propellers is used

Assume a vessel has a totalpropulsion devices,

divided amongp, rotatable propulsion devices and T — { krpw?,  w >0 (6)
p; fixed orientation propulsion devices. As a rotatable krn |wlw, w <0

propulsion device has two controls (one for direction T+ krpw)(krs, 0 + ks, [0]9), w >0
and one for magnitude of thrust), this gives us a total of o { 0, w <0

n = 2p, +py control variables. The propulsion device (7)
with .indexk; is located at a pOS.itiOﬁ{C = [Ekmfk,y]T_ [T+ kpaw)(kps, 16] + kps,d2), w > 0
relative to the center of rotation in the vessel-fixed D= { 0, w<0

coordinate system. The device produces a f@icie a 8
direction defined by the angte,. For fixed orientation (®)
devices,ay, is constant, while for rotatable devices it T s the nominal thrustl. is the rudder lift forceD

can be altered. The propulsion device with index s the rudder drag, is the propeller angular velocity,
provides the following contribution to the generalized anq; is the rudder angle. The surge and sway forces

forces acting on the vessel: of the propeller/rudder pair are given as follows:
Xy =Ty - cosay, Q) X=T-D, Y=L 9)
Yk- = Tk - sin Qe (2)

This model gives rise to a fan-shaped attainable thrust
N =Ty - by, 3) region when the thrust force is positive, see Figure 1
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Fig. 1. Attainable thrust region for propeller with
rudder. X is the surge force an¥l is the sway
force.

for an example corresponding to the model ship Cy-

berShip I, (Lindegaard and Fossen 2003). When the
thrust is negative, the rudders have no significant ef-

fect, and the thrust region is simply a line along the

forcest, and actual forces, cf. (11). Typically, one
wantss to be zero if a feasible solution exists. There-
fore, the weighting ofs in the 3rd term in the cost
function (10) will need to be much higher than the
weighting ofu. Decreasing the weighting of leads
to a solution that does not accurately give the desired
thrust. The 2nd term in the cost function (10) penalizes
the changes in extended thrust, rather than in thruster
control signals. The relationship between thrust and
thruster control signals such as rudder angles and pro-
peller speed/pitch is non-linear, as described in Sec-
tion 2, so even if thruster forces change in a smooth
fashion, the control signals may experience large vari-
ations and even discontinuities. Particularly, when the
surge force is close to zero, small changes in sway
force may still lead to abrupt changes in rudder angle.
If one wish to limit rudder rate, it is not sufficient to
simply limit the rate of change in sway force. Instead,
it is attempted to limit the change in thrust vector an-
gle. For each of the thrusters, the following constraint
are added:

Y Yo

<e€
Xi  Xko

(14)

X-axis. Consequently, the attainable thrust region is wjth the assumptiot, ~ X}.0 the constraint (12) is
inherently non-convex since no sway force can be j jinear approximation to (14).

produced with negative surge force.

3. CONVEX OPTIMIZATION FORMULATION

The objective of the control allocation scheme is to
map a commanded generalized force vectointo
control signals. In this paper, the objective is to find

a control allocation scheme that yields an extended

thrust vectoru inside the attainable thrust region that
is optimal with respect to some quadratic cost func-
tion in v and admissible with respect to all actuator
constraints. This leads to the following criterion

J(u,s) =u” Hu + (u —uo)" M(u — uo) + s7 Qs
(10)

with non-negative matrice&l, Q and M, subject to
the following constraints

T.=Bu+s (11)
—eXp SYk_Yk,O < eXg, if X >0 (12)
u € U{u eRP| Aju <b;} (13)

wheree > 0 and the extended thrust at the previous
sample isug. The objective and constraints are de-
scribed in the rest of this section.

As discussed in Lindegaard and Fossen (2003) the
non-convex nature of the feasible thrust region makes
it more difficult to solve the above optimization prob-
lem. However, this difficulty can be avoided by ap-
proximating the non-convex region in Figure 1 by the
union of two convex regions, corresponding to posi-
tive and negative values of, respectively. This is a
well known convexification technique often referred
to as disjunctive programming (Balas 1998, Ceria and
Soares 1999, Sherali and Adams 1999, Tawarmalani
and Sahinidis 2002). For computational convenience,
each of the convex regions is approximated by poly-
hedra with a sufficient degree of accuracy, see (13).
For example, a vessel with two propellers and rudders
leads to a union o2? = 4 convex polyhedral sub-
regions, corresponding to all combinations of positive
and negative surge force values:

(1) X120, X5 >0.
(2) X1 <0,X9 >0.
3) X, >0, X, < 0.
(4) X, <0, X5 < 0.

An optimal constrained control allocation problem can
therefore be decomposed into a finite numbecai-
vexquadratic programs, corresponding to minimizing
(10) subject to (11) and (12) within polyhedral at-
tainable thrust sub-region represented by some linear
inequalitiesA;u < b; corresponding to a single sub-
region of the union (13). At the final step the optimal

The first term is a measure of the use of control energy. solution must be chosen among the feasible solutions
In order to get a solution also when meeting the com- of these convex problems. This is referred to as the
manded thrust requirement is impossible, slack vari- integer part of the solution, because of its resemblance
abless = [s,, sy, sw]T are introduced. The slack vari- to mixed-integer optimization. The case with two pro-
ables account for the difference between commandedpellers with rudders is illustrated in Figure 2. For
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Fig. 2. Constrained control allocation approach.

given extended thrusts; andY}, the propeller/rudder
model in section 2 must be inverted in the final block
in Figure 2.

The quadratic programming sub-problems described
above are in fact multi-parametric quadratic program- —
ming (mp-QP) problems, which can be formulated as

min J(u, s),
subject tor, = Bu + s, Ayu < B; + Cyug Fig. 3. Thruster configuration, CyberShip Il.

for some appropriate matrice$;, B, and C;. This Fossen (2003) regularization is implemented by shift-
is an optimization problem with free variablesand ~ ing the fan-shaped thrust region in Figure 1 slightly
s, whereu, and . enter as parameters. Because the into the area with positiveX;, (shift of 0.03 N). As
cost is quadratic and the constraints are linear (in both@ consequence, the control allocation algorithm will
the free variables and the parameters), the solutionfe€quire smoother changes in the rudder angle at the
to such mp-QP prob|ems can be pre_computed andcost of some error near zero thrust, which is usually
represented in an explicit form as functionsrpfand acceptable.

ug. More specifically, the optimal solutionsands are

given as a piecewise linear function of the parameters

7. and ug. The general purpose mp-QP algorithm

described by Tandeét al. (200%) is used in this
application. 4. TEST RESULTS

As observed in Lindegaard and Fossen (2003) the
least-squares control allocation problem in the case
of propellers with rudders does not always have a
unique solution. The reason for this is essentially the
non-convex nature of the thrust region. Such lack of
uniqueness gives rise to a discontinuity of the solution.
A small change in the commanded generalized force
7. may lead to undesirable chattering of the rudders

between two or more solutions, corresponding to dif- can only provide thrust in the sway-direction, while

ferent configurations of positive/negative propellers the aft propellersfrudders can provide thrust in both

speeds (or surge forces), that have the same cost. In S . X
: ; oo surge- and sway-directions. The thruster configuration
order to avoid chattering a hysteresis is introduced,

. o is illustrated in Figure 3, and model parameters and
such that the integer part of the solution is allowed to : . .
; o N S further details are given in Lindegaard and Fossen
switch only if this leads to significant reduction in the

cost function compared to the integer solution at the (2003). The experiments are carried out in the Ma-
. b 9 rine Cybernetics Laboratory at NTNU, Trondheim.
previous sample.

The sampling interval of the control allocation is 0.1
The objective of the rate constraint (12) is to avoid s, and the real-time algorithm is implemented as an
large changes in the control signals. However, if the S-function in a Simulink block diagram from which
surge thrustX;, is close to zero, even a very small code is automatically generated to be compiled and
change in the sway thrust, may require a large executed on a PC under the real-time operating system
change in the rudder angle. Similar to Lindegaard and QNX.

The experiments described in this paper were per-
formed with a model supply vessel, called Cyber-
Ship Il. This is an approximately 1:70 scale replica
of an offshore supply vessel, with an overall length of
1.22 m. The vessel is equipped with three propulsion
devices: two stern propellers, each with an accompa-
nying rudder, and one bow tunnel thruster. All propul-
sion devices are speed-controlled. The bow thruster



The extended force vector for CyberShip llis=
[X1,Y1, Xo,Ys, Y3]T. The tuning of the optimization
problem is

0.2

=0.2r
—o.al,
M = diag(lO, 0,10,0, 10) —oe6l
H:diag(17171,1,5) —o.8}

Q = diag(10%,103,10%)

(o] 100 200 300

ande = 0.1. The rudder angles are constrained-th 0.5
deg, and the propeller speeds#85 Hz.

The piecewise linear solution is represented by four = o
different search trees, resulting from the four piece- >
wise linear mp-QP solutions. In order to give an indi-
cation of the computational complexity and memory
requirements of the approach, the most complex of the
four search trees is the one representing the solution ~15 100 00 300
where both aft propellers give forward thrust. This 0.2
search tree has 23395 nodes, 200 constituent linea
functions, and 54486 stored numbers. At most 407 ©.1f
arithmetic operations are needed to compute the cor- £
responding control allocation. =

—

Figure 4 shows a sequence of commanded generalizec —o.1}
forces, and Figure 5 and 6 shows the extended thrust
and control signals, respectively, computed by the —©-25 100 200 300
suggested control allocation method. The commanded

and achieved generalized forces are almost indistin-Fig. 4. Simulation results: Commanded generalized
guishable, and the commanded control signals exhibit forces (solid), and achieved generalized forces
no undesirable chattering. The integer solutions are as  with the suggested method (dashed).

follows: (Xport < 0, Xstary < 0) in samples O to

5, (Xport < 0,Xs0rp > 0) in samples 6 to 100,
(Xport < 0, Xstary < 0) in samples 101 to 119,
and (Xport > 0, Xsors < 0) in samples 120 to 300.
The hysteresis is set to 10 % , such that the integer
variables are allowed to switch only if 10 % or more
improvement in cost can be achieved.

—0.5}

o

lution to be pre-computed in a piecewise linear form
using multi-parametric quadratic programming. Ben-
efits compared to online numerical optimization are
higher software reliability and less computational ef-
fort. A weakness of the approach is that the pre-
computed explicit solution does not easily admit re-
configuration, unless several cases are pre-computed
Experimental results are shown in Figures 7 - 9. The in which case computer memory requirements will
test consists of commanding a small sway force with be limiting the practical applicability of the approach.
the joystick. Figure 8 shows the resultant movement. Additional experimental results, including trajectory
The yaw angle stays nearly constant. The position maneuvering and dynamic positioning, are given in
and yaw angle is given in an Earth-fixed coordinate Fuglseth (2003). It is also demonstrated in Fuglseth
frame. It was necessary to apply some yaw moment to(2003) that the performance is comparable to Linde-
maintain heading, since the thruster model may notgaard and Fossen (2003).

be entirely accurate, and in particular the influence
of hydrodynamic forces are not accounted for in the
model. Figure 9 shows the control signals given by
the control allocation system. It is easily seen that
these are close to constant, and that the curves ardalas, E. (1998). Disjunctive programming: Proper-
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