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Abstract— Parametric roll resonance on a ship is a condition
where large roll motion develops rapidly in moderate head or
following seas. The phenomenon is caused by bifurcation in
the nonlinear equations of motion when a restoring moment is
subject to periodic variation. This paper analyzes the stability
of the nonlinear system and suggests active control of both
ship speed and fin stabilizers to stabilise the roll resonance
condition. Lyapunov and backstepping designs are employed to
achieve two nonlinear controllers, which are proved to stabilise
the nonlinear system. The designed controllers are validated
employing a high fidelity simulation model. The combined
speed and fin stabiliser control is shown to efficiently drive
the vessel out of the bifurcation condition and to quickly damp
the residual roll motion.

I. INTRODUCTION

Auto-parametric resonance is a de-stabilising effect, which
can arise in mechanical systems consisting of two or more vi-
brating components [1]. This phenomenon can be described
by

Z+b@)t+a(t)xr=0 (1)

where the parameter a(t) is periodic, a(t +T') = a(t). The
conservative system (i.e b = 0) is recognised as the Hill-
Mathieu’s equation [2]. Equation (1) is subject to instabili-
ties, which can occur when there is resonance between the
imposed period T and the natural period 7. The resonance
condition is that 7', or 27, is an integer multiple of 7.
Parametric roll is an auto-parametric resonance phe-
nomenon whose onset causes a sudden and quick rise in
roll oscillations. The resulting large roll motion, which can
reach 30-40 degrees of roll angle, may bring the vessel
into conditions dangerous for the ship, the cargo, and the
crew. The origin of this unstable motion is the time-varying
geometry of the submerged hull, which produces periodic
variations of the transverse stability properties of the ship.
Container ships are known to be particularly prone to this
phenomenon due to the hull shape — i.e. bow flare and
stern overhang — which brings about dramatic variations in
intercepted water-plane area when a wave crest or trough
is close to amidships position. Incidents have been reported
with significant damage to the cargo as well as to the ship
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Parametric roll is known to occur when a ship sails in
moderate to heavy longitudinal or oblique seas; the wave
passage along the hull and the wave excited vertical motions
result in variations of the intercepted waterplane area, and in
turn, in relevant changes in the roll restoring characteristics.
The onset and buildup of parametric roll is due to the
occurrence of concomitant conditions: the wave length is
close to the ship length (A, ~ L), the ship approaches
waves with encounter frequency of about twice the roll
natural frequency (w. ~ 2w ), and the wave height is greater
than a ship-dependent threshold (h.,, > h).

This work aims at designing a control strategy that is
capable of stabilising the parametric roll motion to zero
when the foregoing conditions are met. Different methods are
available in order to stabilise the phenomenon using different
actuators; e.g. active U-tanks are employed in [5] in order
to drive the roll motion to zero.

The control strategy proposed in this paper relies on two
factors: to vary the forward speed of the vessel in order to
de-tune the frequency coupling condition (w, ~ 2wy), and
to increase the roll damping by means of the fins. The two
controllers are designed applying Lyapunov stability theory.

The analytical results are tested by simulations, using the
benchmark model of [6].

II. MODEL

A nonlinear coupled surge-roll model is set up where the
interaction between the two modes is presented in terms of
a time-varying wave encounter frequency.

The standard definition of wave encounter frequency is
based on the assumption of constant ship forward speed U

we & w — kU cos x, ()

where w is the wave frequency, k is the wave number, and
x is the encounter angle. The definition (2) was shown to be
valid also when a time-varying forward speed is taken into
account [7].

Some important assumptions for the development of the
model are:

« the vessel is sailing in head seas (y = 180°);

e sway motion is neglected, therefore the time-varying
forward speed U can be approximated as
U(t) = Vu(t)? +v(t)? =~ ult), 3)

where v and v are the surge and sway velocities,
respectively;



« the 1%t-order wave excitation forces are considered only
in terms of the Froude-Krylov forces, disregarding the
diffraction forces.

A. Surge Mode

For a vessel sailing in head seas, the forces acting along
the longitudinal direction are: the inertial forces due to mass
and added mass, the drag forces due to wave resistance, the
thrust supplied by the propeller, and the external forces due
to the incident waves under the assumption that the hull is
restrained from moving. The non-linear surge dynamics is, to
a first order approximation, where wave pressure generated
forces are considered and thrust deduction from propeller
flow around the stern are included but wave reflection and
drag terms from hull motions and the rudder are disregarded,

(m — Xg)u = R(u) + (1 —ta)T, + FFE, @)

where m is the ship’s mass, — X, > 0 the added mass term,
R(u) the ship’s non-linear hydrodynamic resistance, T, the
propeller thrust, t; € [0, 1] the thrust deduction factor, and
FI'E the longitudinal Froude-Krylov force created by wave
pressure integrated over the hull. The latter is a nonlinear
term since wave pressure increases with wave elevation and
the area over which to integrate forces also increase by wave
elevation.

The ship resistance function R(u) provides damping in
surge and consists of linear laminar skin friction X, u, and
of nonlinear quadratic drag X, |u| u [8]

R(u) = Xyu + Xy lulu < 0. %)

Higher order terms in R(u) occur due to wave making in
the high end of range of ship speed, but this is not essential
in this context.

According to linear airy theory [9], the wave induced force
in surge is taken as the longitudinal Froude-Krylov force,
considering the incident wave pressure in a regular wave.
Therefore, the 1%%-order wave excitation force in surge is
given according to [10] by

FFK — /V L();ZEZ’ D gy 6)

= Ywe(t) [sin (wt +kLs+k /075 U(r) d7—>

— sin (wt + k/ot U(r) dT>:|.

where v, = B%(l — e *T), p is the water density, ¢ the
wave amplitude, L the ship length, B the ship breadth, and
T the ship draught.

B. Roll Mode

Models of different complexity have been presented in
literature in order to describe the roll mode in parametric
resonance condition. The simplest way to model parametric
roll is to consider the uncoupled non-linear equation of roll

(e — K)o + K ($)6 + mgGM(t)¢ + Kys¢® =0 (7)

Fig. 1.

Fin motion induced by roll motion

and to recast it as the nonlinear damped Mathieu’s Equation,
as shown in [11]. In (7) I,, is the ship’s inertia, —Ké >0
the added inertia, K d)(qﬁ)(;ﬁ the hydrodynamic damping that
can be expressed as

Ky(9)p = —(K 6+ K 35|910) > 0, (®)
Kgs > 0 the nonlinear spring term. The time-varying

restoring moment is mgGM(t), with the metacentric height
defined as

GM(t) £ GM + GM,, cos(w,t) )

where GM is the still water metacentric height, and GM,, is
the amplitude of the variation of the metacentric height in
waves.

A 3"4-order nonlinear coupled model has been developed
in [6], where roll is fully coupled with the motions in
the vertical plane. Let £ = [z, ¢, 0]T be the generalised
coordinate vector, where z is the heave displacement, ¢ is
the roll angle, and 6 is the pitch angle. Then the nonlinear
equation of motion in matrix form are given by

(M + A)E + D(9)E + Cres(é, 1) = Coxa(t)-

Further details — included numerical values of model parame-
ters for a 281 m, 76500 tonnes container ship — can be found
in [6]. This model is used to verify the designed control law.

(10)

C. Fins Model

Fins give rise to a moment acting on roll [12] given as
(11)

where N is the normal component of the total hydrodynamic
force F' resulting from lift force L and drag force D acting
on the centre of pressure (CP) of the fin (see Fig. 1), and
ry is the fin roll arm. The magnitude of 7, is related to the
effective angle of attack «. of the fin. The normal component
of F' is given by

Ty = 2Nrf,

N = Lcosa. + D sin ag, (12)
where the lift force L is
1
L= 5pVJ?SCL(ae) (13)

with V; being the flow velocity, S the fin surface, and Cp,
the lift coefficient, and D is the drag force.



The fins are commanded by hydraulic machinery that can
be modeled as a first order system with saturation effects
(see [12], [13]). Therefore, it is assumed that a first order
model can be employed in order to dynamically describe the
generation of the fin-induced roll moment 7

. 1 1 T
Ty + ETdD = Eﬁnaxsat (ﬂnix) , (14)

where 7y,,x 1S the maximum moment that can be produced
by the fins taking into account saturation effects on the
mechanical angle and on the lift coefficient, and 7. is the
moment commanded by the controller. The time constant %,
is assumed to be the same as that of the hydraulic machinery
since the moment cannot be changed at a rate faster than the
fins can move.

D. Resulting Models

Two models are then employed for the design and the
analysis of the control system. A reduced model, where roll
is only coupled with surge, is first used to design a controller
capable of varying the ship forward speed and drive the roll
motion to zero. Then, a 4-DOF surge-heave-roll-pitch high
fidelity model is employed to evaluate the performance of
the controllers.

1) Plant Model: The plant is described by a 4-DOF
model based upon the 3"d-order model developed in [6],
where surge, heave, roll, and pitch are coupled together. Let
€ = [2,€¢T]T be the generalised coordinate vector, then the
equation of motions in matrix form are

(M + A)g+ D(U, ¢)g+ ércs == écxt + f

. 1 1 Te
Te + —Tp = T TmaxSat
t; ty

Tmax

15)

where

M = diag(m, m, L., Iy)

< Xy 01x

A:-[O3X1 13}>0
= N R(u) 01><3
D(u,(b) = |: 0351 D(¢) ] >0

Cres — [07 Cres(gaéat)]T
éext = [FfK(f,t), Cext(t)}T
£ = [fi(ua,ia,u), 0, f2(9, 6, 0), 0],

2) Nominal Model: The nominal model is based on a
surge-roll coupled system where the coupling between the
two modes is given by the time-varying encounter frequency.

Let n £ [z, #|T and v £ 7 = [u, p]T be the generalised
position and velocity vectors, respectively. Then, with 7 =
[Tus T¢]T being the control input vector, the control model
reads

f=uv
Mir+ D()v + K(n,v, t)y + e(v,t) = 7

. 1 1 Te
T+ t—w = t—TmaXsat
T

T Tm ax

(16)

where
M= " ImOKé& }
D) = — [ Xu +)é\u|u‘l/1| K, —|—Ig¢;¢g|l/2| ]
Kn,v,t) = i 8 K220, 3’@27”2 }
duﬂ=-4f?mﬁ]

where ’CQQ’VI = mgGM(Vl,t), and ICQQJIQ = K¢377%.

ITII. ANALYSIS AND DESIGN

The design of the speed controller is done by applying
classical Lyapunov stability theory, whereas the fin stabiliser
is designed by applying backstepping [14].

A. Speed Controller

Given the surge subsystem

= —=Dy(v)v — ey (v, t) + 7.,

Dii(v1) s _ e1(vi,t) r_
s e(vt) = =, and T, =

71 The control goal is to design the controller 7/, capable
of varying the forward speed U(t) so that the parametric
resonance condition w, ~ 2wy is avoided. This will push
the system out of the instability region where parametric roll
can occur.

Defining the error dynamics as

where D}, (v1) =

Tu

21 =V — Vg, (18)

where z; is the tracking error and vy € C! is a bounded
reference trajectory, then (17) can be rewritten as

21 =11 — g (19)
=D () (21 +vq) — €} (v1,t) + 7, — vq.
The control Lyapunov function for the system (19) is
1
Vi= oM, (20)

which is positive definite and radially unbounded; hence
there exist class Ko, functions «; and «s such that 1}

satisfies the following relationship globally
ar(|z1]) < Vi < as(|z). 21

The derivative of V; along the trajectories of the system
is given by

Vi = 21(=D11 (1) (21 + va) — e1(v1,t) + 7, (22)
— Mi1Vq).
Choosing the control input 7, to be
7w = D11(v1)va + MuiDa — k121, V k1 >0 (23)
gives
Vi = —(k1 +D11(11))22 — e1(v1,1)21. 24



The disturbance e;(14,t) satisfies the following relation-
ship (see Appendix A)

e1(v1,t) < 2viw 4 271kz1 + 271KV max- (25)
Therefore, the following inequality holds
Vi < —(Dui(n) + k1 — 2mk)2 (26)

+ 2’71 (W + ka7rr1aX)|Z1|
_(1 — 91>(D11<l/1) + K1 — 2711{3)'2%
— 01(D11(v1) + K1 — 2m1k) 27 + 291 (w + kVa,max) |21

(
< —(1=61)(D11(1) + k1 — 271k) 2}
<—(1—=6))(=Xy + K1 — 2mk)23
YV |z1] > p oand Ve > X, + 271k, where pu =

%, and 0, € (0,1). Hence, the solutions are

globally uniformly ultimately bounded [14, Theorem 4.18].
In order to find the ultimate bound the functions o (|z1])
and a(|z1|) must be determined. Using

1
ai([z1]) = az(lz1]) = 5/\/1112%7 (27)
then the ultimate bound is given by
b= ay ' (as(p) = p. (28)
B. Fin Stabiliser
Given the roll subsystem
e = V2 (292)
Vy = _D/22(V2)l/2 - ’C/22’172 + Té) (29b)
1 1 Te
Ty = —— maxSat 29
T i T¢—|— — TmaxSa (Tmax) (29¢)
/ _ Daa(v2) / Koo
where D22(l/2) = Moy Ky = Y , and 7-¢ =

control goal is to stabilise the roll angle 72 to zero

1) First Step: For the system (29a) the state variable v
is considered as virtual control input. The control Lyapunov
function is

1
Vi(ne) = 201772 (30)
Vi = c1mava, 3D

where c; is a positive real constant. Therefore, choosing

= P1(n2) = —Kane, (32)

with kg > 0 gives

Vi = —kaeims <0 (33)

and the origin of (29a) is globally exponentially stable [14].

2) Second Step: The subsystem (29a), (29b) is considered.
The new state variable zo = vy — ¥1(12) = Vo + Kang is
introduced. Its time derivative is 2o = 5+ Kkols. The control
Lyapunov function is chosen as

1
Va(nz, z2) = Vi(ne) + §M22z§

Vo = —kacims + 22(—Daa(v2) (22 — Koma)
— Koong + Ty + Maaka(z2 — Kan2)).

(34)
(35)

Hence, choosing the fin-induced roll moment to be

Tp = Pa(n2, 22) = —Kazo — Dag(v2)kan2 + K22 n,m2 (36)
— MQQKJQ(ZQ — K,Q’I?g), v K3 > 0

then Vg reads

Vo = —rgc1ny — (Daa(va) + K3) 73 (37
- ]C22,u1 T2%2.
Defining 7o £ mgGM > 0 and 73 2 mgGM, > 0, then

the roll restoring moment Ko (vq,t) satisfies the following
inequality

Koz, <72 +73|cos((w + kva)t)| <ya, (38)
where v4 = 72 + 73. Therefore Vg reads
Vo < —koc1ns — (Daz(v2) + K3) 23 + Yana|| 22| (39)

—(1 = O9)kac1ns — O2k2c1ms — (Daa(v2) + K3)23

+ an2|| 22|
2
Y4
1—6,) 0
—( 5)Kacims — (mhﬁ 2\/%220
2
Vi 2 5
— (D
402K0c1 25 — (Da2(12) + K3) 2
, o 2
< —(1 = ba)racimy — (D22(V2) +as - 492&261) .
, Vi 2
<—(1-6 - | K, - '
< ( 2)/1201772 ( ¢ +R3 402!&261) 2

that is negative definite for V k3 > + K, with 03 €
(0,1).
3) Third Step: The subsystem (29a), (29b), (29c¢) is finally

taken into account. To back-step the change of variable

492 Kizcl

23 = Ty — Pa2(1)2, 22) (40)
= Ty + k322 + Daa(v2)kanz + Maaka(z2 — Kan2)

+ IC22 Rp)
8¢2 51#2
_ . _O¥2. Oy 41
i3 =Ty ann 72 B2y 2 41
is applied, where
O D M 3K 42
877]2 = —,‘@2( 22(U2) — 22“2) + 22,12 (42)
0
%2 = — (k3 + Maaka). (43)

(922
After introducing z3, the system reads

T2 = Vo
Uy = —Day(va)va — Koy + 7

) 1 1 Te 0y 0y |
z3 = —t—7'¢, + Tmaxsat — T2 — - —Z2.

Substituting (40) into Z3 gives

1 < TC >
— TmaxSat -
t TIIlaX

”
1

- ;(23 — k2o — Daa(v2)kane + Koz M2
s

Z3 =

— Magka(z2 — Kanz)).



TABLE I
SIMULATION PARAMETERS

Fin Controllers
S = 16.6 m? k1 = 108 kgms’1
Gmax = 15.8deg s™1 c1 =6.5-107 kgm?s—2
aph = Sdeg Ko =181

k3 ~ 3.24 - 1010 kgm?2s—2
ka =1

tr = Opb/Gmax =~ 0.32 s

Using the composite Lyapunov function

1
V3 (12, 22, 23) = Va(na, 22) + = 23

5 (45)

Vs = Vo + 233 (46)
s . s .

< —(1 = 02)koc1ms — 23 ((,;52222 + 8:?2772)

1
+ ?ZS(Tc — 23 + K322 + Daa(v2) Kot
T

+ Magka(z2 — Kang))

’Yi 2
- -K. 4
( @ * w3 492&261) 2

assuming |7.| < Tax. Selecting the control input 7. as

Te = VY3(n2, 22, 23) = —kKg2za — KaDao(V2)N2 47)

- M22/€2(22 - /‘62772)

with k4 > 0, gives

. 1
Vs < —(1=Oo)kperny — —(1+ka)25  (48)

r

" 2
K. 4 ke — 13
< 4 * 3 492k261> Z2
which is negative definite. Hence the origin of (44) is
asymptotically stable [14, Lemma 14.2] with a region of
attraction that is a function of 7,,,«. Note that in (47) Zo
is computed based upon the knowledge of only the states of

the roll subsystem. In fact 2o, = 5 + ko5, Where 15 is given
by (29b).

IV. SIMULATIONS

The designed control laws were tested carrying out sim-
ulations with the plant model. Some simulations parameters
are listed in Table I, where cnax 1S the slew rate saturation,
and oy, is the hydraulic proportional band. The parameters
referring to the container vessel can be found in [6].

The efficacy of the combined control action was evaluated
comparing the responses of the plant model when only
either the fin stabiliser or the speed controller were active
(Figs. 2-3). The control action is activated when the roll
angle ¢ is about 5°. Fig. 2 clearly shows that the control
torque supplied by the fins is not enough to damp out the
motion, but only a small reduction in roll oscillations can
be achieved. Conversely, a small variation in ship forward
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Fig. 2. Stabilisation of roll angle ¢ with only fin stabiliser active. Roll in
parametric resonance (red dashed curve)
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Fig. 3. Stabilisation of roll angle ¢ with only speed controller active. Roll
in parametric resonance (red dashed curve)

(AU = 0.5 m/s) speed has a stronger influence in the
development of parametric roll, as Fig. 3 illustrates, but it
is not sufficient to bring the roll motion to zero.

Figs. 4-5 are examples of how the combined control
action works. First the speed controller is activated when
the roll angle is about 5°, and the ship forward speed is
increased or decreased according to the new set-point. When
the new forward speed set-point is about to be reached the
fin stabiliser takes over driving the roll motion to zero. The
efficacy and the velocity of the control action is strictly
dependent on the new value of the ship forward speed. In
fact, by comparing Fig. 4 with Fig. 5 it can be noticed
that even if |[AU| = 2 m/s in both cases, increasing or
decreasing the speed determine a different performance of
the fin stabiliser, as shown by the control torque 7,4 supplied
by the fins.

The control torque 74 depends on the amount of lift that
the fins are able to produce, and this in turn is proportional to
the square of the flow velocity. Therefore, increasing the ship
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forward speed makes the overall control law more effective;
in addition to de-tuning the frequency coupling condition
we A 2wg, it increases the maximum control torque that the
fin stabiliser can supply to damp out the roll motion.

V. CONCLUSIONS

A combined speed and fin stabiliser controller was devel-
oped applying nonlinear control methods.

A nonlinear backstepping-based fin stabiliser was devel-
oped, capable of driving the roll motion asymptotically to
zero in a region of attraction that is a function of the
maximum control moment the fins can supply.

A speed controller was developed applying classical Lya-
punov stability theory. In the presence of a permanent
time-varying disturbance (i.e. waves) this controller guaran-
tees that the surge speed is globally uniformly ultimately
bounded, where the ultimate bound is a function of the
disturbance amplitude.

The combined action of the two controllers stabilised the
roll motion in parametric resonance condition. Moreover,

the performance of the fin stabiliser was improved by the
speed controller, because positive variations in forward speed
allowed for a larger control torque.

These results were verified by simulating the combined
control law with a high fidelity model.

APPENDIX
A. Time-varying disturbance
The disturbance acting on the surge subsystem is given by
e1(vy,t) = FF'E (49)
= y1(w + kvy)[sin(wt + kLs + kny)
— sin(wt + kn1)]
= ywlsin(wt + kLg + kny) — sin(wt + k)]
+ y1kzy[sin(wt + kLs + kny) — sin(wt + kny))
+ ykvg[sin(wt + kLg + kny) — sin(wt + kny)].
Since the following trigonometry relationship holds
sina —sin 8 < |sina —sin 8] < |sina| + | —sin | < 2,

then the time-varying disturbance satisfies the following
inequality

e1(v1,t) < 2viw + 2y1kzy + 2y kg (50

S 2’71&) + 271/%1 + 2’71 ka,max
where 14 max 18 the upper bound of the reference trajectory.
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