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mapped to the controllable ship’s forward speed and heading
angle by a nonlinear control allocation, see [2], [3].

Despite that the ability of a combined speed and heading
angle variation to stabilize the roll motion effectively was
shown in [2], [3], the proposed control approach did not
address robustness considerations. In the objective function
of the ES feedback loop it is assumed that the encounter
frequency and its range where parametric roll is happening,
are a priori known. Although the encounter frequency may be
observed, the design of a (possibly nonlinear) observer is not
a trivial task. Furthermore, the speed and heading controllers
in [2], [3] rely on the knowledge of the surge and yaw model
coefficients.

This paper aims at a robustification of the ES control
approach proposed in [2], [3]. To that matter, the ES is
adapted for limit cycle minimization, see [11]. The ob-
jective function in [2], [3] is replaced by a limit cycle
detection yielding an ES scheme which is independent of
the knowledge of the encounter frequency. Furthermore, the
speed and heading controllers are designed by the recently
introduced L1 adaptive control methodology, see [12]. The
proposed ES control for roll parametric resonance is then
robust with respect to model uncertainties, model mismatch,
and disturbances.

II. SHIP MODEL

This paper considers a three-degrees-of-freedom (DOF)
ship model consisting of the dynamics in surge, roll, and
yaw [2], [3] where additionally, the actuator dynamics is
accounted for. The surge and yaw systems are coupled to
the roll system by the encounter frequency, see [2], [13].

1) Surge System: The surge dynamics is given by, see
[13],

(m+A11 (0)) u̇−
(
Xu +X|u|u|u|

)
u = τenv + τu (1)

where, neglecting the sway dynamics, u is the ship’s forward
speed and m+A11 (0) > 0 the total and added mass in surge;
Xu < 0 and X|u|u < 0 are the linear (potential and viscous)
and the nonlinear damping coefficients in surge, respectively,
where X|u|u is modelled using the ITTC surge resistance
curve [13]. The environmental force in surge is τenv and
the effective thrust τu = (1− t)T , where T is the propeller
thrust and t the thrust deduction number. The propeller thrust
is dependent on the propeller revolution n per second (rps)
and the advance speed at the propeller Va = (1− w)u with
the wake fraction number w, see [14], and thus the effective
thrust may be expressed as

τu := (1− t)T = (1− t)
(
T|n|n|n|n+ T|n|Va

|n|Va
)
. (2)
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Abstract— This paper proposes a robust control approach 
to stabilize roll parametric resonance, a dangerous nonlinear 
resonance phenomenon for ships. To that matter, we extend a 
recent extremum seeking speed and heading control strategy 
to stabilize roll parametric resonance in ships, aiming at 
robustness. Based on previous results where extremum seeking 
was shown to be capable of effectively reducing parametrically 
excited roll motions by a combined variation of the ship’s 
forward speed and heading angle, two major modifications 
are suggested. Firstly, the speed and heading controllers are 
formulated in the framework of L1 adaptive control which 
guarantees robustness while still having fast adaptation. By 
doing so, robustness is increased with respect to model uncer-
tainty, lack of knowledge, and bounded external disturbances. 
Secondly, the extremum seeking loop is modified towards 
limit cycle minimization, which replaces the objective function 
of the previously presented control approach, thus relaxing 
the assumption that the frequency range for roll parametric 
resonance is a priori known. In simulations, the proposed 
overall robustification approach is shown to effectively stabilize 
the roll oscillations due to roll parametric resonance.

I. INTRODUCTION

Roll parametric resonance has attracted the interest of the
control community for several years, certainly intensified by
recent incidents where container ships experienced heavy roll
motions due to this nonlinear resonance phenomenon [1].
Since the characteristic design of container ships makes them
especially prone to parametrically excited rolling, it poses a
substantial threat to the safety of modern container trade,
aside from possibly causing loss of and damage to cargo
and effecting considerable monetary consequences.

A main research interest has been the development of
active control strategies to avoid roll parametric resonance
in ships, see for example [2]–[9] and the references therein.
Recently, we have suggested a frequency detuning control
approach, see [7], which aims at violating one of the
empirical criteria for parametric rolling, namely that the
encounter frequency is approximately twice the ship’s natural
roll frequency, see [1], [10]. The encounter frequency is the
frequency of the waves as seen from the ship, and it can
be Doppler-shifted by changes of the ship’s forward speed
or heading angle, or a combination of both. The latter has
been exploited by applying extremum seeking (ES) control
to tune the encounter frequency online to its optimal value,

Dominik A. Breu is with the Centre for Ships and Ocean Structures, Nor-
wegian University of Science and Technology, 7491 Trondheim, Norway. 
Email: breu@itk.ntnu.no

Thor I. Fossen is with the Department of Engineering Cybernetics and 
the Centre for Ships and Ocean Structures, Norwegian University of Science 
and Technology, 7491 Trondheim, Norway. Email: fossen@ieee.org



The coefficients in (2) can be approximated by linearizing
the nondimensional propeller thrust coefficient [14], resulting
in

T|n|n := ρD4α1 > 0 , T|n|Va
:= ρD3α2 < 0 . (3)

Here, ρ is the water density, D the propeller diameter, and
α1,2 are constants. The propeller dynamics is modelled as a
first-order system with the time constant Tn and the desired
propeller revolution nd as input:

Tnṅ+ n = nd . (4)

2) Roll System: The roll dynamics is, see [2], [13], [15],

φ̇ = p (5)

(Ix +A44 (ωφ)) ṗ−Kpp−K|p|p|p|p+ ρg∇GMmφ

+ ρg∇GMa cos

(∫ t

0

ωe (τ) dτ

)
φ−Kφ3φ3 = 0 (6)

where φ is the roll angle, p the roll rate, Ix +A44 (ωφ) > 0
the total moment of inertia and added mass in roll, Kp < 0
the linear and K|p|p < 0 the nonlinear damping coefficient in
roll, g the acceleration of gravity, and ∇ the displaced water
volume; GMm and GMa are the mean meta-centric height
and the amplitude of its change in waves, respectively. The
encounter frequency is denoted by ωe and Kφ3 < 0 is the
cubic coefficient of the restoring moment in roll.

3) Yaw System: Consider the first-order Nomoto model
[13]

Tr ṙ + r = Krδ (7)

where r is the yaw rate, Tr the Nomoto time constant, Kr

the Nomoto gain, and δ the rudder deflection. The rudder
dynamics is accounted for by the first-order system with the
time constant Tδ and the desired rudder deflection δd:

Tδ δ̇ + δ = δd . (8)

4) Encounter Frequency: Neglecting the sway dynamics,
the encounter frequency can be written as

ωe (u, ψ, ω0, β
n
w) := ω0 −

ω2
0

g
u cos (βnw − ψ) (9)

with the heading angle ψ, the modal wave frequency ω0, and
the encounter angle βnw expressed in the inertial reference
frame, see [2], [3].

III. ADAPTIVE CONTROL DESIGN

The speed and heading controllers are designed in the
framework of the L1 adaptive control theory which guar-
antees robustness in the presence of fast adaptation by
decoupling the adaptation and the robustness, see [12]. To
that matter, the low-pass filtered parametric estimate is used
in the control law. Furthermore, L1 adaptive control yields
guaranteed, uniform, and decoupled performance bounds on
the model states and on the control signals.

A. L1 Adaptive Speed Controller

The L1 adaptive speed controller generates the desired
effective thrust in surge τu,d and, assuming both positive
forward speed and propeller revolution, the corresponding
desired propeller revolution nd can be computed from (2).
This is then the input to the actuator dynamics (4) to obtain
the actual effective thrust which enters (1).

The surge dynamics (1) can readily be formulated in
the L1 adaptive control framework [12] by defining the
two known constants Asp := Xu/ (m+A11 (0)) and
bsp := 1/ (m+A11 (0)) and the unknown parameter θsp :=
X|u|u|u| with the partial derivatives of θspu being semiglob-
ally uniformly bounded; the unknown, uniformly bounded,
and semiglobally uniformly rate bounded disturbance is
defined as σsp := τenv. Additionally, consider the control
input τu as the sum of an adaptive component τu,a and
a component τu,m := − (Asp −Am,sp) /bspu yielding the
desired closed-loop dynamics specified by Am,sp which is
Hurwitz. The resulting model is then

u̇ = Am,spu+ bsp (τu,a + θspu+ σsp) , u (0) = u0 (10)
ysp = u . (11)

1) State Predictor: The state predictor for (10) and (11)
is, see [12],

˙̂u = Am,spû+ bsp

(
τu,a + θ̂sp‖u‖∞ + σ̂sp

)
(12)

ŷsp = û , û (0) = u0 . (13)

2) Adaptation Laws: The adaptation laws for the un-
known adaptive parameters in (10) and (11) are, see [12],

˙̂
θsp = ΓspProj

(
θ̂sp ,−ũPspbsp‖u‖∞

)
, θ̂sp (0) = θ̂sp,0 (14)

˙̂σ
sp

= Γ
sp

Proj
(
σ̂

sp
,−ũP

sp
b
sp

)
, σ̂

sp
(0) = σ̂

sp,0
(15)

where ũ := û − u is the estimation error, Γsp ∈ R+ the
adaptation rate, and Psp = P>sp > 0 solves the algebraic
Lyapunov equation A>m,spPsp + PspAm,sp = −Q, for Q =
Q> > 0 arbitrary. The projection operator Proj (·) ensures
the boundedness of the adaptive parameters.

3) Control Law: The control law for the L1 adaptive
speed controller is then, see [12],

τu,a (s) = −kspDsp (s) (η̂sp (s)− kg,spud (s)) (16)

where ud (s) and η̂sp (s) are the Laplace transforms of
the reference signal and η̂sp := τu,a + θ̂sp‖u‖∞ + σ̂sp,
respectively; kg,sp := −1/

(
A−1
m,spbsp

)
ensures tracking of

the reference and ksp is the feedback gain. The strictly proper
transfer function Dsp (s) := (s+ ω0,sp) /

(
s2 + ωn,sps

)
is

chosen to account for the actuator dynamics and it leads to
the low-pass filter

Csp (s) :=
kspDsp (s)

1 + kspDsp (s)
, Csp (0) = 1 . (17)



4) Design Considerations: The design parameters of the
L1 adaptive speed controller are the frequencies of the
transfer function Dsp leading to the desired characteristics
of the low-pass filter (17), the desired closed-loop dynamics
specified by Am,sp in (10), and the adaptation rate Γsp in
(14) and (15). The following values were chosen: Am,sp =
−0.05, ω0,sp = 0.0167 s−1, ωn,sp = 0.05 s−1, Γsp = 108.
To guarantee the performance and the robustness of the
controller, ksp in (16) is chosen such that the L1-norm
condition holds, see [12]:

‖Gsp (s)‖L1 <
ρr − ‖ξsp (s)‖L1‖ud‖L∞ − ρin

Lρrρr +B
(18)

where

ξsp (s) := Hsp (s)Csp (s) kg,sp

Hsp (s) := (sI−Am,sp)
−1
bsp

Gsp (s) := Hsp (s) (1− Csp (s))

and the other variables as in [12]. Numerical evaluation of
(18) suggested ksp = 3. The model parameters are as in [2]
and additionally: t = 0.1, w = 0.1, D = 8 m, α1 = 0.4243,
α2 = −0.9435, Tn = 20 s.

5) Numerical Performance Analysis: Figure 1 shows the
performance of the L1 adaptive speed controller. The speed
reference ud is the superposition of a sinusoid with amplitude
0.25 m/s, frequency 0.02 s−1, and offset 7 m/s and a ramp
starting at 0 m/s at 472 s with a slope of 0.01 m/s, saturated
at 2 m/s. The unknown parameters are initially zero. The
sampling frequency is 20 Hz. The initial speed decrease is
due to the reference offset and the unknown parameters.
Note that although the nonlinear damping is unknown, the
L1 adaptive speed controller is able to track the reference
signal well.

B. L1 Adaptive Heading Controller

The L1 adaptive heading controller generates the desired
rudder deflection δd. The actual rudder deflection which
enters the yaw dynamics (7) is obtained by considering the
actuator dynamics (8). Assuming that ψ̇ ≈ r and by defining
the states x := [ψ, r]

>, the yaw dynamics (7) can be recast
as

ẋ = Am,hdx+ bhd

(
ωhdδ + θ>hdx+ σhd

)
(19)

yhd = c>hdx , x (0) = x0 (20)

Am,hd represents the desired closed-loop dynamics, bhd

and chd are known, constant vectors; ωhd is the unknown
control effectiveness with known bounds, θhd and σhd are
the unknown, uniformly bounded and rate bounded constant
parameter vector and disturbance, respectively.

Am,hd :=

[
0 1
am1 am2

]
, bhd :=

[
0
1

]
, ωhd :=

Kr

Tr

θhd :=

[
−am1

−am2
− 1/Tr

]
, chd :=

[
1
0

]
.
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Fig. 1: Tracking performance, speed controller

1) State Predictor: The state predictor of (19) and (20) is
given by, see [12],

˙̂x = Am,hdx̂+ bhd

(
ω̂hdδ + θ̂>hdx+ σ̂hd

)
(21)

ŷhd = c>hdx̂ , x̂ (0) = x0 . (22)

2) Adaptation Laws: The adaptation laws for the un-
known adaptive parameters in (19) and (20) are, see [12],

˙̂
θ
hd

= Γ
hd

Proj
(
θ̂
hd
,−x̃>P

hd
b
hd
x
)
, θ̂

hd
(0) = θ̂

hd,0
(23)

˙̂σ
hd

= Γ
hd

Proj
(
σ̂

hd
,−x̃>P

hd
b
hd

)
, σ̂

hd
(0) = σ̂

hd,0
(24)

˙̂ω
hd

= Γ
hd

Proj
(
ω̂

hd
,−x̃>P

hd
b
hd
δ
)
, ω̂

hd
(0) = ω̂

hd,0
(25)

where the estimation error is x̃ := x̂ − x, Γhd ∈ R+ is the
adaptation rate and Phd = P>hd > 0 solves the algebraic
Lyapunov equation A>m,hdPhd + PhdAm,hd = −Q, for an
arbitrary Q = Q> > 0. The boundedness of the adaptive
parameters is ensured by the projection operator Proj (·).

3) Control Law: The control law for the L1 adaptive
heading controller is, see [12],

δ (s) = −khdDhd (s) (η̂hd (s)− kg,hdψd (s)) . (26)

Here, ψd (s) is the Laplace transform of the reference
signal, η̂hd the Laplace transform of η̂hd := ω̂hdδ +
θ̂>hdx + σ̂hd; kg,hd ensures tracking of the reference and
is kg,hd := −1/

(
c>hdA

−1
m,hdbhd

)
, and khd is the feedback

gain. The strictly proper transfer function Dhd (s) is chosen
with respect to the actuator dynamics, that is Dhd (s) :=



(s+ ω0,hd) /
(
s2 + ωn,hds

)
, which leads to the low-pass

filter

Chd (s) :=
ωhdkhdDhd (s)

1 + ωhdkhdDhd (s)
, Chd (0) = 1 . (27)

4) Design Considerations: The design parameters are
chosen as am1

= −0.01 and am2
= −0.14, yielding the

desired closed-loop performance. The L1-norm condition is,
see [12]

‖Ghd (s)‖L1Lhd < 1 (28)

where

Lhd := max
θhd∈Θhd

‖θhd‖1

Hhd (s) := (sI−Am,hd)
−1
bhd

Ghd (s) := Hhd (s) (1− Chd (s))

By evaluating (28) numerically, khd = 2,500 was chosen.
Furthermore, Γhd = 100, ω0,hd = 0.0667 s−1, ωn,hd =
0.2 s−1. The model parameters are as in [2], additionally:
Tδ = 5 s.

5) Numerical Performance Analysis: In Figure 2, the
heading angle ψ, its estimate ψ̂, and the rudder deflection are
shown when the desired heading angle ψd is the superposi-
tion of a sinusoidal signal with amplitude 5◦ and frequency
0.05 s−1 and a ramp function. The ramp function is zero
before 200 s and has a slope of 0.1◦ s−1 and saturation at 10◦,
afterwards. The unknown parameters ω̂ and θ̂ are initially
zero, and the yaw system is exposed to a sinusoidal distur-
bance σ (t) with amplitude 0.0005 and frequency 0.1 s−1.
The sampling frequency for the simulation is 100 Hz.
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Fig. 2: Tracking performance, heading controller

Note that the L1 adaptive heading controller is able to
track the reference signal well, even in presence of the sinu-
soidal disturbance. This, although the control effectiveness
and some model parameters are unknown.

IV. EXTREMUM SEEKING CONTROL WITH LIMIT CYCLE
MINIMIZATION

ES control as a non-model-based, adaptive control method
has been shown to effectively stabilize the roll motion of
ships in roll parametric resonance, see [2], [3]. To that matter,
the encounter frequency is online and iteratively tuned to its
optimal value yielding a violation of one of the empirical
conditions for the onset of roll parametric resonance. Here, a
modification of the control scheme as in [2], [3] is suggested
to take into account robustness considerations.

The roll system described by the model in Section II-.2 has
both stable and unstable limit cycles, dependent on the value
of the encounter frequency, see [7]. This suggests the use of
the ES control methodology with limit cycle minimization,
as presented in [11], to reduce the size of the limit cycle to
a minimum. Thus, the ES scheme as in [2], [3] is modified
to incorporate the ability for minimization of the limit cycle.

Figure 3 depicts the suggested ES control scheme. The
overall system consists of an inner control loop—the ship
dynamics and the speed and heading control system—and an
outer control loop with the limit cycle amplitude detector and
the conventional ES loop consisting of the perturbation signal
and the filters to obtain the approximate gradient update law.
Refer to [11] for a detailed introduction to ES control.

Extremum seeking loop
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× −s

s+ωh

Control
&

Ship

Limit Cycle
Amplitude
Detector

a sin (ωt)a sin (ωt)

ωe,d φ A

Fig. 3: ES with limit cycle minimization, adapted from [11]

The inner control loop is shown in Figures 4 and 5. The
ship dynamics is described by the 3-DOF model—surge,
roll, and yaw—as presented in Section II. The roll system is
coupled to the surge and the yaw system by the frequency
coupling.

Ship
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System

Control
System

Frequency
Coupling

Roll
System

Yaw
System

nd
u

δd
ψ

ωe φωe,d

Fig. 4: Control system and the ship

The control allocation from the desired encounter fre-
quency ωe,d, the output of the ES loop, to the desired forward
speed ud and heading angle ψd is formulated as a sequential
least-squares problem, as in [2], [3]. The L1 adaptive speed



and heading controllers from Section III track the desired
references for forward speed and heading angle, see Figure 5.

Speed
Controller
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Fig. 5: Control system: Control allocation and controllers

Figure 6 shows the limit cycle amplitude detector block
which is added to the overall scheme as depicted in Figure 3.
The serial connection of a high-pass filter, a squaring func-
tion, a low-pass filter, and a square root function extracts the
amplitude A of the roll angle φ, see [11].

s
s+Ωh (·)2 Ωl

s+Ωl

√
2 (·)

φ A

Fig. 6: Detector of the limit cycle amplitude, see [11]

The ES loop, shown in Figure 3, then tunes iteratively
the amplitude of the roll angle to a minimum, yielding
a trajectory for the desired encounter frequency which is
tracked by variations of the ship’s forward speed and heading
angle. Note that the encounter frequency as the parameter of
the ES loop does not have to be perfectly known.

The parameters of the ES control loop, namely the filter
coefficients and the time constant of the perturbation signal in
the outer control loop, determine together with the dynamics
of the inner control loop the stability and the performance of
the ES control with limit cycle minimization. By requiring
different time scales for the plant with the controllers, the
perturbation signal, and the filters in the ES loop, it can
be proven by averaging and singular perturbation, that the
proposed control scheme minimizes the limit cycle of the roll
motion; refer to [11] for a thorough mathematical analysis.

V. SIMULATION RESULTS

The 3-DOF ship model of Section II is simulated with
the proposed ES control loop with limit cycle minimization
of Section IV and the speed and heading controllers as in
Section III. The model parameters are the same as used in
[2], [3]. The initial simulation parameters are such that the
uncontrolled ship is experiencing heavy roll oscillations due
to roll parametric resonance; that is, initially, the forward
speed is u0 = 7 m/s, the heading angle ψ0 = 0◦, and the ship
in head sea condition, thus βnw = 180◦. The ES control is
activated at the time instant when the roll amplitude exceeds
3◦ for the first time. The simulation results are shown
in Figures 7–9. The uncontrolled, controlled, and desired
signals are denoted without subscript and with subscript c
and d, respectively.

Figure 7 depicts the roll angle and the encounter frequency
for both the uncontrolled and controlled case. It is noteworthy
that the roll motion is reduced to a neighbourhood of zero

when controlled; the speed of it largely dependent on how
quick the ship’s forward speed and heading angle can be
changed. Then, the frequency ratio ωe/ωφ is reduced, re-
sulting in a violation of the frequency condition ωe/ωφ ≈ 2.
Compared to the ES scheme suggested in [2], [3], this
is achieved without the need to formulate the frequency
condition explicitly in the objective function of the ES
loop, yielding robustness with respect to uncertainties in the
knowledge of the encounter frequency.
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Fig. 7: Roll angle and encounter frequency

Figure 8 shows the forward speed, the effective thrust,
and the propeller revolution. When uncontrolled, the forward
speed is constant, whereas it is reduced when controlled. The
L1 adaptive speed controller is able to track the desired speed
reference with some lag, mainly due to the unknown adaptive
parameters, namely the nonlinear damping.

The heading angle and the rudder deflection are depicted in
Figure 9. The uncontrolled heading angle is almost constant,
whereas when controlled it is gradually increased to its
maximum, ψmax = 25◦, specified in the control allocation
formulation. Note that, although the forward speed changes
immediately after the ES control is activated, the heading
angle remains zero for quite a while. This is due to the
formulation of the control allocation and its constraints. Note
also that the L1 adaptive heading controller handles the
sinusoidal disturbance, as specified in Section III-B.5.

VI. CONCLUSIONS

This paper extends previous results [2], [3] on the ap-
plication of extremum seeking control to the stabilization
of roll parametric resonance by a combined variation of
the ship’s forward speed and heading angle, taking into
account robustness considerations which have not yet been
addressed. To that matter, speed and heading controllers
were designed in the framework of L1 adaptive control
theory, a breakthrough in adaptive control where robustness
is guaranteed in the presence of fast adaptation. Both the
speed and heading controllers were shown to be able to
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Fig. 8: Speed, effective thrust, and propeller revolution
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Fig. 9: Heading angle and rudder deflection

track sinusoidal ramp reference signals well, despite model
uncertainties, unknown initial conditions, and unknown time-
varying disturbances, resulting in a major improvement of the
robustness.

Furthermore, a modification of the extremum seeking
control has been proposed. Instead of constructing an objec-
tive function dependent on the knowledge of the encounter
frequency range susceptible to parametric resonance, a con-
trol strategy featuring limit cycle minimization has been
suggested.

The suggested control approach was simulated for a ship
in roll parametric resonance. The simulation results show the
capability of the proposed extremum seeking control scheme
with limit cycle minimization combined with the L1 adaptive
speed and heading controllers to stabilize parametrically
excited roll motions effectively, even in the presence of
uncertainties, lack of knowledge, and disturbances.
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