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Abstract

This work presents a novel nonlinear 7-DOF model for ships equipped with u-tanks of arbitrary shape.
The model uses the standard six degrees of freedom for the ship, in addition to a single degree of freedom
for the tank fluid. The ship-tank interaction was modeled with Hamiltonian (analytical) mechanics,
end external forces (such as those due to the surrounding ocean, actuator forces and various damping
forces) were added later in a Newtonian framework. These external forces were not explicitly modeled
in this work. The model was compared to two (significantly simpler and less powerful) models in
literature, one of which was experimentally verified. Under the same assumptions, the new model is
identical to the experimentally verified one, and contains several effects not found in the other.
Keywords:
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1. Introduction

The rolling motion of ships can be quite dangerous (Beck et al., 1989; Faltinsen, 1998; Fossen,
2011; Lloyd, 1998). As such, there is a necessity to reduce this unwanted motion. Unfortunately,
the actuators used to move the ship are unsuitable to control roll (with the exception of rudder-roll-
damping) (Fossen, 2011; Perez, 2005). Therefore, specialized control systems will have to be used.

There are several types of roll control devices. These include fins, gyro stabilizers, flume tanks
and u-tanks (see Figure 2) (Perez, 2005). These devices have intrinsic strengths and weaknesses.
Fins are external and potentially vulnerable, increase drag, and the effectiveness is usually greater
at high speeds. On the other hand, they have fast response times and are easy to control. U-tanks
(also known as u-tube anti-roll tanks, u-shaped anti-roll tanks) are internal, and thus have no drag or
vulnerability penalties, and are equally effective at low and high speeds. The downsides are that they
are more complicated to model and control, can take up valuable space inside the hull and — most
problematically — will have adverse effects in certain conditions.

A u-tank operates on the following principle: As the ship rolls, the fluid in the u-tank (usually

water, but any liquid could be used) moves with it. For a passive tank, the fluid should move with
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the same frequency as the rolling motion, but lagging a quarter of a period behind (Lloyd, 1998). The
vessel’s kinetic energy is transformed into kinetic and potential energies of the tank fluid. Part of this
energy is then dissipated by damping effects in the tank, such as vortex shedding and fluid viscous
effects related to skin friction on the walls of the tank (Beck et al., 1989).

For a passive tank, both the ship and the tank fluid will move with the frequency of the waves
(Beck et al., 1989; Fossen, 2011). This frequency will depend on the sea state, but the response of the
ship will be much more severe if the exciting moment is at the ship’s natural roll frequency (Nayfeh
and Mook, 1995). Therefore, the u-tank should be constructed so that it is most effective at damping
the roll motion at this frequency, and a u-tank should thus be designed to have its natural frequency
approximately that of the ship’s natural roll frequency (Faltinsen and Timokha, 2009; Lloyd, 1998).

The natural roll frequency will depend on loading conditions and other factors, and does not
necessarily take the design value. The exact value might be unknown. The natural frequency of
the u-tank fluid can be changed by changing its design or adding or removing fluid (Lloyd, 1998).
Unfortunately, the natural frequency has very little sensitivity to changes in the fluid level, rendering
it impractical to change the tank’s natural frequency after it has been installed. Furthermore, a u-
tank will have a limited range of exciting frequencies in which it is effective (Faltinsen and Timokha,
2009; Lloyd, 1998). For other frequencies, it may increase rather than decrease roll, and an incorrectly
tuned u-tank can therefore cause more problems than it will solve. An incorrectly tuned u-tank may
also simply have negligible effect on roll. Nevertheless, u-tanks are still in use throughout the world
(Marzouk and Nayfeh, 2009; Moaleji and Greig, 2007; Perez, 2002, 2005).

The problems with a passive u-tank can be solved by adding an active control system. Pressurized
air, pumps or simply a series of valves could be used to control the motion of the tank fluid. Ideally,
a powerful and accurate model should be used to design and test such a system.

Several u-tank models exist in literature. One of the oldest (Moaleji and Greig, 2007) is that
of Goodrich (1968). Kagawa et al. (1989) presented a u-tank model for the purpose of reducing
unwanted sway motion in skyscrapers. The most commonly used model is that of Lloyd (1989, 1998).
More recently, u-tank models have appeared in Faltinsen and Timokha (2009), Marzouk and Nayfeh
(2009), Neves et al. (2009), Holden et al. (2011) and Holden (2011).

The existing models have several limitations. Chief among these are that they are derived for
rectangular-prism u-tanks (i.e., u-tanks consisting of three rectangular boxes) (Holden et al., 2011;
Kagawa et al., 1989; Lloyd, 1989, 1998; Marzouk and Nayfeh, 2009; Moaleji and Greig, 2007; Neves
et al., 2009; Sellars and Martin, 1992)!, despite the fact that several actually installed tanks do not
match this shape (Perez, 2002, 2005; Sellars and Martin, 1992). A model valid also for more generic
shapes is therefore likely to be useful. Furthermore, most existing models are linear (Frahm, 1911;
Goodrich, 1968; Kagawa et al., 1989; Lloyd, 1989, 1998; Moaleji and Greig, 2007), and technically only

valid for low-amplitude motions. Finally, they are often limited in degrees of freedom, typically to two

I Technically, the model in Marzouk and Nayfeh (2009) is for a tank consisting of three cylinders, but this is functionally

identical to a rectangular-prism u-tank.



(usually roll and a tank state) (Frahm, 1911; Goodrich, 1968; Holden et al., 2011; Kagawa et al., 1989)
or four (usually sway, roll, yaw and a tank state) (Faltinsen and Timokha, 2009; Lloyd, 1989, 1998).

It is known that the modes most affected by/affecting a u-tank are sway, roll and yaw, and that
a 2-DOF model might be too low order for a thorough analysis (Faltinsen and Timokha, 2009; Lloyd,
1998). However, all degrees of freedom will be affected by and affect a u-tank, and a high-order model
can always easily be reduced to a low-order model, but not the other way around.

In this work, we therefore present a novel 7-DOF nonlinear model for ships equipped with a u-tank
of arbitrary shape. The ship-tank interaction is modeled with Hamiltonian (analytical) mechanics?,
and the forces and moments of the surrounding ocean added later in a Newtonian framework (these
latter forces are not explicitly modeled in this work). The novel model can accurately model u-tanks
of arbitrary shape, describe high-amplitude motion and has seven degrees of freedom (the well-known
six of the ship and a single tank state). The main disadvantage of the new model is that it is quite
complex. Simplifications can, however, be easily made. Furthermore, the motion of the tank fluid is
assumed to be one-dimensional and as a consequence does not accurately model the behavior of the
surface motion of the tank fluid.

The model is compared to the commonly used (linear, 4-DOF, rectangular-prism u-tank) model
of Lloyd (1989, 1998) and the experimentally verified (nonlinear, 2-DOF, rectangular-prism u-tank)
model of Holden et al. (2011). Under the same assumptions as the existing models, the novel model
is auxiliary perfect match for that of Holden et al. (2011), and incorporates several effects left out of
the model of Lloyd (1989, 1998).

The rest of the article is organized as follows: Section 2 presents a brief nomenclature. Section 3
defines the reference frames and kinematic representation used in this work. Section 4 presents the
main assumptions that form the basis of the model derivation, and properly defines the u-tank and
the state which describes the motion of the u-tank fluid. Section 5 presents a Hamiltonian model of
the ship—tank system (excluding the effects of the surrounding ocean). Section 6 adds the effects of
forces not presented in Section 5, such as those of the surrounding ocean, actuators and dissipative
effects. Section 7 compares the novel model to those of Lloyd (1989, 1998) and Holden et al. (2011).
Section 8 presents the conclusions. In the appendices are found auxiliary results and derivations, to
wit: Derivation of the potential energy (Appendix A), derivation of the kinetic energy (Appendix
B), properties of certain matrices needed in the proofs (Appendix C), a definition of a virtual work
principle used in deriving the dynamics (Appendix D) and the derivation of the Hamiltonian dynamics

(Appendix E). The references are found at the very end of this article.

2. Nomenclature

This section lists the variables used in this work.

2Most other models have been derived by Newtonian mechanics (Faltinsen and Timokha, 2009; Frahm, 1911; Goodrich,
1968; Lloyd, 1989, 1998; Marzouk and Nayfeh, 2009; Moaleji and Greig, 2007; Neves et al., 2009; Sellars and Martin,

1992), but both approaches result in the same dynamic equations under the same assumptions.



In general, matrices will be written in uppercase with italic typeface, e.g., A. Vectors and scalars
are typically written in lowercase with italic typeface, e.g., a. Whether it is a vector or scalar will be
stated in the text, but should largely be clear from context.

If the vector has an interpretation as a point, velocity or angular velocity in physical R3, a super-
script will typically denote which reference frame is used to describe the vector, e.g., ™ would denote
that r is given in the n-frame. Ounly two frames are used, the b-frame (fixed to the ship) and the

n-frame (fixed to the Earth and considered inertial), see Section 3.
I,, € R™"*"™: The n-by-n identity matrix.

Omxn € R™*™: The m-by-n zero matrix.

e. =[0,0,1]T: Unit vector in the z-direction (in R?).

S(-) € SS(3) € R3*3: A skew-symmetric matrix representing the cross-product in R3. S(z)y = = x
yVa,y € R3.

R € SO(3) c R3®*3: Rotation matrix representing the orientation of the b-frame relative to the n-frame.

If r is a vector in physical R?, then ™ = Rr?.
g > 0 € R: The acceleration of gravity.
2" = [z,y,2]T € R3: The position of the origin of the b-frame, described in the n-frame.

n=[n-n]" € R* Quaternion describing the orientation of the b-frame relative to the n-frame. 7, =

Re (n) € R, n; = Im () € R3.
q: € R: Generalized position of the tank fluid.

2" T n" q]" € R8: Generalized position.

q=
v’ € R3: The velocity of the b-frame relative to the n-frame, described in the b-frame.

w? € R3: The angular velocity of the b-frame relative to the n-frame, described in the b-frame.
v=["T,w’", ¢]" € R": Generalized velocity.

G(n) € R¥*: Matrix relating 7 to w’ 7 = 3G T (n)w’.

P(n) € R™8: Matrix relating ¢ to v; ¢ =P (n)v.

¢,0,1¢: Roll-pitch-yaw Euler angles.

m > 0 € R: Mass of the ship.

I =17 >0¢&R3*3: The ship’s moment of inertia tensor, in the body frame.

b:

g

[xg7 0, 22]—'—: Position of the ship’s center of gravity (excluding tank fluid), in the b-frame.

o € R: Parameter describing the geometry of the tank.



(o) = [28,9%(0), 22(0)]T € R3: A function describing the centerline of the u-tank, in the b-frame.

A(o) > 0 € R: Cross-sectional area of the tank.

pt > 0 € R: Density of the tank fluid.

Go > 0 € R: Mean level of tank fluid.

Sp € R: Instantaneous position of the tank fluid surface in the port side reservoir.

¢s € R: Instantaneous position of the tank fluid surface in the starboard side reservoir.
Ag > 0 € R: An arbitrary parameter.

M(q;) € R™T7: Total, generalized inertia matrix of a ship with a u-tank.

C(qs,v) = —CT(g,v) € R™*7: Total Coriolis/centripetal matrix of a ship with a u-tank.
D(v) € R™7: Total damping matrix of a ship with a u-tank.

k(q,t) € R7: Vector of generalized restoring forces on a ship with a u-tank.

7. € R”: Unmodeled generalized forces on a ship with a u-tank.

7. € R7: Generalized control forces on the ship and the u-tank.

3. Reference frames and kinematics

In this work, we will be working with two reference frames: One fixed to the ship (the “body” or
“b” frame) and one fixed to the mean surface of the ocean (the “n” frame). The n frame is considered
inertial by neglecting the Earth’s motion.

For simplicity, we assume that the body frame is fixed at the transversal geometric center of the
ship, with the z-axis pointing forwards, the y-axis starboard, and the z-axis down. We assume that
the inertial frame is arranged so that the z-axis points with the gravity field and that the xy-plane
is normal to the gravity field. Furthermore, the mean ocean surface is assumed to be an infinite, flat
plane (there may be waves). See Figure 1.

A vector r € R3 will be written as 7™ in the inertial frame and ? in the body frame. No superscript

b or r should not be interpreted as a vector in physical R?.

is given if r g R3, 7" =1
There are several ways to describe the rotation between the b-frame and the n-frame. Among
those commonly used are the roll-pitch—yaw Euler angles and unit quaternions (also known as Euler
parameters). There are several well-known issues with both of these representations (and with most
alternatives).
Euler angles is a three-parameter representation. It suffers from a singularity: for certain orienta-
tions, the Euler angles are not well-defined. Furthermore, an infinite number of Euler angle triples are

associated with each physical orientation (and rotation matrix): Let © € R? be an Euler angle triple.

Then, all © + 27[k,l,m]" V k,l,m € {0,£1,+2,...} are distinct Euler angle triples (distinct points in



phase space), but have the same physical interpretation and rotation matrix (i.e., an infinite mapping
of possible rotations).

Unit quaternions is a four-parameter representation. It can be thought of as all vectors on the
surface of the unit sphere in R*, with some extra operators. It does not have the singularity of the
Euler angles, but does suffer from a double mapping of possible orientations: If 7 is a unit quaternion,
then n and —» have the same physical interpretation.

In other words, any rotation has two associated quaternions, and an infinite number of roll-pitch—
yaw triples.

To avoid the singularity inherent in Euler angle representations and to avoid the complexities of
more complex representations, we will use unit quaternions in this work.

First, we need to define the skew-symmetry operator. For any two vectors z,y € R3, we define the

cross-product matrix S so that

S(x)y =z xy. (1)

From this definition it follows that if x = [x1, 22, 23], then

0 —XI3 To
S(x)=| 3 0 —a | €RVE (2)
—I2 I 0

The position of the b-frame origin is related to the velocity of the b-frame by
" = Ro® (3)

where R is a rotation matrix associated with the rotation of the b-frame relative to the n-frame.

We let = [n,,n, |7 € R* with 5, € R,n; € R3 be the unit quaternion associated with the rotation
of the b-frame relative to the n-frame. We define the Re and Im operators so that 7, = Re(n) and
n; = Im (n). Furthermore, n'n = 1.

The kinematics then satisfy certain properties:
Property 1. Ifw’ is the angular velocity of the b-frame relative to the n-frame in the b-frame, then
R = RS(w). (4)
Proof. See Egeland and Gravdahl (2002); Fossen (2011). O

Property 2. The rotation matrix R associated with the rotation of the b-frame relative to the n-frame

can be written as

R=FEGT (5)

where
E£ [ - nels 4+ S(m) } e R¥ (6)
G2 o mls—Sn) | €RP (7)



Alternate representations of the rotation matriz are

R =15 + 21,5 (n;) + 25%(m:) (8)
= (7 —n{ n)Ts + 2mn, +2n,.S(n;) (9)
= (27 = Vs + 2min;| + 21,5 (m:) (10)
= (1 — 20 n)Is + 2mn + 20,.S(n;). (11)

Proof. See Egeland and Gravdahl (2002); Shivarama (2002); Shivarama and Fahrenthold (2004). O
Property 3. The matriz G satisfies

GG =1;. (12)
Proof. From the definition (7) of G, we have

—n;

GG = | —n nd3— S(m) = nin] +n7ls = S%(m;)
el + S(n;)
=g +npls —ming +ng nills =0 nls =T (13)
where it has been used that n? +n,n; =n"n = 1. O

Property 4. The matriz G satisfies

Gn = 0. (14)
Proof. From the definition (7) of G we have,
Gn = [ —n; nels — S(m;) ZT = =i +1eni = S(ni)ni =0 (15)
where it has been used that S(x)r =0V z € R®. O
Property 5. The matriz G satisfies
Gi = —Gn. (16)

Proof. From Property 4 we have Gn = 0. Differentiating on both sides with respect to time gives
Gn+Gn=0 = Gn=-Gn. O
Property 6. The body-fized angular velocity w® and the quaternion n are related by

~GTwh (17)
2
W’ = 2GH = —2G. (18)

’f]:

Proof. See Egeland and Gravdahl (2002); Shivarama (2002); Shivarama and Fahrenthold (2004). O
Property 7. The matriz G and the body-fized angular velocity w® are related by
S(w’) =2GGT = —2GG". (19)

Proof. See Shivarama (2002); Shivarama and Fahrenthold (2004). O



4. Modeling hypothesis

A u-tank is simply two reservoirs of water or another liquid, one on the port side and the other at
starboard, with a duct in between to allow the passage of liquid. To be able to model this intrinsically

complicated behavior, some assumptions have to be made:

Assumption 1. The surface of the fluid in the tank is perpendicular to the centerline of the tank.
Assumption 2. The fluid in the tank is incompressible.

Assumption 3. The flow of fluid in the tank is one-dimensional.

Assumption 4. Tank fluid memory effects are negligible.

Assumption 5. The u-tank is placed at the transversal geometrical center of the ship.
Assumption 6. The tank is port—starboard symmetrical.

Assumption 7. There are no air bubbles in the tank.

Assumption 8. The centerline of the tank is smooth.

Assumption 9. The centerline of the tank runs from port to starboard.

Assumption 10. The ship’s center of gravity (excluding the tank fluid) is given by rg = [xz, 0, ZS]T €

R3 and is constant.

Assumption 1 is clearly false for a ship in motion. Steady-state, the fluid surface would be horizontal
due to the effects of gravity. In rough seas, in non-steady-state conditions, the actual fluid surface
in the tank is likely to behave in a complicated and unpredictable fashion. Modeling this accurately
without resorting to computational fluid dynamics is unfeasible. Assuming the fluid surface to be
horizontal (a quasi-steady model of the tank fluid surface) would render the model significantly more
complex and, in all likelihood, not be much more accurate than Assumption 1, as the fluid surface
in unlikely to have time to settle down. Furthermore, Assumption 1 was also made in Holden et al.
(2011), and the experimental results presented in that work indicate that this assumption does not
result in any significant loss of accuracy.

Assumptions 1-9 imply that the tank fluid is parametrizable as a tube of varying cross-sectional

area. Representing the centerline of the tube of fluid by r?(c) with parameter o, ¥ can be written as

b

(o) = [20, 42 (0), 2(0)] |

(20)

The parameter o is defined to have zero point at the ship centerline and be positive to port.
The fluid surfaces are located at ¢ = —¢, < 0 (starboard side) and o = ¢, > 0 (port side). Thus,
0 € [—Ss,5p] C R defines the fluid-filled part of the tank. When the fluid level is equal in both starboard

and port side reservoirs, ¢, = g5 = <, and o € [—¢p, 0] C R defines the fluid-filled part of the tank.



Property 8 (Properties of 70). r? satisfies the following properties:
° xf s a constant, per Assumption 9.
o The functions y? and z° are smooth (specifically, C* or greater), per Assumption 8.
e y? is odd and lies in the second and fourth quadrant (i.e., y?(—o) = —y?(o), y2(0) = 0 and
y2(0) <0V o >0), per Assumptions 5 and 6.
o 2V is even (i.e., 20(—0) = 20(0)), per Assumption 6.

e max z? = 22(0), per Assumptions 5 and 6.

To fully describe the tank fluid, the cross-sectional area A(c) is also needed.

Property 9 (Properties of A). By Assumption 7, the fluid fills the entire area A(c)Vo € [—Ss,5p)-
Assumption 6 implies that A(—o) = A(o) > 0.

See Figure 2 for an illustration of the u-tank and its parameters.
The chief physically measurable states of the system are the tank fluid levels g,, ¢; and the volu-
metric flow of the tank fluid @ (defined positive to port). ¢, and ¢4 are related to the flow by

. Q . Q
TTAG) T ALY

We define the generalized tank coordinate g; as
1 R
w2 [T do (21)
Ao Jg

where Ap is an arbitrary constant with unit m?.

We note that the total fluid volume in the tank, V;, is constant (Assumption 2). Thus,

<o Sp —<o So Sp
v, & A(o) do = A(o) do = A(o) do + A(o) do —|—/ A(o) do
—<o —Ss —Ss —so <o
—<So
— [ " A) do + Vit Aag,
—Ss
This gives
1 —So
G =—— A(o) do. (22)
Ao —Ss
The time derivative of ¢; is given by
. 1 dg, Q
= —A(g,) =2 = 2. 2
qt AO (gp) dt AO ( 3)

By differentiating on both sides of (21) and (22) with respect to ¢;, we get

dge — Als)’  dar Alss)

ds, Ao des Ao (24)

We note that ¢, and ¢s can be written as functions of ¢;. However, an analytical expression might

not be possible to find. They are then implicitly defined by the relationships (21) and (22).



The speed of the tank fluid relative to the tank walls (i.e., the ship), at any point o in the tank, is

given by
Q _ Aog

vl (0, = ‘
[v7,(o, G| A(o)  Ao)

From calculus, we know that velocity is tangential to the path, giving

. Aoy dr}
vgr(av qt) = A<U§ di(;(a'% (25)
where
b
N (32
Fr ‘ %’“i’ . (26)
Noting that dz?/de = 0, we define
Ay q7b dy}
—L £10,1,0] -+ = do (27)
do do \/(dyf’)2+(dz§>2
do do
b
dzt , dr? s
S5 2 0,0,1]5L = o 28
Y 2 10,0, (28)

such that

AN AN
do do ) — 7

Of course, the ship (and the tank with it) is translating with velocity v” and rotating with angular
velocity w?® relative to the inertial frame. Thus, the velocity of the tank fluid relative to the inertial
frame, at any point ¢ in the tank, is
Aogy diy

b A(o) do (©).

U?(Ua qtavvw) = Ub +wb X Ty (0) +

(29)

5. Hamilton’s equations for the ship—tank system

To use analytical mechanics, we need to know the potential and kinetic energies of the system.
Here, we find the energy of the tank—ship system. The effects of the ocean are added later.

As generalized position, we choose
q £ [mnT’ ’r]T7 Qt]T € RS) (30)

where 2™ is the position of the body frame relative to the inertial frame (in the inertial frame), 7 the
unit quaternion representing the orientation of the body frame relative to the inertial frame and g is
the tank state defined in (21).

We note that, due to using unit quaternions, the dimension of the generalized position vector is
greater than the number of degrees of freedom (eight versus seven), so we will have to use Hamiltonian
rather than Lagrangian mechanics (Goldstein et al., 2002; Lanczos, 1970). Using Euler angles would

obviate the need for Hamiltonian mechanics, but comes with the drawbacks mentioned in Section 3.

10



The time derivative of ¢ can be found from (3) and Properties 6. We define P as

RT(n)  0O3xa Osx1
P(n) £ O4x3 %G(T]) Oa4x1 | € R8T (31)
01x3  O1x4 1

and the generalized velocity vector v as
= [vbT,wa, qt]T e R’ (32)
such that
g="P" (nv. (33)

We also define the matrix

RT(n) Osxa  O3x1
P) 2| 0303 2G(n) 03x1 |- (34)
O1x3  O1x4 1

and note that
v = P(n)q.
Proposition 1. The potential energy U of the ship—tank system is given by

U(q) = gmoho — gel R
7§5(qt)

sp(at)
mrg + pt/ A(o)r (o) do] (35)

where g is the acceleration of gravity, mg is the total mass of the ship and the tank fluid, hy is an
arbitrary constant, e, = [0,0,1]7, m is the mass of the ship (excluding the mass of the tank fluid) and
pr 1s the density of the tank fluid.

Proof. See Appendix A. O
Proposition 2. The complimentary kinetic energy of the system T3 is given by
= 1.+ .
T(a,4) = 54 M(9)d (36)
where
M(q) = PT(n)My(q,)P(n) = MT € R®® (37)
and My (q;) € R™7 is the inertia matriz of the ship—tank system, defined in (B.4).

Proof. See Appendix B. O

3The complimentary kinetic energy is the kinetic energy as a function of ¢ rather than the generalized velocity v, but

taking the same value, i.e., T(q,q) = T(q,v) if T is the kinetic energy.
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Note that det(M) = 0; M is singular since the system is over-parametrized (there are seven degrees
of freedom, but dim ¢ = 8).

As a complement to M, we define the matrix W as
W(q) £ PT(n)M; " (g)P(n) = W' (a). (38)

The matrices P, P, M and W satisfy several interesting properties. These are listed in Appendix
C.

5.1. Hamilton’s equations for the ship—tank system

The derivation of Hamilton’s equations for the ship-tank system are fairly long and technical. For
increased readability, this section provides a summary, while the full details can be found in Appendix
E.

Unlike Lagrangian dynamics, which uses the generalized position ¢ and its derivative ¢ as variables,
Hamiltonian mechanics uses the generalized position and generalized momentum. These have the same
dimensions. By definition, the generalized momentum is found from the complimentary kinetic energy.

Letting p € R® be the generalized momentum,

A 0T .
pE 2 = M(q)q € R®. (39)

However, we know that p has higher dimension than is, strictly speaking, necessary. There are
only seven degrees of freedom, while dim p = dim ¢ = 8. We can therefore get a somewhat more useful

momentum in R” by defining
p= M(q)v € R (40)

and note that (dropping function arguments for brevity) p = P'TM;P¢ = PTM;v = PTp, which
implies p = Pp by Property 13 (see Appendix C).

Proposition 3. The dynamics of the ship—tank system are given by

q="P" (¢)M; (q)p (41)
p=7(t) = Cilg,p) M (a)p — ke (q). (42)
where My is the inertia matriz of the ship—tank system defined in (B.4), 7 € R” are generalized forces

related to those of the virtual work principle in Appendiz D, Cy = —C,' € R™7 is a Coriolis/centripetal
force matriz defined in (E.42) and

03x1
k)2 g | S(RTes) [mrt + oo [7%) 12(0)A(0) do| | € BT (43)

—prAoel R[ri(sp) = rt(—<s)]

18 a vector of restoring forces.

Proof. See Appendix E. O
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6. Total dynamics for the ship—tank—ocean system

There are other, external, forces acting on the ship—tank system that were not included in the
dynamics of Proposition 3 (other than through 7). There are potential and viscous damping effects on
the ship (Fossen, 2011), damping effects on the tank fluid (Goodrich, 1968; Holden et al., 2011; Kagawa
et al., 1989; Lloyd, 1989, 1998; Marzouk and Nayfeh, 2009; Moaleji and Greig, 2006, 2007; Neves et al.,
2009; Sellars and Martin, 1992), buoyancy on the ship (Fossen, 2011), environmental forces (Fossen,
2011), control forces and some gravity-induced forces. Hydrostatic buoyancy is actually a potential
force, but buoyancy is rendered very complex in the presence of waves and was not included in the
previous section.

To add these extra forces, we will need to make one final assumption:

Assumption 11. Generalized forces associated with the virtual work defined in Section Appendix D

obey the superposition principle.
We can then write the external forces as
T=T,+Tp+Tg+ 7+ 7 €RT (44)

where 7, are gravity forces not already included, 7, are pressure forces, 74 are damping forces, 7. are
control forces and 7. are unmodeled forces.

Buoyancy is included in the term 7, and is non-zero even in calm water for a ship at rest. The
weight of the ship will counteract some or all of this (depending on whether or not the ship is floating).
This weight was not included in the term k;, as the potential energy of the ship and thus its weight
does not depend on the ship’s position, only on its orientation. We therefore add this force manually
as (Fossen, 2011)

R (n)e:

Tg(Q) = mog . (45)
O4x1

The pressure forces 7, are caused by the pressure of the surrounding ocean. These do not affect
the tank directly, since the tank fluid is not in contact with the ocean. We let 7, = [7,',0]" where

Tp € RS is the pressure forces on the ship. From Fossen (2011), these forces are

7y = —Mai — Dyir — Ca(D)0 — kyp(q, 1) (46)

A

"’ € R7 is the generalized position and 7 £ [v*T wT]T € RS the generalized

where g = [z"T,n"]"
velocity of the ship, M4 € R™*7 is the added mass matrix, D, € R7*7 the potential damping matrix,
C4 € R™7 is the matrix associated with the Coriolis /centripetal forces due to added mass, and ky € R7
is restoring forces due to hydrostatic and hydrodynamic effects. The exact nature of the terms in (46)
depend on the sea state, and will not be further analyzed in this work.

The damping term D,7 only contains potential damping. There are also other dissipative effects,

such as vortex shedding and viscous damping (Faltinsen, 1998). In addition, there is also the damping
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in the tank. We therefore write the remaining generalized damping force 74 as
D,()p
di(Ge)de

We gather all damping terms in the matrix D, such that

D,v + D, (0)v — Dl (48)
de(de)de

with
D,+ D,(v) 0
poy e | P D@ Oea | (49)
O1x6 di(dy)

We define the added mass matrix in R7*7, My as

M, A My Ogx1
A= )
Oi1x¢ O

the added mass-induced Coriolis/centripetal matrix in R7™*7, C4 as

Ca(v) 0Osx1
Ca(v) & o =-Cciw),
O1x6 0
the total inertia matrix M as
M(gq:) & My(gi) + Ma (50)

and the total generalized restoring force k as

N ky(q,t ky(q,t) + k,(q

k(q,t) = ki(q) _Tg(q) + p(T:1) _ § p( ) ) 4(q) b (51)
0 —prAoe, R(n) [rt (gp(Qt)) — Ty (_Cs(Qt))}
with
moRT (n)e.
ko(a) £ g T b splat) b € R°. (52)
S(RT (n)e) [t + pu [0 rh(o) A(o) do]
The resulting dynamics is then given by

Q=PI (53)
P = 7e(t) + 7e(t) = Mair — [Ci(qs,p) + D(v) + Ca(v)] My 'p — k(g; t). (54)

The presence of the added mass term (which gives a generalized force proportional to generalized
acceleration) makes it cumbersome to use generalized momentum as a state variable.
We find
oM,
a—qtu
= 7e(t) + 7e(t) = Mav — [Ci(ar, p) + D(v) + Ca(w)] M'p — k(q,t)

p:MtV+MtV:MtU+qt

= Te(t) + 7c(t) — Mav — [Ce(qe, Myv) + D(v) + Ca(v)] v — k(qg, t). (55)
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We rearrange the terms in the above equality and get

M(qi)v = 7e(t) + 7e(t) — [Clgr,v) + D(v)] v — k(q, 1) (56)
where
. OM,
Clg,v) = rr + Ci(qe, Me(qr)v) + Ca(v)
t
is the total Coriolis/centripetal matrix.
Dropping function arguments for brevity, we can rewrite C'(q, v) as
M, b
_ —thw
Cs+Ca 10M,, b
C= 2 aq:)w
_ bTOM, 1, bTOM]
“ o 2 Dar 0
oM. 4
O3x3 _361\(;1: O3x1 O3x3 —aaj\i” n(;qt’qt
4 19M,, ; M, oM, Omuy 4
qt O3x3 3 oq 031 + dqy dq: tht
am;r,tit amz,dt 10mzr am;q't 8mz,ét Omrz
9g+ g+ 2 Og: Oqt Oqt g+
_OM, b Om.,,
Cs+Ca Oq: Oaxz Oz dar
— 1OM, b +4 oM, 10M, Omuw.q,
2 Oqy t Oqt 2 0q qt
_  bTOM, 1 bT oM, 19
w” 7w g 0 O1x3  Oixz  5%.°
=Cy + ¢:Ch, (57)
with
[ oM, b
_ —thw
a Cs +Ca 1M, b T
Cu; = 3 athw = _Cw
_  bTOM, 1, bTOM]
L~ Y o 2 Dar 0
- _
O3x3  O3x3 %
C. = oM, 19M, Omw.q,
m 0q: 2 Oqy gt
| Oixz Oixs %%LQT
We note that M and C satisfy the following property:
Property 10. The matrizc M — 2C' is skew-symmetric, that is
. . T T [ 7
M-20:-(M-20) s w (M—2C)w:0vweR. (58)

Proof. We already know that C,, is skew-symmetric, so the statement (58) is equivalent to the state-
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. . T
ment M — 2¢,C,,, = — (M - 2q'tCm) . Since M is only a function of ¢;, we have

: . . OM . . [ OM,
M —-2¢,Cp, = qt% —2¢:Cry = Gt ( L 20771)

t gy
[ . _BML, 8mv,qt amv,qt
033 9as 9q. O3x3  O3xz 25
= oM, oM, OMwa | _ g oM, M, o9Mw.g
q 0<_1rt agrt 9q¢ qt 2 9q¢ Jqt - Jqt
8my,qt amwt dmzr 01+ - 01 - omzz
L Oq 0q¢ 9q¢ 1x3 Ix3 g+
[ __OM, _amv,{jt
OBXS Oq Jqt T
— oM, Omy g _ y .
@ | G Usxs —Tgut | T (M - 2QtCm)
T T
8mmt amwt 0
L Og: g+

since M,, = —M,| implies OM,, /0q; = —OM,] /Oq;. Proof of the equivalency of the two statements in
(58) can be found in Kreyszig (1999). O

We can then define the dynamics for the full 7-DOF ship—tank—ocean system (main result):

Definition 1 (7-DOF model for arbitrarily shaped u-tanks (unit quaternion version)). The
dynamics of the full 7-DOF u-tank model with a generic u-tank, using unit quaternions to represent

the orientation of the ship, can be written as

i=P (nv (59)

M(q)v = 7e(t) + 7c(t) — Clqt, v)v — D(v)v — k(q, t) (60)

where P is defined in (31), M in (50), C' in (57), D in (49), k in (51), 7. is the unmodeled disturbances

and 7. the control forces.

It is possible to derive an Euler angle version of the model in Definition 1 from (59)—(60). For the
convenience of those who prefer Euler angles, an Euler angle version of the model in Definition 1 is

here presented.

Definition 2 (7-DOF model for arbitrarily shaped u-tanks (Euler angle version)). The dy-
namics of the full 7-DOF u-tank model with a generic u-tank, using Euler angles to represent the

orientation of the ship, can be written as
q'e = Pe(e)’/ (61)
M(q)v = 7e(t) + 7c(t) — Clqt, v)v — D(V)v — ke(ge, t) (62)
where © = [$,0,4]" € R3 is a vector of roll-pitch-yaw Euler angles; ¢. = [z"7,07,¢]" € R7 is
generalized position;

R.(©)  03x3  0O3x1
Pe=| O3x3 Ge(©) 035, | €RT
O1x3 O1x3 1
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with

where s. = sin(-), ¢. = cos(+), t.

ke(gest)

COCy  SpSHCy — CepSy  ChSHCy T S¢Sy
CoSy  SpSeSy T CeCyh  CpSeSy — S¢Cy
—Sg S4Co CypCo
1 Sete Coto
0 Co —s4 c RBXS

i 0 S¢/Ce C¢/Ce

= tan(-);

kp,e(‘]ea t) + kg,e(‘]e)

c R3><3

—piAoel Re(©) [r(sp(gr)) — (=<5 (ar))]

with k, . being generalized pressure forces having the same numerical value as k, (i.e., kpe(ge,t) =

k,(q,t)) and

kge(qe) = g

S(RY (O)ez) [mrt+ pu [21) rb(0)A(0) do

moR/! (©)e,

—Cs (th

and the other matrices are as in Definition 1.

7. Comparison to existing models

€ RS;

Most existing models of u-tanks (e.g., Holden et al. (2011); Kagawa et al. (1989); Lloyd (1989, 1998);
Moaleji and Greig (2007); Sellars and Martin (1992)) are for u-tanks that consist of three rectangular

prisms; one for each reservoir and one for the duct (see Figure 3).

A rectangular-prism u-tank can be described by

Yy

(o) =

V o€ (—oo,—w/2]
-0 YV o€[-w/2,w/2]

-3 VvV o¢€w/2,00)

w|g

rq+%+o YV o€ (—o0,—w/2]
T4 YV ooe[-w/2,w/2]

rq+ 4 —o YV o€ w/20)

A ¥V o€ (—oo0,—w/2]

Ag ¥V o€-w/2,w/2|

A Y o€ w/2,00)

Since the tank has rectangular cross-section, we define

AT = wrlr 5 Ad e hdld.
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The parameters in (63)—(66) have the interpretation indicated in Figure 3.4
Furthermore, ¢o = h¢ + 5. The value of Ay is arbitrary. We choose 4y = A,..

The functions for the u-tank is sufficiently simple such that it is possible to explicitly solve (21):

1 [ w

qt = Aio . A(O’) dO' = §p — ht — 5 (67)
-1 —<o0

"= A(0) do = hy + % < (68)

as long as the duct is always full of fluid (which we will assume).

7.1. Comparison to the model of Lloyd (1989, 1998)

Like many other u-tank models (Faltinsen and Timokha, 2009; Moaleji and Greig, 2007; Sellars
and Martin, 1992), the model of Lloyd (1989, 1998) has four degrees of freedom; namely sway, roll,
yaw and a tank state. The model of Lloyd (1989, 1998) is also linear (i.e., only valid for low-amplitude
motion), and only valid for a rectangular-prism tank.

To be able to compare the new model to that of Lloyd (1989, 1998), we will first take the 7-DOF
model of Definitions 1 and 2, reduce it to the same four degrees of freedom as Lloyd’s model, use a
rectangular-prism u-tank (as defined in (63)—(65)) and linearize the dynamics. We will then define
Lloyd’s model, which was made under similar assumptions (with the extra assumption that I, = l4).

To reduce the order of the 7-DOF model, we use the Euler angle model of Definition 2. To derive
the reduced-order model, we assume that z = z = § = v} = v} = Wb = 0.

We define

qry £ [y7¢7w7Qt]T (69)

Vry £ [Ugaw?wga%]—r (70)

and find that

cos(¢) cos(¢)) 0 0 0

, 0 1 0 o0
qry = Vpy, = Vpy

0 0 cos(¢) O

0 0 0 1

for small angles ¢, 1.
We also note that, using roll-pitch-yaw Euler angles, R e, = [0,sin(¢), cos(¢)] " since 6 is assumed

Zero.

4Technically, a rectangular-prism u-tank does not fit into the framework developed in this work; the tank centerline
function is not a C! function. However, (63)—(65) can be approximated by a C! to arbitrary precision by interpolating
(see Holden (2011, (8.1)—(8.3) p. 124)). Formally, we should use this approximation. In this paper, we will simply use
(63)—(65) directly.
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We define

ma2(0) + ma2e m24(0) +mas mas(0) +mas mar(0)

M,, 2 mMoa(0) +maas mMaa(0) +maaa mag(0) + maas maz(0) (71)
mag(0) + masa Mag(0) +maes mes(0) +mags mer(0)
maz(0) ma7(0) me7(0) mz7(0)

where m;; is the i, jth element of M; and m 4 ;; is the i, jth element of M4 (see (46)). We calculate

m22(0) = maz(q:) = mo = m + py (2hyw,l, + whala)

<o
ma4(0) = pt/ Azf do —mzy = —p; (2$Tlr7"dht + hglgrqw — wrlrhf) — mzg

—<o

So
mag(0) = —pt/ Azf do +mzy = ptxf (2hiwply + whalg) + ma,
—So
<o dfb
ma7(0) = prAo d—gg do = —pyw,l,w
—So
<o
maa0) = I +pc [ (00 + (D24 do
—<So0
2 w? 2
=TI+ pehalqgw | rg — — | +pe | 2r; +

w2+2
12

5 3h§ - 2rdht> wylyhy
<o

mye(0) = I13 — py Azbz?l do
—<o

= Iz — 2prw,lyayrahe — prhalaraziw + pyw,l,x?hy

<o de dfb
myz7(0) = PtAO/ (ybt - yth) do = pyw,lrw(hy +14)
-

tdo do
So

mee(0) = I33 + Pt/ Al@)? + 9)?] do

—So

1 1
= I35+ (2(95?)2 + 2w2> prwpl.hy + ((xf)Q + 12w2) prhalqw

So d—b d—b
< b @t wtyf) do = ptwrlrwxf

me7(0) = ptAO/ Tt do do

—So

<o A2 w212w
my7(0) = 20 4o = 2hwrlr+”>
77( ) = pt . A Pt ( t haly

where I;; is the 4, jth element of the ship’s moment of inertia matrix I.

Furthermore,
d22(0)  d24(0) das(0) O
da2(0)  dya(0) das(0 0
D, - 42(0)  daa(0)  dag(0) (72)
de2(0)  des(0) dgs(0) 0
0 0 0 d:(0)
where d;; is the 4, jth element of D of Definition 1 is the linear damping matrix.
Finally,
Tera(t) = BryTe(t) (73)
Teura (1) = Bry7e(t) (74)
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with

01 0 0 0 0 O
N 00 0 1 0 0 O
B, 2 (75)
00 0 0 0 10
00 0 0 0 0 1

are the unmodeled and control forces, respectively.
The restoring force matrix K., can be found from the reduced-order spring term k,., (the nonlinear
restoring force for the 4-DOF model). If k, ; is the ith element of &, . of Definition 1, then — dropping

function arguments for brevity — &, is given by

kp2+[0,1,0lmogR e
kp,4 +g[1,0 O RTez [mr +Pt §p

r? A da}
—Ss
kpe +g[0,0,1]S(R"e.) [mr +p [T rpA da}
—gpedoe R[r}(s) — (=)
kp 2 + mogsin(¢)

(kp,4 + gmzgsin(¢) + gprww,lyq: cos(¢)
= +9gp¢ [wrlr(Qrdht — htz — q?) + hdldrdw] Sin((b))

kps —9g [x?mt + mxg] sin(¢)
gprwplrw sin(@) + 2gprw,l-q: cos(d)

Thus,

Ok,
K, = - (76)
Or, qe=0

kp,22 kp 24 +mog kp.26 0
kpao  kpaa +gmzg + gpe [welohy(2rqg — he) 4+ halarqw]  kpas  gprwylw
kp 62 kpes — g [I?mt + m:z:g] kp.66 0
0 gprwelyw 0 2gpewrly
where

Okyp,i
P,ij — 8%,3 -
with ¢ ; is the jth element of ¢, are the partial derivatives of the pressure restoring forces.” The
pressure force parameters may be time-varying (if the pressure field itself is time-varying, such as due

to waves), and some may be zero. This renders K., a function of time.

Definition 3 (Linearized 4-DOF rectangular-prism u-tank model). The linearized 4-DOF dy-

namics for a rectangular-prism u-tank are given by

M, Gry + DryGry + Koy (8)gr, = Te,ry (t) + Te,ry () (77)

51t may be worth noting that the terms gps [wrlrhe(2rg — he) + halgrqw] ¢ and —ga:?mﬂ/) are the linearized moments

due the the mass of the tank fluid in, respectively, roll and yaw.
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where M,, is defined in (71), D,, in (72), K,, in (76), Ter, in (73) and 7., in (74).

The model found in Lloyd (1989, 1998) is a linear, 4-DOF model, consisting of sway, roll, yaw and
a tank state. The model is derived based on Newtonian mechanics. The model assumes a rectangular
u-tank as in (63)—(65) with I, = 4.

We rewrite the model of Lloyd (1989, 1998) so that it has the same states as the model presented

here.b

Definition 4 (The model of Lloyd). According to Lloyd (1989, 1998), the dynamics of a rectangular-

prism u-tank is given by
MLdu + Dr4q'r4 + KLQT4 = Te,ry (t) + Teyry (t) (78)

where ¢,,, Dy,, Ter, and 7., are as in Definition 3, and

m 4+ ma 22 mMA,24 mA 26 maz(0)
MA,42 Iip +ma g ™A 46 my7(0)
My =
MA,62 MA 64 Iss +maes me7(0)
i maz(0) myz(0) me7(0) m7(0)
0 0 kpas 0
0 kp,44 + gmzg kp,46 gptl'rwrw
Ky =
0 0 kpos 0
0 gplrwrw 0 2gpdywy

where matrix parameters are the same as in Definition 3.

This model is largely identical to the linear 4-DOF u-tank model of Definition 3. The main difference
is in the mass matrix. In the model of Lloyd, the only effect on the inertia matrix of the ship—tank
system is adding the coupling terms (ma7, mq7 and mg7) and my7. In the calculations shown in this
work, the mass of the tank fluid will also change the other elements of the inertia matrix. Loading the
tank with water will increase the ship’s mass, and will also change its distribution. This will change
the total mass of the ship, the center of gravity and the moment of inertia. This is not included in the
model of Lloyd. However, the mass of the tank fluid is likely to be quite low compared to the mass of
the ship (1-5% (Lloyd, 1989, 1998)), so this might not greatly affect the behavior of the model. The

model of Lloyd also assumes that the body center of origin is the center of gravity, and that I;3 = 0.

6Note that in Lloyd (1989, 1998), the states called are x2, 24, ¢ and 7. These equal, respectively, y, #,v and gt /w.
Also note that there are some obvious typos in the original work Lloyd (1989, 1998). These are

Lloyd (1998, Equation (12.53a) p. 265) reads ar2 = —Q¢, but should read ar2 = Q.
Lloyd (1998, Equation (12.53d) p. 265) reads ar6 = —Qtx p,, but should read ar¢ = Qitxp, .

Lloyd (1998, Equation (12.54b) p. 266)) reads a42@2 + bagd2 + (I44 + a44)Za + baa®a + caaws + as6ie + bacie +
ca6T6 — [aarT + car7| = Fypaosin(wet + v4), but should read assio + baota + (laa + aa4a)@a + baaZa + caaza +
a46%6 + bacTe + ca6T6 + GarT + carT = Fypao sin(wet + 74).

These typos are independent of the reference frame used, and are propagated throughout Lloyd (1989, 1998).

21



In addition, there are a few differences in the spring term. However, the only differences related to
ship-tank interaction is the lack of the terms gzm; and gp; [w,l,.h¢(2rq — hi) + halgrqw], which have
been neglected in the model of Lloyd. These terms are related to shifting the center of gravity of the
ship-tank system due to the mass of the tank fluid. Again, this change is likely to be small.”

Of course, the main advantage of the 7-DOF u-tank model of Definition 1 over the model of Lloyd
is that while that model assumes one very specific tank shape, is completely linear and only 4-DOF,
the new model can handle arbitrary u-tank shapes, is as nonlinear as is required, and has all seven

degrees of freedom.

7.2. Comparison to the model of Holden et al. (2011)

Holden et al. (2011) presents several 2-DOF nonlinear models for a rectangular-prism u-tank with
I, = Iy on a barge in calm water. These models were verified through small-scale experiments. We
shall here compare the novel model of Definitions 1 and 2 to the model referred to as £ in Holden et al.
(2011)8.

We also need to rewrite the model of Definitions 1 and 2 to a 2-DOF model. Defining ¢, = [¢, ] "
and using the same procedure as in Section 7.1 (except for the linearization), we can define a reduced-

order model.

Definition 5 (2-DOF rectangular-prism u-tank model). The 2-DOF dynamics for a rectangular-

prism u-tank are given by

M, (9t)Gry + Cry (Gt Gry)Gry + Dry(Gry)Gry + kry (Gry t) = Ters (1) + Teyrs (t) (79)
where

M, (q) = maa(qe) +maga  maz(q) (80)
myr(qr) ma7(qr)

maalar) = In + pe / [49)% + (%)) A do

—Ss
2

w w? 2
= I11 + 2pw, - (hy — 7"(1)qt2 + prhalqw (7"3 - 12) + py (27‘3 + 5 + ghf — 2rdht> wylhy
and calculations show that my7(q:) = ma7(0), m77(q:) = m77(0) and take the same value as the model

of Definition 3,

Crz (qtv qm) = 2ptwrlr(ht - 7Qd)qtgi) qt ¢ (81)
—¢$ 0
da(¢ 0
D)= | 190 (2)
0 di ()

"Lloyd’s spring term is time-independent, since he assumes the pressure field is constant. This is in contrast to the

new model, where the pressure field can be time-varying, such as due to waves.
8The other models are various simplifications and extensions of the model £. Experiments performed in Holden et al.

(2011) indicated that the extended models do not have significantly higher accuracy than the model £, which is why the

model of Definitions 1 and 2 is compared to the model £ rather than one of its (more complicated) extensions.
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with J44((;'S) = dy4(7) with all non-roll degrees of freedom set to 0,

ka(qr,,t
kT2 (qT2 ) t) = . 4(q ) (83)
gprwylrwsin(@) + 2gprw,l-q: cos(d)

with

ks (Grs,t) = I%P,4(¢a t)+ gmzg sin(¢) + gprww,l,-q; cos(¢)

+ gpt [wrlr(2rahy — b — q7) + halgraw] sin(¢)
and k. 4(®) = kp 4(ge) with all non-roll degrees of freedom set to 0, and
Tes(t) = Brare) (59
Teurs (t) = BryTe(t) (85)
with

00001000
2 : (86)
0000001

(1>

B,

Definition 6 (The model £). According to Holden et al. (2011), the dynamics of a rectangular-

prism u-tank on a barge is given by

M, (qt)Gry + Cry (Gt Gry)Gry + Dry(Gry)Gry + ke(gr,,t) = Te,ro (t) + Te,rg (t) (87)

where M,,, Cy,, Dry, Ter, and 7, (t) are as in Definition 5 and

ka ()
ke(gr,,t) = . (88)
gprwylywsin(o) + 2gpywelyqr cos(¢)
with
];4 (QT2 3 t) = ];:p,4(¢) + gmzg 51n(¢) + gptwwrqut COS(¢)
+ gpt [wrlr(2rahy — b} — q7) + halgraw] sin(@)
where
b _gmg 2 2 B? .
kpa(¢) = 51D B° —12D° + 7(:052((#) sin(¢) (89)

is the hydrostatic pressure moment in roll on a barge of dimensions L x B x D.

We note that this model is identical to that of Definition 5, except that the model £ uses a specific
function for the pressure forces rather than the undefined, generic function of the new model. This
means that the verification results of Holden et al. (2011) are also valid for the new model, although

only in reduced-order form for a specific u-tank.
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8. Conclusions

This work presents a novel nonlinear 7-DOF model for ships equipped with a u-tank of arbitrary
shape. The ship—tank interaction was modeled using Hamiltonian (analytical) mechanics, while exter-
nal forces (such as those due to the surrounding ocean, actuators and various dissipative forces) were
added later in a Newtonian framework. These external forces were not explicitly modeled in this work.

The new model is quite complex, and should achieve a high degree of accuracy. Its main strength
is its ability to describe the motion of u-tanks of arbitrary shape. Furthermore, it can model high-
amplitude motions due to its nonlinearity and it fully captures the coupling to all degrees of freedom.
The main drawback is that the new model is quite complex, and contains certain integral relations that
(except for very simple tank shapes) cannot be analytically solved. However, some of these complexities
can easily be simplified away.

While experiments have not yet been performed to test the validity of the new model, it was
compared to the experimentally verified (but significantly less powerful) model of Holden et al. (2011).
Under similar assumptions, the two models are identical, and the verification results presented in
Holden et al. (2011) should therefore still hold. The novel model was also compared to the commonly
used (but also significantly less powerful) model of Lloyd (1989, 1998). The new model contains
several effects left out of the model of Lloyd (1989, 1998), in addition to having the ability to describe

a significantly broader class of u-tanks under much less strict conditions and with higher accuracy.

Appendix A. Potential energy of the ship—tank system

Any infinitesimal volume block dV of the tank or the ship at a position r* has density p(r®) given
by

b Dt in the tank
p(rt) = (A1)
ps(r?) in the ship

and is at a height h(r™) above some arbitrary zero point. We note that h is the zero level minus the

inertial z-component of r”, i.e.,

h(r™) = hg —elr"™ = hg — e Rr® (A.2)

T A

where e,

[0,0,1] and hg is an arbitrary constant defining the zero point for potential energy. The
negative signage is because the z-axis has the same direction as the gravity field.

The potential energy dU of dV is given by
dU = gp(r®)h(r™)dV = gp(r?) (ho — eZTRrb) dv. (A.3)

The total potential energy U of the ship and the tank fluid is then given by

U= / dU = gmohg — ge! R U ps(r)rt dV + pt/ r? dv}
ship and tank ship tank

sp(qt)
mrg + pt / A(o)r (o) da] (A4)

—Cs(Qt)

= gmoho — ge, R
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where
sp(ae)
mo = / p(r®) dV = / ps(r?) dV + pt/ A(o)do >0
ship and tank ship —cs(qe)

is the combined mass of the ship and the tank fluid, and

1
b a by,.b
rg = o ps(r?)r’ dV (A.5)
is the definition of the (ship’s) center of gravity.

We recognize (A.4) as matching Proposition 1.

Appendix B. Kinetic energy of the ship—tank system

An infinitesimal volume block dV of the tank or ship at a position  in the body frame has density
p(r?) given by (A.1) and velocity v&(r?) given by

b b by Agds d7F :
v+ w’ xr’+ o) in the tank
Ub(’l“b) — A(o) do ( ) (Bl)

v+ wb x b in the ship

where v? is the translational and w® the angular velocity of the ship. The velocity of the tank fluid
comes from (29).

The volume block has kinetic energy d7T' given by

1
dT = Zp(r") vy (") 134V, (B.2)

The total kinetic energy 1" of the ship and the tank fluid is then given by

1
T4~ [ o) 3 av
tank and ship
1

= 7/ ps (%) Hvb +w’ x rsz dVv
2 ship

1 Sp(ge) Aoq't d’Fb 2
+ fpt/ Alo) ||[v° + w® x r2(0) + —(o)| do
2 —ss(qe) t A(U) do 2
1 b Sp(gt) bi2
5[ mhavae [T Ay o o013
ship —ss(qt)

splaqt)

_ %wb—r [/Shm ps(Tb)S2(’l“b) dV + p; /_gs(qt) A(J)SQ(TS(U)) d(f] WP

splqe)

bT b b , b
e [/shippS(r )S(r) AV + py /—cs(qt)A(U)S(Tt (0)) da} v

| poela) gpd pla) 1
+ pi Aggi? / —L(0) do / —— do
[ —<u(qr) do —cu(a) A0)

sp(qr) d—b
+ prAode” [ [ sutenEe do]

—Gs (lh)

ptA(2)(jt2
2

+

= %VTMt(Qt)V (B.3)
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where

moll3 —M, (1) —mS(rh)  myg,(q:)
Mi(ar) £ | My(q) +mS(rh) M, (qe) +1 Mg, (qt) (B4)
m, . (a) my, . (qt) mr7(qe)

is the inertia matrix and we have used that ||r||2 = " r for all vectors 7. We note that M; = M," € R™*7
is a positive definite matrix.

The components of the inertia matrix are:

splat)
mo = / ps(r?) AV + pt/ A(og) do >0 (B.5)
ship —ss(qt)
is the total mass of the ship and tank fluid,
§p(qt)
Mya) 2o [ A@)S(rH0) do = -] (g) € B (B.6)
—ss(qt)
mS(r) £ / pa(r?)S(r?) dV = —mST () € RO*3 (B.7)
ship
are the cross-couplings between the angular and translational accelerations,
sp(qe)
Mofa) 2 =pi [ A0)520H0) do = M (a) > 0 € B (B)
—ss(ge)
= —/ ps(r)S3(r?) AV =17 > 0 € R?*3 (B.9)
ship

are the moment of inertia tensors of the tank fluid and the ship,

<plae) d,,?g

Mg, () £ ptAO/ (0) do € R**! (B.10)
—cs(qr) g
N sp(qr) b dff a1
M) 2 peda [ S(rt(0) G 0) do € R (B.11)
—ss(qe) g

give the cross-coupling between the acceleration of the tank fluid and the rigid-body generalized ve-
locities and

§p(¢1t) A%
) A(o)

mer(a) 2 po / do > 0 (B.12)

—<s(qe
is the inertial mass of the tank fluid (which is distinct from the actual mass of the tank fluid).

As an intermediary step in Hamiltonian mechanics, the energy needs to be a function of the
generalized coordinates ¢ and their derivatives ¢ (Goldstein et al., 2002; Lanczos, 1970). We therefore
need to rewrite the kinetic energy as a function of q.

Since v = P(n)q, the complimentary kinetic energy 79 is given by

- 1. .
T(q,q) = iqTM(q)q (B.13)
where

M(q) £ PT(n)Me(gr)P(n) = M (q) € R, (B.14)

We recognize (B.13) as matching Proposition 2.

9The complimentary kinetic energy function 7" is a function that takes the same value as the kinetic energy function

T, but is a function of ¢ rather than v, i.e., T(q7 q) =T(q,v).
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Appendix C. Properties of the matrices P, P, M and W

The matrices P, P, M and W satisfy several interesting properties. These are here summarized.

In this appendix, function arguments are dropped for brevity.
Property 11. M is symmetric and positive semidefinite.

Proof. M = MT > 0 if it satisfies w' Mw > 0V w € R”. From the definition of M, w' Mw =
w'PTM,Pw = ©"Myw > 0 with & = Pw since M; = MtT > 0. Thus M is at least positive
semidefinite. It is not positive definite, however, because w = [01x3,7"]" # 0 = w' Mw = 0 since

Gn =0 (by Property 4). O
Property 12. W is symmetric and positive semidefinite.

Proof. W = WT > 0 if it satisfies w' Ww > 0 ¥V w € R7. From the definition of W, w  Ww =
w  PTM;"Pw = @' M; b > 0 with @ = Pw since M; = M, > 0 implies M;* = M, " > 0. Thus
W is at least positive semidefinite. It is not positive definite, however, because w = [01x3,7"]" # 0 =

w' Ww = 0 since Gn = 0 (by Property 4). O
Property 13. PP =1.
Proof. We have

RTR 03x3 0O3x1
PPT: O3x3 GG O3x1 =1I7

Oixs Oixs 1
since RT = R~ and GG = I3 by Property 3. O
Property 14. PPT =1;.
Proof. We have

RTR 0343 0O3x1
PPT =1 033 GGT 03 | =t

O1xs Oi1xz 1
since R" = R~! and GG =I5 by Property 3. O
Property 15. PTPPT =PT.
Proof. We have PTPPT = PTI; = PT by Property 14. O
Property 16. PTPP" = PT.
Proof. We have PTPPT = P'I; = P" by Property 13. O

Property 17. WMW =W.
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Proof. We have WMW = PTM; 'PPTM;PPTM; P = PTPPTM;'P = PTM; 'P = W, where
Properties 13 and 15 have been used. O

Property 18. MWM = M.

Proof. We have MWM = PTM,PPTM; *PPTM,P = P"PP"M,P = P" M,P = M, where Prop-
erties 14 and 16 have been used. O

Appendix D. Virtual work on the ship—tank system

Following Shivarama (2002); Shivarama and Fahrenthold (2004), we define the quasi-coordinates

. associated with the co-rotating components of the angular velocity so that ¢, £ w®.

The virtual work done by imposed forces 77(t) € R® (on the ship) and 7;() € R (on the tank fluid),
and torques 72, () € R? (on the ship) is then given by

W = 5x”TT}L(t) + 0. 78 (t) + Squmi (t). (D.1)
Since dq, = 2Gdn (by Property 6), we get
7
SW = 62" "7 (t) + 260" GT 1l (t) + squme(t) = 6q" | 2GT7, | . (D.2)
Tt
We therefore see that the vector of generalized forces associated with the virtual work éW is
7

L2 | 9ogTrb | € RS, (D.3)

m

,’7"_
Tt
Appendix E. Derivation of Hamilton’s equations for the ship—tank system

Using the kinetic and potential energies of Section 5, all that is required to derive the dynamics of
the system is a virtual work principle. This is defined in Appendix D.

Initially, the dynamics will be given using a generalized momentum in R8. This is somewhat
inconvenient, as the generalized momentum can be expressed in R7 (as there are seven degrees of
freedom). However, we need to use the more complex form as a stepping stone to get the more

compact representation.

Appendiz E.1. Generalized momentum and Hamiltonian

The generalized momentum p € R® can be found by
p=— =MgeR® E.1
P= q (E.1)
Due to Properties 17 and 18, we can take

q=Wp. (E.2)
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By the Legendre transform (see, e.g., Goldstein et al. (2002); Lanczos (1970)),
~T . ~ ~Typy~ 1 T . Ty Ay~ 1 ~T ~
T=p q¢-T=p Wp—50 Mi=p Wp—g5p WMWp

P RS N
=p Wp— ipTWp = §pTWp (E.3)

where Properties 12 and 17 have been used.
Due to the shape of T and U, the Hamiltonian H is simply equal to the sum of the energy in the
system (Goldstein et al., 2002), or

H(q,p) = T(q,p) + Ul(q)

1
=5 Wp+ gmz, + gpt/ zf(o)A(a) do — geZTR

sp(qt)
) mrz + o / A(o)rt(o) do
—So

7§s(qt)

Appendiz E.2. Using generalized momentum in R

Since dim ¢ = 8, while there are only seven degrees of freedom, the system has a single algebraic

constraint to satisfy:1°
&(g.p) =n"n—1=0. (E.5)

We recognize this as representing the necessity that 7 remains a unit quaternion.
By Hamiltonian mechanics (Goldstein et al., 2002; Holden, 2011; Lanczos, 1970), the dynamics

(with ¢, p € R®) are given by

q¢=Wp (E.6)
_ 03
.. 0T oU .
=%~ Ba —2\ | g | +7®) (E.7)
0

where ) is an (as yet undetermined) Lagrangian multiplier. The presence of a Lagrangian multiplier
represents virtual forces necessary to satisfy the constraint (E.5).

Before we continue, we need to find d1'/dq and U /dq.

Appendiz E.2.1. The partial derivative 8T/8q
From (B.13) we have that T is not a function of 2", but it is a function of n and ¢;. Therefore,
or

axn -

(E.8)

Since M, is not a function of 1, we can use (Holden, 2011, Lemma A.3) to find that

or _10(¢"PTMP§) _ 10(f" (¢, )M f(q,4)) _ Of L Of
gL _ = S =M, = =M, P
on 2 on 2 on on of(a,4) on " ¢

10See Goldstein et al. (2002); Lanczos (1970) for more details as to why this is necessary.
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with

RTin R
fle,d) 2 Pi=| 265 |=| —26n | eR™*.
qt qt

since Gi) = —Gn (by Property 5). The partial derivative df /07 is then given by

8f_ A(R"i™) AGn) 8¢ | — | ORT fam on 5T
gy = | M 2t g | = aheren) 250067 0 ]

= [ %(l‘n(@]lg) —2GT O4x1 }
where (Holden, 2011, Lemma A.2) has been used and ® is the Kronecker product.
Furthermore, RT = I3 — 21,.S(n;) + 25%(n;), giving
OR" 7] 0
—— =—-2—:S(m)) +2—S*(m:
with (by (Holden, 2011, Lemma A.2))

o () = 2 () 901 + 25 (13T = [

(vee ()T ] 4y 2500

O3x9 I

0 o, _ 9S(n) } ~ 98(mi) _
8775 (mi) = n (S(n:) ®1Is) an (Is ® S(m))
where
00 0 0000 00
oS(m;) |0 0 0 0010 -1 0
o 00 -1 00071 00
01 0 -1000 00
This gives
OR" . [ (vec S N’ | aS(n; .
a—(x"®ﬂ3)=—2 ( (m:)) ](m”@ﬂs)—2 ;m[nrllg—S(m)®113+113®5(m)](x"@lls)
n 03x9 n
_ [Sem)am]"
| neS(E") = S(S(ni)a") + S (&™) S (ns)
- e
_ 1y S(E") . (E.9)
| neS(E") — S(mi)S(2") +25(3") S (m)
Thus,
oT - : ,
o (i @T3) —2GT O }Mth. (E.10)

The product Pq is not a function of ¢, but M; is. We therefore find (by (Holden, 2011, Corollary
A4))

3T ]. .T TaMt . ]. ~T T —1 TaMt T —1 ~
TP T py = TP M PP S PP T M
o 2‘1 o q 21’ t e t P
oM, oMy g,
. Usxs  —%Be" “oa
_ 1T pTas-1 oM, OM., Omy 4 ~1ps
T2 P Mt 9q¢ gt thqf Mt Pp
Bm;r,zit ameQt Omaqz
0qt 0qt 9qt
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since PPT = PPT =1 (Properties 13 and 14).
From (B.6)—(B.12), we find that

8M,, d§ dgs
= prA(sp) =2 S(r{ (sp)) + prA(ss) 725 (17 (=ss)) = prAoS (17 (sp) — 17 (—5s)) (E.11)
0q; dg; dgs
omy 4 dg,, dr? dg, dr? 1 dr? 1 dr?
vide _ poq S0 T St (g,) = py A2 —tg) = —— L (=g, E.12
aqt Pt Oth do (gp) +pt Oth dO'( S. ) Pty A(gp) do (§p> A(§s) dO'( S, ) ( )
aMw d§ dgs
D = _Pth;ZA((p)SZ(Tf(%)) - pth]tA(%)Sg(T?(_%))
= —piAo [S(r{(s0)) — S?(r{(—<s))] (E.13)
Omy, 4 dg dr? dgs dr?
wide _ o4 9 grbic UL A0 LS5 grpb_ e e
B0t pt odqts(m(%))da (sp) + pt Odth(rt( €s))do( Ss)
1 dr? 1 di?
— A2 | ——S(r? t - b—¢ o)) —L (=g E.14
| iy SN G 6) — g S =) e () (B11)
8m77 Ag d§p A% dCs 3 1 1 ]
_ dsp dss _ . E.15
9gr  A() dgs | MA(e)dg T 0| A%(s) T A2(cy) (£15)

by differentiating under the integral sign. We note the partial derivatives of M, are exclusively functions
of qt.

We can then write

or 1 + v M, ., __
=-p P M, M Pp. E.16
8(]t 2p t aqt t p ( )
We see that we can write 9T/dq as
oF 0357
90 %(i«n ®13) —2G7 04 M, Pg. (B.17)
1 M,
SR

Appendiz E.2.2. The partial derivative OU/dq

The partial derivative of U with respect to ¢ can be found by noting that it is not a function of z",

but it is a function of n and ¢;. We find

oU

CCRE (E.18)
oU a(eTR) , /CP(Qt) b

—_— = z mr. + r(o)A(c) do E.19
3y =025 e [T o)) (8.19)
ou dsp

(o) Alss)

U _ el R [rf«p)A@p) } — ol R — rh(—<)]  (B20)
8qt dCIt

dg:
using differentiation under the integral.

From (8), we have

-
e,R= [ 2(Miamis — Mi2nr)  2(Mienis + miane) 1 — 2(771271 + 777:2,2) } ,

such that
N2 M1 0
0el' R i . =21
=2 o s Tl e gaxs, (E.21)
n

=Ny M3 —20i2
i1 72 0
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Appendiz E.3. Using generalized momentum in R”

We define the body-fixed momentum vector p as

pE My eR’

(B.22)

and note that p = PTM;P§ = P" M;v = P"p which implies p = Pp since PP = I; (Property 13).

Also worth noting is that

p = MPq

q= PTMt_lp

since PPT = I; (Property 14).

Therefore,

—S(w”)RT Ogua O3x1
p=Pp+Pp" =PP p+Pp" = 033 LG 05
O1x3 O1xa O

—5(wb) 03x3 03x1

(E.23)

(E.24)

R 0O3x3 Ozx:
Oax3 2G'T O4x1 p+Pp"

01x3 O1x3 1

= | O3xs —35w’) 03x1 [P+ PP" (E.25)
O1x3 01x3 0
since RT = R™!, R = RS(w") (Property 1) and 2GGT = —S(w") (Property 7).
Inserting (E.7) into (E.25) gives
—S(wb) 03><3 03><1 O3><1
. Lar b P ar ou N
P = O3x3  —355w”) O3x1 [P+ 9 0 n +7(t)
| Oixs O1x3 U 0
_S(wb) O3><3 03><1 8T aU 03><1
=] O3xs —3Swb) 031 |P+ Pag Pag 2P| m |+ P7(t) (E.26)
O1x3 O1x3 0 0
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We se that

(in ®]I3) —ZGT O4x1 } M Pq

O3x1 O3x1
n | =] 3Gn | =0
0 0
RTT?(t) T}Z(t)
Pr(t) = | GGTrh(t) | = | 7h(1)
() 7i(t)
v RT I 031
9Y | 100 | = | 10U
ou ou
L 0q¢ 9qt
(9~ 03><7
T
- = 1 ORT
[ 0q 2¢ [ an
I %QTPT%L(II:M;l
037
= |: %G%(l‘n(@ﬂg) —GGT O4x1 ] p.
i 3o MM

By using (7) and (E.9),

-
G&'R

Furthermore, by Property 7, 2GGT = S(w®). From (E.19) we have

5 @ ©L) =2 —n .l — S |

ng S(&")

neS(E") = S(n:) S(&") + 25(&™)S (i)

(E.27)

(E.28)

(E.29)

(E.30)

=2 [nin; = S*(n:) — n2ls + 20,5 (n:)] S(&") +4[S(n;) — 0, 1s] S(&™)S (ms)

=2 [(n) mi —n2) Is + 20,.S(m:)] S(E™) + 4[S(m:) — nel5] S(&™)S (m:)

= —2[S((? — ] mi)#") + 25(S7 (1)) — S (20 S ()™ + (20 mii™)]

= —25((I3 — 20,.S(m:) + 252 (n;))2") = —2S(RT &™) = —25 (o).

-
8£ _ _gGﬁe R
on on

From (7) and (E.21) we get

G@eZR _

on

2 —"Ni,2

=2 —1+2n7, 420,

20:mi1 + 215 215 3

=—-25(R"e.)

—¢s(qt)

—Ni,2
—1i,2
1,3
Mi1
—Nr
1 777"
i1

1- 2771'2,1 - 2777;2,2
0
2052 — 2m1,27.3
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b Sp(ge) b
mr, + pt/ ri(0)A(o) do| .

i1 0
M —2m1
M3 —21;2
1i,2 0

—=20:m;1 — 21,2753
—20:Mi2 4 2151M4,3
0

(E.31)

(E.32)



where we have used that n'n = 1.

Inserting the above into (E.26), we get

[S(wb) O3x3 ngl} 03x1

p=- |: S(’Ub) S(wb) 031 ] p— gS(RTeZ) [m?“ + pt f ea(a) Tt
%PTMt_l 63];? Mt —gpiAge] R (rt (sp) — T‘?(—gs))
Sv) 0
:T(t)—|: [ ()1816\;1] ]p—k(q)
Mt GQ:M
where
Swh 0
S(l/) _ (OJ ) 3x3
S(b)  S(w)
03x1 -
k(@) 29| S(RTez) [mrl 4 p [0 14(0) Alo) do =P%
—peAoe] R [rf(sp) — ri(—5s)]
We define
2 3
D= { I3 03x3 0O3x1 }PER
pr & { O3x3 I3 O3x1 }pERg

pté|:01><3 01><3 1:|p€R

S(v) Ogx1 } p in a more useful form:

—

This allows us to rewrite the product

S(wP)  03x3 fzi
Sb)  S(wh) Pr =
0

= [ Cs(p) Opx1 :|1/: [ Cy(p) Opx1 }M;lp

| Osxs S(p)
S(p)  S(pr)

S(v) Opx1 ] p=
0

where
| Osxa S(m)
S(p)  S(pr)
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(E.33)

(E.34)

(E.35)
(E.36)

(E.37)

(E.38)

(E.39)



o)

Similarly, the product pTMt_1 ajglf Mt_lp can be rewritten in a more useful form:

M,
O3x1 O3x3 =%~  Osx1
_ . 1 oM,
O3x1 =4qt| O3xz3 5%, O |V
T T
1T _1M —1 am'“«qt 8mw~(h lam77
2P Mt 0q¢ Mt p L Oq: 0q¢ 2 Oq¢
I oM, b
033 033 B W
10M, b
+ O3x3 O3x3 e
bTOM, 1, bTOM]
L w 0q¢ 2w qt 0
I oM,
O3x3 =%~  Osx1
_ 1 OM,, —1
=4 | Osxz 39,2 Osxa | Mep
T T
8mv,dt 8mwvdt 19mzyr
L Og Jqt 2 Oqt (E 40)
I oM, b
033 033 9. W
1M, , b -1
+ 03x3 O3x3 — 5 Ggew’ | My p
bTOM, 1, bTOM]
L w 0q¢ 2w oqt 0
We can rewrite the kinematics as
G=Wp=P M 'PP p=P "M 'p (E.41)

since PPT = I;. Note that Mt_lp = v, that is, the vector of generalized velocities in the body frame.

Noting that ¢; = [01x6, 1]M; 'p and w® = [03x3, I3, 03x1] M; *p, we define

OM, , b oM,
C. ~ oW O3x3 =%~ Osx1
Ay h oM, v w
Ci(g,p) = %althb =gt | O3x3 %6(% 031
o bTOM, 1 bT oM 0 Omy 4, OMmis 1 dmey
dqt 2 Oqt Iqt qt 2 Oq:¢
=Cyp—¢4Cp (E.42)
were the function arguments have been omitted and
[ _OM,, b
Cs Oq w
A A oM., _ T
Cy = % B b =-C, (E.43)
_  pTOM] 1, pTOM,
L w Oqz 2% 0q¢ 0
O3xs  — aaj\,i” O3x1
~ A
Cm = | Osx3 %Bé\gf O3x1 (E.44)
8mlét 8m;rv<1t 190myr
L 9qe Oq+ 2 Oq¢
We can then define the dynamics as
. T -1
¢="P (q)M; (q)p (E.45)
p=7(t) = Ci(a,p) My (@)p — ke(a). (E.46)

We recognize (E.45)—(E.46) as matching Proposition 3.
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Figure 1: The body-fixed and inertial reference frames.
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Figure 2: U-tank parameters.
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Figure 3: Measurements of the u-tank (63)—(66)
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