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to be measurable independently from position and velocity,
while Hua [8] constructed two interconnected observers
for estimation of attitude and velocity. Another nonlinear
observer of this structure with globally exponential stability
properties was developed by Grip et al. [5].

GNSS is based on Line-Of-Sight (LOS), but because of
the high attenuation of water, this approach is not feasible
for AUV’s. Several alternatives exits, where two of them are
the hydroacoustic Short Baseline (SBL) and Long Baseline
(LBL) approaches. A couple of designs utilizing SBL and
LBL are found in Jouffroy and Opderbecke [9], Kinsley and
Whitcomb [10] and Larsen [12]. An observer based on LBL
where the range measurements are embedded explicitly
in the filter is developed by Batista et al. [1]. A Globally
Asymptotically Stable (GAS) position and velocity filter
based on Ultra-Short Baseline (USBL) is developed by
Batista et al. [1]. A more detailed description of underwater
vehicle navigation in general is found in Leonard et al. [13].

This paper presents experimental results obtained using
the observer of Grip et al. [5]. We consider experimental data
from an Autonomous Underwater Vehicle (AUV) where the
INS is aided by a pressure measurement to determine depth.
The observer was developed to utilize GNSS and since only
a depth measurement is available some assumptions and
minor modifications are made to the original observer.

A. Contributions of this paper

The main contribution of this paper is experimental
verification of the nonlinear attitude observer of Grip et al.
[5] using data obtained from a small AUV. In addition, the
observer has been modified by replacing the GNSS measure-
ments with a pressure sensor for depth measurements under
the assumption that the horizontal plane accelerations can
be neglected for underwater vehicles moving at low speed
and accelerations. The main result is a depth-aided INS
capable of producing accurate estimates of attitude, depth
and heave velocity for underwater vehicles. The computa-
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Abstract—This paper presents the experimental results from 
testing a nonlinear observer on data obtained by an Au-

tonomous Underwater Vehicle (AUV). The observer is modified 
to only use a pressure sensor instead of position and velocity 
measurements obtained from a Global Navigation Satellite 
System (GNSS) receiver. The observer utilizes the pressure 
sensor as a measurement of depth and the observer is therefore 
modified to only estimate attitude and vertical translational 
dynamics in the Earth-fixed North-East-Down (NED) reference 
frame. Through experimental testing the depth-aided observer 
shows excellent performance and comparable performance to 
the onboard Kalman filter. The nonlinear observer is global 
exponentially stable and the computational footprint is much 
smaller than a conventional Kalman filter.

I. INTRODUCTION

Navigation for a vehicle can be defined as the accurate 
determination of the vehicle’s position, velocity and attitude, 
and accurate navigation systems are essential for successful 
operation of unmanned vehicles. Most modern day 
Inertial Navigation Systems (INS) are based on a Inertial 
Measurement Unit (IMU) containing several sensors such as 
magnetometers, accelerometers and rate gyros. The results 
from accelerometers and rate gyros degrade over time as a 
product of sensor noise integration combined with a sensor 
bias error. To overcome this degradation the INS is often 
aided by a device such as a Global Navigation Satellite 
System (GNSS) receiver allowing the observer system the 
means to correct the estimates (for a general overview, see 
Fossen [4] and Farrell [3]).

A frequently used navigation integration filter is the 
Extended Kalman Filter (EKF) [2]. Aided INS was for 
many years restricted to high-cost applications, but with the 
emergence of MEMS technology, many new applications 
have appeared. The development has resulted in an 
interest in designing observers with a lower computational 
complexity than the Kalman filter-based solutions. This is 
possible by the application of nonlinear observer theory 
and different approaches have been undertaken. Vik and 
Fossen[14] showed a design where attitude was assumed
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tional footprint is very small and pseudo-code is provided for
effective implementation on micro-controllers. Finally, the
contributions include an experimental comparison between
results from the nonlinear observer with results obtained
using the on-board EKF.

B. Notation and preliminaries

For a vector or matrix X , X> denotes its transpose. The
operator k ·k denotes the Euclidean norm for vectors and the
Frobenius norm for matrices. The skew-symmetric part of a
square matrix A is denoted by P

a

(A) = (1/2)(A�A>). For
a vector x 2 R3, S(x) denotes the skew-symmetric matrix

S(x) =

"
0 �x3 x2

x3 0 �x1

�x2 x1 0

#

The linear function vex(A) such that S(vex(A)) = A and
vex(S(x)) = x is well-defined for all 3⇥3 skew-symmetric
matrix arguments. R̂

s

= sat(R̂) denotes an element-wise
saturation of the R̂ 2 R3⇥3 elements to the interval ±1.
The n⇥ n identity matrix is denoted by I

n

and the m⇥ n
zero element matrix by 0

m⇥n

.

C. Problem Formulation

The navigation system is divided into two different,
interconnected observers as shown in Figure 2. The attitude
observer is responsible for estimating the rotation matrix be-
tween the coordinate frames, namely the Earth-fixed North-
East-Down (NED) and the body-fixed (BODY) reference
frames. The reference frames are denoted by the superscripts
n and b, respectively, while R denotes the rotation matrix.For
instance a rotation from velocity in the BODY frame to
the NED frame is written vn = Rvb. The dynamics of the
rotation matrix propagate according to Equation (1):

Ṙ = RS(!b) (1)

where R 2 SO(3) and !b is the angular velocity of the
BODY frame relative to the NED frame, decomposed in
BODY coordinates.

The second observer subsystem estimates the transla-
tional motion of the vehicle. Usually it is of interest to
estimate the complete translational motion of the vehicle
given by

ṗn = vn (2)

v̇n = an + gn (3)

This is also the structure of the nonlinear observer of Grip
et al. [5], but for the depth-aided observer we only concern
ourselves with estimating the heave motion of the vehicle.

II. EXPERIMENTAL SETUP

The experimental data has been obtained using the AUV
Seacon-1 developed under close collaboration between The
Laboratório de Sistemas e Tecnologias Subaquáticas (LSTS)
and the company OceanScan-MST and commercialized by
OceanScan-MST. The data on the Seacon-1 is listed in Table
I.

TABLE I: The Seacon-1 data.

Seacon-1:
weight 22.0 kg
length 1.85 m
height 0.45 m
width 0.30 m

A picture of the Seacon-1 vehicle used in the experiment
is shown in Figure 1.

Fig. 1: The 1.84 meter long, 0.45 meter high, and 0.30
meter wide Seacon-1 vehicle. The Seacon-1 vehicle weighs

22.0 kg.

A. Measurements

The Seacon-1 vehicle is equipped with a Micros-
train 3DM-GX3 INS. The 3DM-GX3 contains a high-
performance MEMS-based IMU. The Seacon-1 is also
equipped with a pressure sensor relating the measured pres-
sure, �p, to depth by �p = p0 � p = g⇢d, where p is
the dynamic pressure, p0 is the atmospheric pressure, g is
the gravitational constant, ⇢ is the density of water and d
is the depth. Since GNSS is unavailable during underwater
operation and cannot be used for AUV’s. The measurements
available for the nonlinear depth-aided AUV observer are:

• The depth corresponding to the NED position z
obtained through the pressure measurements as z :=
d = �p(g⇢)
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• A biased angular velocity measurement !b

m

= !b+b
in the BODY frame, where b represents the bias

• An acceleration measurement in the BODY frame
ab, which is related to an by an = Rab

• A magnetometer measurement in the BODY frame
mb, which is related to mn by mn = Rmb

The magnetic field in NED, mn, is assumed constant for
a small area of operation and can be obtained prior to the
operation.

III. THE GRIP OBSERVER

A. Observer Equations

The nonlinear observer of Grip et al. [5] can be viewed
as two interconnected subsystems. The first subsystem, ⌃1,
which constitutes the attitude observer, requires the follow-
ing two assumptions.

Assumption 1: The gyro bias b is constant, and there
exists a known constant M

b

> 0 such that kbk  M
b

.
Assumption 2: There exists a constant c

obs

such that, for
all t � 0, kmb ⇥ abk � c

obs

.
The observer equations are

⌃1 :

8
<

:

˙̂
R = R̂S(!b

m

� b̂) + �K
p

Ĵ
˙̂
b = Proj

⇣
b̂,�k

I

vex(P
a

(R̂>
s

K
p

Ĵ))
⌘ (4)

where k
I

> 0 is a constant, K
p

= K>
p

> 0 is a positive-
definite gain matrix, � � 1 is a scaling factor and J is a
stabilizing output injection term given by

Ĵ(ab, ân,mb,mn, R̂) = Â
n

A>
b

� R̂A
b

A>
b

(5)
A

b

= [mb, S(mb)ab, S2(mb)ab] (6)
Â

n

= [mn, S(mn)ân, S2(mn)ân] (7)

The parameter projection operator is denoted Proj(·, ·) and
is a specific case of the parameter projection from Appendix
E of Kristić et al. [11]

Proj(b̂, ⌧) =

8
><

>:
1� c(b̂)

k b̂ k2
b̂b̂>

!
⌧, if k b̂ k� M2

b

,

b̂>⌧ > 0
⌧ otherwise

(8)
The parameter projection ensures that the bias estimate kb̂k
remains within a certain boundary M

b̂

> M
b

determined
during the design process.

The second subsystem estimates the translational move-
ment of the vehicle

⌃2 :

8
>><

>>:

˙̂pn = v̂n +K
pp

(pn � p̂n) +K
pv

(vn � v̂n)
˙̂vn = ân +K

vp

(pn � p̂n) +K
vv

(vn � v̂n)
⇣̇ = ��K

p

Ĵab +K
⇣p

(pn � p̂n) +K
⇣v

(vn � v̂n)
ân = R̂ab + ⇣,

(9)

where K
pp

, K
pv

, K
vp

, K
vv

, K
⇣p

, and K
⇣v

are observer
gains.

The equilibrium point of the error states
(R̃, b̃, p̃n, p̃n, p̃n) = 0 is Globally Exponentially Stable
(GES) as shown by Grip et al. [5] and furthermore,
according to Theorem 2, the velocity measurement is not a
requirement for ensuring GES.

IV. DEPTH AIDED OBSERVER

A. Assumptions

Since the Seacon-1 AUV only has access to
measurements describing motion in the vertical direction
expressed in NED, the translational motion observer, ⌃2,
is restricted to only estimating the heave motion of the
vehicle. An extra assumption is therefore needed

Assumption 3: The horizontal components of the
acceleration an

x

and an
y

are assumed to be zero.

Discussion: The errors due to horizontal plane accel-
erations are very small for underwater vehicles since they
operate at low speed and accelerations. This is evaluated in
Section V where experimental results verify that this is a
fair assumption.

A block diagram of the depth-aided observer is shown
in Figure 2. The attitude observer, ⌃1, as given by Grip
et al [5]. Equation (4) remains unmodified whereas the
translational motion observer, ⌃2, has access to the pressure
meter measurements instead of GNSS position and velocity
measurements. Consequently the outputs are the estimated
heave position ẑ, heave velocity ŵ, and rotation matrix R̂.

Fig. 2: Block diagram showing the pressure meter, IMU
and observer blocks ⌃1 and ⌃2.

The modified translational motion observer for estimat-
ing the heave motion is chosen as

⌃heave

2 :

8
>><

>>:

˙̂z = ŵ +K
zz

(z � ẑ)
˙̂w = ân

z

+K
wz

(z � ẑ)

⇣̇ = ��K
p

Ĵab + [0 0 1]
>
K

⇣z

(z � ẑ)
ân = BR̂ab +B⇣,

(10)
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where B is a selection matrix

B =

"
0 0 0
0 0 0
0 0 1

#

The pressure sensor in the Seacon-1 operates at a lower
frequency than the 3DM-GX3 IMU. The observer is there-
fore implemented using a Corrector-Predictor algorithm as
described by Fossen [4], Section 11.3.4. The pseudo-code
needed for implementation is found in Appendix A.

V. EXPERIMENTAL RESULTS

A. Experiment Description

The Seacon-1 experiment was conducted off the coast of
Portugal. The data set spans a little over 260 seconds and
involves a displacement of the Seacon-1 vehicle of over 10
meters in the vertical direction. It therefore serves as a good
basis for an evaluation of the depth-aided observer.

B. Gain Selection

According to Grip et al. [5] the gains of the observer
can be chosen and tuned sequentially, and this is also
the approach pursued for the depth-aided INS nonlinear
observer. First the gains of the attitude estimator subsystem
⌃1, e.g. K

p

, k
I

and �, have been chosen to guarantee
stability according to Lemma 1. Following, the gains of the
translational motion estimator ⌃2, e.g. K

pp

, K
vp

and K
zp

,
have been chosen to ensure stability of the overall error
dynamics of the cascaded observer system. The noise level
can be decreased by lowering the gains, but this is a trade-off
between performance and noise level. For a more detailed
discussion of gain selection by tuning the reader is directed
to Grip et al. [6], [7]. A complete overview of the different
gains is, along with Matlab pseudo-code for implementation,
given in Appendix A.

C. Performance Evaluation of Attitude Observer

By applying the depth-aided observer to the experimental
data, the results in Figures 3, 4 and 5 are obtained. The Euler
angles are obtained from the rotation matrix by using inverse
trigonometry as described by Fossen [4], page 22. The
Kalman filtered angles, denoted by a

EKF

subscript, are also
plotted along with the difference between the two estimates
defined as the depth-aided observer estimate subtracted from
the EKF estimate, and denoted by a tilde.

From Figures 3, 4 and 5 it is evident that the depth-aided
observer exhibits estimations very similar to the EKF. The
magnetometer and angular velocity measurements used in
the attitude observer, obtained from the IMU, are shown in
Figure 6.
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0
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]

 
φE K F φ̂

0 50 100 150 200 250 300
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0
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t ime [s ]

[◦
]

 
φ̃

Fig. 3: The upper plots show the roll angle estimates of
the onboard EKF, �

EKF

, and the nonlinear observer, �̂.
The lower plot shows the difference between the estimates,

�̃ = �
EKF

� �̂.
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Fig. 4: The upper plots show the pitch angle estimates of
the onboard EKF, ✓

EKF

, and the nonlinear observer, ✓̂.
The lower plot shows the difference between the estimates,

✓̃ = ✓
EKF

� ✓̂.

D. Performance Evaluation of Heave Motion Observer

The depth and vertical velocity estimates of the EKF
and depth-aided nonlinear observer are shown in Figure
7. Once again the depth-aided nonlinear observer shows
very similar estimation results compared to the EKF. The
nonlinear depth-aided observer displays noisy behavior the
first 15 seconds. This is considered initial transients from
estimating the bias, where the EKF has already converged
to steady operation prior to the experiment initialization.
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Fig. 5: The upper plots show the yaw angle estimates of
the onboard EKF,  

EKF

, and the nonlinear observer,  ̂.
The lower plot shows the difference between the estimates,

 ̃ =  
EKF

�  ̂.
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Fig. 6: The upper plots show the measured magnetic field
strength, mn. The lower plot shows the measured angular

velocities, !n

m

.

E. Assumptions Discussion

Figure 8 shows the Kalman filtered estimates of the
acceleration in the x and y direction in the NED frame. It is
evident that Assumption 3 is not strictly valid throughout
the experiment, since the horizontal accelerations deviate
from zero. Even though the Seacon-1 vehicle’s behavior does
not strictly fulfill Assumption 3, the nonlinear observer still
displays excellent performance in estimating attitude and
heave position.

0 50 100 150 200 250 300
−10

0

10

20

t ime [s ]

d
e
p
th

[m
]

0 50 100 150 200 250 300
−0.5

0

0.5

t ime [s ]

[m
/
s]

zE K F ẑ
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Fig. 7: Estimates of depth and heave velocity.
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Fig. 8: The acceleration components of the horizontal
plane in NED.

VI. CONCLUSION

In this paper the experimental results from testing a
nonlinear observer on an AUV data set were presented.
The nonlinear observer was modified by only utilizing a
pressure sensor instead of GNSS position and velocity. The
measured pressure was effectively treated as a measure
of depth and the observer was therefore modified to only
estimate the heave motion along with the attitude. The
experimental testing showed excellent performance of the
nonlinear observer, with performance comparable with the
onboard Kalman filter. The nonlinear observer was global
exponentially stable and it is much less computational de-
manding than the Kalman filter.
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APPENDIX

A. Pseudo Code for Nonlinear Observer

The Matlab code for a single iteration of the depth-
aided nonlinear observer is given below. Prior to entering
the observer loop the variables needed for operation are
initialized, including the needed conversion from pressure
measurements to depth. The code does not contain storage
of variables needed for plotting, but only the basic mechanics
of the nonlinear observer needed for implementation.

The variable n_depth handles the frequency differ-
ence from measurement updates and j_depth is an index

counter for the depth measurements. The overall observer
loop iterates using i and i therefore also functions as the
index variable for the IMU measurements.

The naming of variables have been attempted to be
self-explanatory, e.g. z

hat

is represented by z_hat, ân by
a_hat_n. The gains K

zz

, K
wz

and K
⇣z

are represented
by K_zz, K_wz and K_zeta, respectively and have been
chosen as K

zz

= 0.5, K
wz

= 0.5 and K
⇣z

= 0.14. The
attitude estimation gains are k

I

= 1.0, � = 1.0 and K
p

as a diagonal matrix with K
p,11 = 0.5, K

p,22 = 2.0, and
K

p,33 = 0.5.
The function skew_sym(A) represents the skew-

symmetric operator P
a

(A), the linear function vex(A) is rep-
resented by vex(A) and the skew-symmetric matrix S(x) is
represented by the function space_iso(x).The functions
are not included in the code below, but are straightforward
to implement in Matlab.

if n_depth == 5; % Update depth measurements.

z = z_meas(j_depth);

j_depth = j_depth+1;

n_depth = 0;

end

% Corrector for heave motion observer

z_hat = z_bar + K_zz

*

(z-z_bar);

w_hat = w_bar + K_wz

*

(z-z_bar);

zeta_hat = zeta_bar + [0 0 1]'

*

K_zeta

*

(z-z_bar);

a_hat_n = B

*

R_hat

*

a_b(:,i) + B

*

zeta_hat;

% Normalizing the vectors for the injection term J

a_hat_n_norm = a_hat_n/norm(a_b(:,i));

m_b_norm= m_b(:,i)/norm(m_b(:,i));

a_b_norm = a_b(:,i)/norm(a_b(:,i));

A_b = [m_b_norm space_iso(m_b_norm

*

a_b_norm) ...

space_iso(m_b_norm)

*

space_iso(m_b_norm)

*

a_b_norm];

A_hat_n = [m_n_norm space_iso(m_n_norm)

*

...

a_hat_n_norm space_iso(m_n_norm)

*

...

space_iso(m_n_norm)

*

a_hat_n_norm];

J_hat = A_hat_n

*

A_b'-R_hat

*

(A_b

*

A_b');

% Saturation of values below and above -1,1

R_hat_s = max(min(R_hat,1),-1);

% Attitude estimator from eq. (4)

R_dot_hat = R_hat

*

space_iso(omega_b_imu(:,i)...

-b_hat_b_gyro)+rho

*

K_p

*

J_hat;

b_dot_hat_b_gyro = projection(b_hat_b_gyro,...

-k_I

*

vex(skew_sym(R_hat_rho'

*

K_p

*

J_hat)),M_b);

% Predictor

z_bar = z_hat + dt

*

w_hat;

w_bar = w_hat + dt

*

a_hat_n(3)+dt

*

g;

zeta_bar = zeta_hat - dt

*

rho

*

K_p

*

J_hat

*

a_b(:,i);

% Euler integration updates of attitude estimator

R_hat = R_hat + dt

*

R_dot_hat;

b_hat_b_gyro = b_hat_b_gyro + dt

*

b_dot_hat_b_gyro;

% Update depth counter

n_depth = n_depth+1;
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