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Abstract

This paper brings up the notion of “H∞ almost synchronization” for multi-agent systems under directed interconnection
structures where agents are linear, right-invertible and introspective with non-identical dynamics and subject to external
disturbances. The objective is to suppress the impact of disturbances on the synchronization error dynamics in terms of
the H∞ norm of the corresponding closed-loop transfer function. To reach the goal, designing local dynamic compensators
using the agents’ self measurements, the network of non-identical agents is converted to a network of almost identical agents
which mimics the dynamic behavior of a desired system; then, inspired by the concept of almost disturbance decoupling for
a single agent using the singular perturbation method, an observer-based parameterized protocol is introduced to achieve
synchronization with the prescribed H∞ performance. In addition, the problem of regulating the consensus trajectories to
a reference signal is addressed. The application of the proposed method to formation control is furthermore elucidated.
Simulation results are provided to illustrate the method.
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1 INTRODUCTION

Dynamical networked systems have received a great
deal of attention in the past decade. The application is
widespread and span formations of unmanned space,
land, and marine vehicles, sensor networks, coordinated
decision making, etc. (see Ren et al., 2005; Olfati-Saber
et al., 2007). The objective is state (output) synchro-
nization; i.e. the states (outputs) of all the agents have
to converge to a common trajectory.

The seminal works of (Wu and Chua, 1995a) and (Wu
and Chua, 1995b) have substantially contributed in anal-
ysis and design of multi-agent systems; in particular,
Wu and Chua (1995a) introduce the application of the
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graph theory to represent the communication topology;
Wu and Chua (1995b) provide a systematic approach
for stability analysis of multi-agent systems by virtue of
the Kronecker product. Many papers consider consensus
of first order or second order integrator dynamics; (e.g.,
Olfati-Saber and Murray, 2004; Ren and Beard, 2005).
They basically rely on full state information from the
network and design static decentralized protocols.

State consensus of general linear agents is addressed in
(Fax and Murray, 2004; Seo et al., 2009; Li et al., 2010;
Zhang et al., 2011; Yang et al., 2011c) where partial-
state information is given to each agent via the network
and dynamic protocols are introduced. Seo et al. (2009)
propose a low-gain approach by filtering the information
that each agent receives whereas Fax and Murray (2004)
consider self-feedback for all agents. A significant break-
through in the design of dynamic protocols is presented
by Li et al. (2010) where conventional observers are ex-
panded to distributed observers while agents are capa-
ble of exchanging information about their own estimates
over the network. The result is extended to LQR-based
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optimal design by Zhang et al. (2011). More general net-
works and regulation of output consensus are studied by
Yang et al. (2011c).

Networks of non-identical agents have not yet been
investigated thoroughly. The common assumption is
that agents are introspective; that is, agents possess
some knowledge about their own states. For networks
of nonlinear agents, Zhao et al. (2011) present crite-
ria for state consensus. Output consensus for weakly
minimum-phase systems of relative degree one is stud-
ied in (Chopra and Spong, 2008) where local feedbacks
are utilized to decouple zero dynamics and create a
single integrator system. Embedding additional models
within agents, Kim et al. (2011) propose a controller for
SISO minimum-phase systems. Yang et al. (2011b) de-
velop a method to represent a non-identical multi-agent
system as a network of asymptotically identical agents,
and design a decentralized protocol to reach output
consensus. Relaxing the self-knowledge (introspective)
assumption, Zhao et al. (2010) propose a protocol for
networks of non-identical and passive nonlinear systems.
Also, (Grip et al., 2012) puts forward a distributed dy-
namic protocol for networks of linear, non-identical and
non-introspective agents.

1.1 Contribution of The Paper

This paper studies the H∞ disturbance rejection prob-
lem for a group of linear, right invertible agents with
non-identical dynamics of any order subject to external
disturbances and under directed interconnection topolo-
gies. To be more explicit, we aim to construct a family
of parameterized linear time-invariant protocols based
on a distributed observer such that i) synchronization is
accomplished in the absence of disturbance, and ii) dis-
turbance is attenuated in the controlled output (which
is selected as a function of the disagreement between any
pair of agents) to any arbitrarily small value in the sense
of the H∞ norm of the transfer function.

The paper brings forth the notion of “H∞ almost syn-
chronization”. The proposed method facilitates regula-
tion of consensus trajectories to a given reference and
allows for bringing in the notion of “H∞ almost regu-
lation of output consensus”. To complete the study, the
concept of “H∞ almost formation” is also introduced.

1.1.1 Previous Work

Synchronization in the presence of external disturbances
and uncertainty has been the topic of fairly few papers
which usually focus on networks of identical agents. Ro-
bust synchronization of a network is analyzed in (Tanner
et al., 2004) where leader-to-formation stability builds
on the notion of input-to-state stability for single agent
and is used to assess robustness of followers with respect

to the leader’s input. Consensus of a network of N lin-
ear agents with identical dynamics under an undirected
communication topology is explored in (Li et al., 2010)
where it is demonstrated that the problem of model-
reference output consensus with the prescribedH∞ per-
formance is solvable if H∞ control of N independent
systems with the same dimension as the agents is solv-
able using a decentralized protocol. In addition, Li et al.
(2009) show that considering the outputs of agents as the
controlled output, for leaderless consensus, the H∞ per-
formance of the network cannot be better than the H∞
performance of one isolated agent. An LMI-based pro-
tocol together with the concept of pinning is proposed
by Li et al. (2009) for undirected networks of identical
agents.

For a directed network of scalar first-order and second-
order integrator systems under external disturbances
and graph Laplacian uncertainty, Lin et al. (2008) and
Lin and Jia (2010) propose H∞ controllers based on
LMI. For identical agents, Ugrinovskii (2011) seeks a
distributed consensus observer with H∞ robust perfor-
mance using the concept of vector dissipativity.

As for multi-agent systems with non-identical dynamics,
contrary to (Li et al., 2009, 2010), the control problem
cannot be broken down into H∞ control of N indepen-
dent systems. We intend to deal with this situation and
propose a method to reach any arbitrary H∞ perfor-
mance.

1.1.2 Methodology

We utilize the time-scale structure assignment tech-
niques (Ozcetin et al., 1992) rooted in the methodology
of singular perturbation (Kokotovic et al., 1986) in order
to propose a method which provides a family of linear
time-invariant protocols parameterized in terms of a
tuning parameter ε. However, the structure of the pro-
tocols is independent from the parameter ε, and one can
develop the protocol structure at one stage and tune the
parameter ε, in a certain range, in order to reach the de-
sired level of disturbance rejection. Since the structure
is continuous in the parameter ε, tuning may be even
carried out online. Hence, the proposed method to solve
H∞ almost synchronization for multi-agent systems is
not iterative, but it provides a one-shot design. In con-
trast to (Ozcetin et al., 1992), the analysis presented in
this paper consists in the Lyapunov stability theory.

To pursue the objective, first, a local output feedback
along with pre-compensators is designed for each agent
so that all agents are shaped into a particular form and
a network of almost identical agents with various dis-
turbance matrices emerges. Shaping, which plays a piv-
otal role in solvability of the problem, is viable because
agents are introspective that means they have partial
knowledge about their own states. Then, assuming that
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agents can transmit information using the same network
topology, the dynamic protocol is derived to attain the
desired H∞ performance.

The main focus of this note is on the leaderless syn-
chronization in which the aim is to make the outputs of
agents synchronous although the consensus trajectory
is not controlled. Afterwards, the approach is expanded
to solve “H∞ almost regulation of output consensus”
where the objective is to find a family of parameterized
dynamic protocols such that i) output synchronization
with respect to a desired reference is accomplished in
the absence of disturbance, and ii) disturbance is atten-
uated in the controlled output (which is selected as the
disagreement between the output of each agent and the
reference) to any arbitrarily small value in the sense of
the H∞ norm of the transfer function. The method is,
moreover, broadened to encompass “H∞ almost forma-
tion”, where the agents are asked to maintain their rel-
ative outputs as desired while they may be asked simul-
taneously to regulate the outputs with a reference.

2 Notations and Preliminaries

Throughout the paper, In denotes the identity matrix
of dimension n × n and 1n ∈ Rn means a vector whose
entries are all one; when clear from the context, the sub-
script is dropped. 0 may show scalar, vector or matrix of
appropriate dimension. AT, AH and ‖A‖ indicate trans-
pose, conjugate transpose, and induced 2-norm of the
given matrix A. The element (i,j) of A is shown by aij ;
thus, A = [aij ]. For A ∈ Rn×m and B ∈ Rp×q, A ⊗ B
symbolizes the Kronecker product which is a np × mq
matrix:

A⊗B =


a11B · · · a1mB

...
. . .

...

an1B · · · anmB


The open left-half complex plane is represented by C−
whereas C+ indicates the open right-half complex plane.
diag{A,B} means a block diagonal matrix constructed
by A and B. Likewise, diag{Ai} for i = 1, · · · , n means
diag{A1, · · · , An}. Also, x = col {xi} for i = 1, · · · , n is
adopted to denote x = [xT

1 , · · · , xT
n ]T. The real part of a

complex number λ, is represented by Re{λ}. For a trans-
fer function T (s), the H∞ norm is denoted ‖T (s)‖∞.

Let L be a weighted directed graph with n nodes. If
there is an edge from node j to node i, aij > 0, aij ∈ R
is assigned to the edge; otherwise, aij = 0. If the graph
is not allowed to have self-loops, aii = 0. AL = [aij ] is
the weighted adjacency matrix of L. We say that there
is a directed path from node i1 to node im if there is
a sequence of distinct nodes such that aik+1ik > 0 for
k = 1, · · · ,m − 1. A subgraph Ls of L is a directed
tree if every node of Ls has exactly one incoming edge,

except one distinguished node called the root node with
no incoming edge. If the directed tree contains all the
nodes of L, it is said to be a directed spanning tree, and
there is a directed path from the root to every other node
of L.

The Laplacian of L is denoted by L = [lij ] where lii =∑n
j=1 aij and lij = −aij for i 6= j. It implies that the sum

of the elements on each row ofL is zero; i.e.
∑n
j=1 lij = 0.

Thus, 1n is a right eigenvector of L associated with the
eigenvalue at zero. In accordance with (Ren and Beard,
2005), if L contains a directed spanning tree, L has a
simple eigenvalue at zero and all the other eigenvalues
are in C+.

3 Multi-Agent Systems

A multi-agent system is referred to a network of multiple-
input multiple-output agents described by linear time-
invariant models as

Agent i :

{
˙̄xi = Aix̄i +Biūi +Giw̄i
yi = Cix̄i

(1a)

(1b)

in which i ∈ S , {1, · · · , N}, x̄i ∈ Rni , ūi ∈ Rmi , yi ∈
Rp, w̄i ∈ Lω̄i

∞ are the agent’s state, control input, out-
put, and external disturbance, respectively. Agents are
introspective; thus, each agent possesses partial knowl-
edge of its own states through the local measurement:

ym,i = Cm,ix̄i (1c)

Furthermore, agents are allowed to exchange informa-
tion using the network’s communication topology which
is described by a directed graph L, with no self loops, as-
sociated with the adjacency matrix AL = [aij ] and the
Laplacian matrix L = [lij ].

Each agent has access to a weighted linear combina-
tion of outputs. In particular, the network measurement
given to agent i ∈ S is:

ζi =
N∑
j=1

aij(yi − yj)

=
N∑
j=1

lijyj (1d)

In addition, it is assumed that agents can exchange addi-
tional information over the network. The transmission of
additional information conforms with the network topol-
ogy and facilitates the design of a distributed observer
for the network. Thus, agent i has access to the following
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quantity:

ζ̂i =
N∑
j=1

lijηj (1e)

where ηj ∈ Rp will be specified later as a dynamic pro-
tocol is introduced.

Definition 1 For given β > 0 and integer N0 ≥ 1, Gβ
is the set of graphs composed of N nodes where N ≤ N0

such that every L ∈ Gβ has a directed spanning tree and
the eigenvalues of its Laplacian, denoted λ1, · · · , λN ,
satisfy

Re{λi} > β, λi 6= 0 J

According to (Ren and Beard, 2005), the Laplacian L
associated with L ∈ Gβ has a simple eigenvalue at zero
and the rest are located in C+.

Assumption 1 We make the following assumptions
for agent i ∈ S.

(1) (Ai, Bi, Ci) is right-invertible;
(2) (Ai, Bi) is stabilizable and (Ai, Ci) is detectable;
(3) (Ai, Cm,i) is detectable;

4 H∞ Almost Synchronization

This section deals with the synchronization problem for
a network of non-identical, introspective agents under a
directed communication topology in the presence of ex-
ternal disturbances. The problem is called “H∞ Almost
Synchronization” and is precisely stated in Definition 2.

4.1 Problem Formulation

We define the following vectors which are formed by
stacking the corresponding vectors of each agent:

w , col {w̄i}, u , col {ūi}, ζ , col {ζi}

for i ∈ S. Let the mutual disagreement between any pair
of agents be defined as:

ei,j , yi − yj , ∀i, j ∈ S, i > j (2)

The stacking column vector of all mutual disagreements
is denoted e. We define the following transfer function
with the appropriate dimension:

e = Twe(s)w (3)

Fig. 1 depicts the block diagram of the multi-agent sys-
tem.

w

u 

eNetworked Multi-agent 
System 

Fig. 1. The block diagram of the multi-agent system under
external disturbances.

Definition 2 Given a set of networks G, the “H∞ al-
most synchronization” problem for the multi-agent sys-
tem (1) with the communication topology L ∈ G is to
find, if possible, a linear time-invariant dynamic pro-
tocol such that for any γ > 0, the closed-loop transfer
function from w to e satisfies

‖Twe(s)‖∞ < γ J

4.2 Result 1: H∞ Almost Synchronization

Theorem 1 Under Assumption 1 and for the set Gβ,
the problem of the H∞ almost synchronization is solv-
able; specifically, there exists a family of linear time-
invariant dynamic protocols, parameterized in terms of
a tuning parameter ε ∈ (0, 1], of the form{

χ̇i = Ai(ε)χi + Bi(ε) col {ζi, ζ̂i, ym,i}
ūi = Ci(ε)χi +Di(ε) col {ζi, ζ̂i, ym,i}

(4a)

(4b)

where χi ∈ Rqi and i ∈ S such that

(i) for any β > 0, there exists an ε∗1 ∈ (0, 1] such that
if ε ∈ (0, ε∗1], synchronization is accomplished in
the absence of disturbance; i.e. ∀ε ∈ (0, ε∗1] when
w = 0

ei,j = yi − yj → 0, ∀i, j ∈ S as t→∞

(ii) for any given γ > 0, there exists an ε∗2 ∈ (0, ε∗1]
such that if ε ∈ (0, ε∗2], the closed-loop transfer
function from w to e satisfies

‖Twe(s)‖∞ < γ �

The proof of Theorem 1 is presented in the subsequent
sections in a constructive way. It is shown that Theo-
rem 1 follows directly from Lemmas 1 and 2.

In the following, first, we present the solution for a sub-
group of multi-agent systems of the form (1), and then
we explain how to generalize the method.

4.3 Special Case

In this section, a special case of multi-agent system (1)
is taken into consideration, and it is demonstrated how
a family of dynamic protocols given by (4) achieves H∞
almost synchronization.
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Consider a network of agents of the form{
ẋi = Axi +B(ui +Rxi) + Eiwi
yi = Cxi

(5a)

(5b)

where xi ∈ Rpnq , ui, yi ∈ Rp, wi ∈ Rωi , R ∈ Rp×pnq ,
Ei ∈ Rpnq×ωi and

A =

[
0 Ip(nq−1)

0 0

]
, B =

[
0

Ip

]
, C =

[
Ip 0

]
(6)

in which nq ≥ 1 is an integer. Each agent collects the
network measurements (1d) and (1e). Let us partition
the system matrices such that

A =

[
0p×p C1

0p(nq−1)×p A1

]
, B =

[
0p×p

B1

]
, Ei =

[
E1,i

E2,i

]

where C1 = [Ip, 0, · · · , 0] ∈ Rp×p(nq−1) and E1,i ∈
Rp×ωi . Also consider R = [R1, R̄] where R1 ∈ Rp×p.

4.3.1 Design Procedure

For each agent i ∈ S, we construct the observer-based
protocol of the form

˙̂xi = Ax̂i +B(ui +Rx̂i)− ε−1K(ζi − ζ̂i) (7a)

ui = ε−nqFSx̂i (7b)

where x̂i ∈ Rpnq and ε ∈ (0, 1] is the tuning parame-

ter. ζ̂i is the additional information transmitted over the
network and given by (1e) where ηi = Cx̂i. We define
the matrix S as

S , diag{Ip, ε Ip, · · · , εnq−1Ip} ∈ Rpnq×pnq (8)

and consider the following structure for the the observer
gain:

K =

[
K1

K̄K1

]
(9)

in which K1 ∈ Rp×p, K̄ ∈ Rp(nq−1)×p. The protocol
gains are chosen as follows:

• considering the controllable pair (A,B), chooseF such
that A+BF is Hurwitz stable;
• considering the observable pair (A1+B1R̄, C1), choose

K̄ such that Ãz , A1 +B1R̄−K̄C1 is Hurwitz stable;
• choose K1 < 0.

Lemma 1 For any given γ, β > 0, the dynamic proto-
col (7) solves the H∞ almost synchronization problem
for multi-agent systems of the form (5) with the com-
munication topology L ∈ Gβ.

PROOF. See Appendix A.

The protocol (7) is inspired by the concept ofH∞ almost
disturbance decoupling for a single agent proposed by
Ozcetin et al. (1992). Controller (7) is, in fact, developed
from the special coordinated basis (s.c.b) representation
of the triple (A,B,C) and the triples (A,Ei, C).

Remark 1 The network of agents (5) resembles a
network of identical agents with different disturbance
matrices. Having non-identical disturbance matrices
significantly complicates H∞ analysis for the network.
Also, it is not possible to convert the problem into a
decentralized H∞ control problem as presented by Li
et al. (2009, 2010) where undirected communication
topologies are considered. However, the proposed design
method solves the problem using a parameterized proto-
col which achieves synchronization with any arbitrarily
small H∞ gain while the order of the controller is fixed
and the communication topology is directed.

4.4 Almost Identical Representation for Networks of
Non-Identical Agents

In this section, we present a method to shape a multi-
agent system of the form (1) into the form (5). The req-
uisite for shaping is the local measurement (1c). There-
fore, the result given in the preceding section is expanded
to the general form of non-identical agents.

To achieve the aim, we propose a three-step procedure
as Yang et al. (2011b). Fig. 2 shows a graphical interpre-
tation of the procedure and is illustrative. The first step
is to square down each agent. Specifically, an asymp-
totically stable, minimal order compensator is designed
according to (Saberi and Sannuti, 1988) and cascaded
with the agent. The resulting system is invertible and
square. The pre-compensator preserves stabilizability,
detectability, and stability of the zero dynamics as well
as the infinite-zero structure of the original system. It
introduces additional invariant zeros which are placed in
C−.

Definition 3 nq0 ≥ 1 is the maximum order of the
infinite zeros of all triples (Ai, Bi, Ci) in a multi-agent
system. J

In the second step, a rank-equalizing pre-compensator is
designed according to Saberi et al. (1990) such that the
resulting system has a uniform rank nq ≥ nq0.

Finally, an output feedback is fed to the system so as to
decouple the zero dynamics from the infinite-zero struc-
ture such that the infinite-zero structure adopts the be-
havior dynamics of a desired invertible system of the uni-
form rank nq with no invariant zeros. Accordingly, each
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Fig. 2. Pre-compensators and a dynamic controller are designed to make a network of almost identical agents. Γ2,i is an
appropriate transformation matrix.

agent can be described by

ẋi = Axi +B(ui +Rxi) + Ed,iw̄i +Bρi
yi = Cxi

(10a)

(10b)

where ui = Mu′i, ui, yi ∈ Rp; A, B and C are given
by (6); R ∈ Rp×p(nq−1) and non-singular M ∈ Rp×p
are chosen arbitrarily. Also, ρi ∈ Rp is evolved from the
exponentially stable system described by

˙̃xi = Hix̃i + Eo,iw̄i
ρi = Wix̃i

(11a)

(11b)

Ed,i, Eo,i, Hi, and Wi are given in the proof of Lemma
2 which formally states the result.

Lemma 2 Consider the multi-agent system (1) satis-
fying Assumption 1. Let nq ≥ nq0. For each agent, there
exists a local dynamic compensator such that the result-
ing system is represented by (10) and (11) where non-
singular M ∈ Rp×p and R ∈ Rp×pnq are selected arbi-
trarily while A, B and C are given by (6).

PROOF. See Appendix B.

Lemma 2 shows that a network of non-identical
agents under disturbances can be converted to a net-
work of agents which are partially identical. As Hi

is Hurwitz stable, x̃i and ρi have the same nature
as w̄i, and one can redefine external disturbances as
wi , col {w̄i, x̃i}. Hence, the model (10) is recast as
(5) where Ei = [Ed,i, BWi]. Redefining disturbances
changes the H∞ norm; however, as the H∞ norm of the
system (11) is constant, it does not affect the solvability
of the problem and H∞ almost synchronization can be
achieved for any given γ > 0 by an appropriate choice
of ε.

Remark 2 In Lemma 2, R and M can be chosen arbi-
trarily to satisfy the designer’s wish. Actually, Lemma 2
states that agents can be shaped into the dynamics of
any invertible system with no invariant zeros and of
uniform rank nq. Such a system may be transformed
into the form of (B.2) in accordance with Lemma 4 pre-
sented in Appendix B. The spectrum λ(A + BR) char-
acterizes the time-response specifications of the selected

system. Thus, Lemma 2 provides a wide range of choices
for the control engineer.

4.5 Design Scheme

Here, the goal is to summarize the section and present
a road map to design the protocol for multi-agent sys-
tems. Fig. 3 would help the reader to quickly grasp the
vivid picture of the paper and realize how a network
of non-identical agents is synchronized. Given a multi-
agent system of the form (1), the design methodology is
two-stage.

First, we represent the multi-agent system with non-
identical members as a network of almost identical
agents. As explained in Section 4.4, using the local
measurement (1c), a local output feedback along with
pre-compensators is designed for each agent so as to
force agents to imitate a desired dynamic behavior even
though the disturbance matrices are different from one
agent to another. Shaping of agents into the desired
structure, which is essentially a chain of integrators,
is the key element for solvability of the H∞ almost
synchronization problem.

Next, the parameterized control law (7) is developed for
the obtained almost identical multi-agent system (5),
which ensures that synchronization can be accomplished
with any arbitrarily small H∞ performance if L ∈ Gβ
for any β > 0.
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Fig. 3. Visualization of the proposed design method.
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5 H∞ Almost Regulation of Output Consensus

Section 4 concerns the leaderless synchronization where
an agreement amongst agents is paramount. Put clearly,
the proposed protocol prescribes no restriction on the
consensus trajectories. However, in many applications,
it is desirable to regulate the output of each individual
agent, yi, to a particular trajectory while synchronizing
them. The section tackles this problem.

5.1 Problem Formulation

Consider a reference trajectory y0 ∈ Rp which is defined
as the output of an exosystem in the form

Σ̄0 :

{
˙̄x0 = Ā0x̄0

y0 = C̄0x̄0

(12a)

(12b)

where x̄0 ∈ Rn0 and (Ā0, C̄0) is observable. Recalling the
definition of the mutual disagreement, consider ei,0 =
yi−y0, ∀i ∈ S as the regulation error for each agent. The
problem is posed as “H∞ almost regulation of output
consensus” which is clearly expressed in Definition 4.
Let

e0 = col {ei,0}, e0 = Twe0(s)w

Definition 4 Given a set of networks G, the problem of
H∞ almost regulation of output consensus with respect
to a reference y0 evolved from (12) for the multi-agent
system (1) with the communication topology L ∈ G is
to find, if possible, a linear time-invariant dynamic pro-
tocol such that for any γ > 0, the closed-loop transfer
function from w to e0 satisfies

‖Twe0(s)‖∞ < γ J

Assumption 2 Every node of the network graph L is
a member of a directed tree with the root contained in
the “root set” π ⊂ S.

Note that if the network graph is one connected compo-
nent containing a spanning tree, the set π may only own
one node which is the root of a spanning tree.

A certain subset of agents must know how far their out-
puts are from the reference y0; otherwise, regulation is
not possible. The set π contains those agents which re-
ceive ei,0 via the network. It implies that the network
measurement (1d) is altered to

ζ̃i =
N∑
j=1

aij(yi − yj) + ψi(yi − y0) (13)

where {
ψi > 0, if i ∈ π;

ψi = 0, otherwise.

Now, the exosystem is regarded as a new node, indexed
by 0, and added to the network graph. The resulting
graph is called the augmented network graph, denoted

L̃. If ψ = col {ψi} and Ψ = diag{ψi} for i ∈ S, the

augmented Laplacian, associated with L̃, is represented

by L̃ = [l̃ij ] and is given by

L̃ =

[
0 0

−ψ L+ Ψ

]
(14)

Assumption 2 ensures that the augmented graph L̃ has
a directed spanning tree (see Grip et al., 2012).

Definition 5 For given β > 0 and integer N0 ≥ 1, G∗β,π
is the set of network graphs composed of N nodes where
N ≤ N0 such that all graphs L ∈ G∗β,π satisfy Assump-
tion 2 with one identical root set π and the eigenvalues

of their augmented graphs L̃, denoted λ̃0, λ̃1, · · · , λ̃N ,
satisfy

Re{λ̃i} > β, λ̃i 6= 0 J

One may recast (13) in terms of the augmented Lapla-
cian as:

ζ̃i =

N∑
j=0

l̃ijyi (15)

Likewise, the additional information (1e) is adapted ac-
cording to the augmented network topology and is given
by

ζ̂i =

N∑
j=0

l̃ijηj (16)

where ηj ∈ Rp will be specified later. As agent 0, which
is the exosystem, receives no information from the net-

work, ζ̃0 = ζ̂0 = 0. Let us denote:

ζ̃ = col {ζ̃i}, ζ̃ = T
wζ̃

(s)w

for i ∈ S. Note that ζ̃ = 0 means simultaneous achieve-
ment of synchronization and output regulation; i.e.

y1 = · · · = yN = y0

The problem defined by Definition 4 can be equivalently

stated and solved by choosing ζ̃ as the controlled out-
put. Since Assumption 2 holds, the augmented graph has
a directed spanning tree and it follows from Lemma 3
that ‖Twe0‖∞ < εγ for a given γ > 0 is equivalent to
‖T

wζ̃
‖∞ < εγ′ for some γ′ > 0.

5.2 Result 2: H∞ Almost Regulation of Output Con-
sensus

Theorem 2 Under Assumption 1 and for the set G∗β,π
the problem of H∞ almost regulation of output consen-
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sus is solvable; specifically, there exists a family of lin-
ear time-invariant protocols, parameterized in terms of
a tuning parameter ε ∈ (0, 1], of the form{

χ̇i = Ai(ε)χi + Bi(ε) col {ζ̃i, ζ̂i, ym,i}
ūi = Ci(ε)χi +Di(ε) col {ζ̃i, ζ̂i, ym,i}

(17a)

(17b)

where χi ∈ Rqi and i ∈ S such that

(i) for any β > 0, there exists an ε∗1 ∈ (0, 1] such that
if ε ∈ (0, ε∗1], output regulation to the reference y0

is accomplished in the absence of disturbance; i.e.
∀ε ∈ (0, ε∗1] when w = 0

ei,0 = yi − y0 → 0, ∀i ∈ S as t→∞

(ii) for any given γ > 0, there exists an ε∗2 ∈ (0, ε∗1]
such that if ε ∈ (0, ε∗2], the closed-loop transfer
function from w to e0 satisfies

‖Twe0(s)‖∞ < γ �

The proof is given in a constructive way in the following
subsections. We move along the same threads of thought
as in Section 4; we first make the augmented network
behave as a multi-agent system with almost identical
members; then, the protocol is designed for the resulting
system.

We point out that Theorem 2 implies in the absence
of disturbance, if ei,0 = 0 holds, then ei,j = 0 holds;
i.e. synchronization and output regulation are achieved
simultaneously. Also, it renders ‖Twe(s)‖∞ < γ when
‖Twe0(s)‖∞ < γ.

The problem of regulation of output consensus is ex-
tremely straightforward using the proposed method as
a result of shaping and because the pair (A,B) is com-
mon between the exosystem and the agent. Therefore,
the regulator equation is trivially solved.

5.3 Almost Identical Representation for Augmented
Network

Let nq ≥ nq0 where nq0 is as Definition 3 for the aug-
mented network. It can be demonstrated that, for any ex-
osystem (12) satisfying observability condition, a series
of internal state manipulations and a matrix B̄0 ∈ Rn0×p

always exist such that the triple (Ā0, B̄0, C̄0) is invert-
ible and of the uniform rank nq with no invariant zeros.
According to Lemma 4, the exosystem can be further
represented in the following form:

Σ0 :

{
ẋ0 = Ax0 +B(u0 +R0x0)

y0 = Cx0

(18a)

(18b)

where x0 ∈ Rpnq ,M0u
′
0 = u0 ∈ Rp.A,B andC are as (6)

and R0 ∈ Rp×pnq while M0 ∈ Rp×p is nonsingular. Since
the exosystem is autonomous and we have no control
over it, u0 must be zero.

In accordance with Lemma 2, there exist local dynamic
pre-compensators that shape agents into (10) and (11)
for the chosen R0 and M0. Consequently, a network of
almost identical agents (5) emerges.

5.4 Dynamic Protocol

Considering the obtained multi-agent system (5) with
the particular choice of R0 and M0, the protocol is pro-

posed based on (7) in which ζi and ζ̂i are replaced with ζ̃i
and ζ̂i, respectively. Therefore, the protocol is given by

˙̂xi = Ax̂i +B(ui +R0x̂i)− ε−1K(ζ̃i − ζ̂i) (19a)

ui = ε−nqFSx̂i (19b)

for i ∈ S̃ , {0} ∪ S. In (19), x̂i ∈ Rpnq and ε ∈ (0, 1]
is the tuning parameter. Matrix S is as (8) and K is
partitioned as (9). F , K̄ and K1 are chosen similar to

the procedure presented in Subsection 4.3. ζ̂i is given
by (16) where ηj = Cx̂j . Notice that setting x̂0(0) = 0
leads to x̂0(t) = u0(t) = 0 ∀t ≥ 0.

6 H∞ Almost Formation

The proposed synchronization method lends itself to for-
mation control. In formation control, the objective is to
maintain the relative outputs among agents as desired.
In the presence of external disturbances, the problem of
formation with the desired H∞ performance is posed.

Let formation be defined in terms of a set of formation
vectors Sf , {f1, · · · , fN}, fi ∈ Rp. Then, we define the
output error of formation as

yf,i = yi − fi

for i ∈ S. The mutual disagreement is then cast as

ēi,j = yf,i − yf,j , ∀i, j ∈ S, i > j

The transfer function Twef (s) is defined as follows:

ef , col {ēi,j}, ef = Twef (s)w

Definition 6 Given a set of networks G, the problem of
H∞ almost formation with respect to a formation set Sf
for the multi-agent system (1) with the communication
topology L ∈ G is to find, if possible, a linear time-
invariant dynamic protocol such that for any γ > 0, the
closed-loop transfer function from w to ef satisfies

‖Twef (s)‖∞ < γ J
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Formation is possible when agents exchange output er-
rors of formation; i.e. yf,i’s. Therefore, the network in-
formation (1e) is to be modified to

ζf,i = ζi −
N∑
j=1

lijfj

=
N∑
j=1

lijyf,j (20)

The formation controller relies extensively on the fact
that shaping is viable to any invertible system of uni-
form rank nq ≥ nq0 which has no invariant zeros. Thus,
Lemma 2 guarantees existence of local feedback laws to
shape the system into the desired structure as (5).

In view of a multi-agent system (5), we propose the pa-
rameterized dynamic protocol

˙̂xi = Ax̂i +B(ui +Rx̂i)− ε−1K(ζf,i − ζ̂i) (21a)

ui = ε−nqFSx̂i −R1fi (21b)

for i ∈ S. In (21), x̂i ∈ Rpnq and ε ∈ (0, 1] is the tuning
parameter. Matrix S is as (8) and K is partitioned as
(9). F , K̄ and K1 are chosen similar to the procedure
presented in Subsection 4.3. The quantity ζf,i is found

using (20). Considering ηi = Cx̂i, ζ̂i is given by (1e).
Theorem 3 states the result formally.

Theorem 3 Under Assumption 1 and for the set Gβ,
the problem of H∞ almost formation is solvable; specif-
ically, there exists a family of linear time-invariant dy-
namic protocols, parameterized in terms of a tuning pa-
rameter ε ∈ (0, 1], of the form{
χ̇i = Ai(ε)χi + Bi(ε) col {ζf,i, ζ̂i, ym,i}
ūi = Ci(ε)χi +Di(ε) col {ζf,i, ζ̂i, ym,i}+ Fi(fi)

(22a)

(22b)

where χi ∈ Rqi and i ∈ S such that

(i) for any β > 0, there exists an ε∗1 ∈ (0, 1] such that
if ε ∈ (0, ε∗1], the desired formation is attained in
the absence of disturbance; i.e. ∀ε ∈ (0, ε∗1] when
w = 0

ēi,j → 0 as t→∞
(ii) for any given γ > 0, there exists an ε∗2 ∈ (0, ε∗1]

such that if ε ∈ (0, ε∗2], the closed-loop transfer
function from w to ef satisfies

‖Twef (s)‖∞ < γ

PROOF. See Appendix C.

Remark 3 It is worth noting that the given protocol
imposes no restrictions on the agreement trajectories;
that is, although agents establish the desired configura-
tion, it is not clear where the whole system heads to. The
formation control can be combined with the regulation
problem, arising the problem of “H∞ almost formation
with regulation of output consensus” which is illustrated
by simulation.

7 Illustrative Example

The result is illustrated for a network consisting ofN = 4
right-invertible agents with p = 1. The interconnection
topology of the network is given by the digraph displayed
in Fig. 4a. The corresponding Laplacian is

L =


6 −2 −4 0

0 3 0 −3

0 −5 5 0

−5 0 0 5


The models of agents are given in Appendix E. Distur-
bances are chosen w1 = sin(t), w2 = 1, w4 = sin(2t),
and ‖w3‖ ≤ 5 which is a uniform random number. The
order of the infinite zeros of agent 1 to 4 are respectively
3, 2, 1, and 2. Thus, agent 1 has the largest order of in-
finite zeros; i.e. nq0 = 3; we choose nq = nq0.

7.1 Network Shaping

The first step is to design a local output feedback for
each agent to have an almost identical representation for
the network. Agents 1 and 2 are invertible, but agents
3 and 4 need to be squared down. The pre-compensator
Σ1,3 squares down agent 3 and locates the additional in-
variant zeros at {−2,−2,−2,−2,−1}. Placing the addi-
tional infinite zeros at {−2,−2,−1}, the interconnection
of Σ1,4 and agent 4 is invertible. The dynamic equations
of the compensators are given in Appendix F.1.

Together with the pre-compensators, all the agents are
invertible and single-input single-output. Now, we make
all of them of the same relative degree nq. Agents 2, 3,
and 4 are compensated by Σ2,2, Σ2,3 and Σ2,4, repre-
sented in Appendix F.2.

4 5 5 3 

2 2 

3 4

1

(a) Primary Network

4 5 5 

2 1 2 

3 4

0 

3 

1 

(b) Augmented Network

Fig. 4. The communication topology of the network.
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H∞ almost synchronizeion - ε = 0.05

ζ i
,i

∈
S

Time (sec)

H∞ almost synchronizeion - ε = 0.01

ζ i
,i

∈
S

5 6 7 8 9 10

5 6 7 8 9 10

−5

0

5

−5

0

5

Fig. 5. H∞ almost output synchronization. A blow-up of the
simulation results: ε = 0.01 in the upper plot; ε = 0.05 in
the lower plot.

After pre-compensation agent 1-4 are of orders 3, 3, 8
and 7, respectively. The third step to achieve an almost
identical representation is to design output feedbacks
for the pre-compensated agents, which requires linear
observers. The required information is presented in Ap-
pendix F.3.

7.2 H∞ Almost Synchronization

The appropriately shaped agents are now considered and
the control law is produced according to (7). We choose
M = 1 and R = [0, −1, 0] to have λ(A+BR) = {0,±i}
for the synchronization problem. We select K1 = −1. F
and K̄ are selected such that λ(A+BF ) = {−3,−4,−5}
and λ(Ãz) = {−2,−3}. Fig. 5 shows the result for ε =
0.01 and ε = 0.05. The smaller the value of ε is, the
smaller ζi is, the more w is rejected from the mutual
disagreements.

7.3 H∞ Almost Regulation of Output Consensus

The consensus trajectory for the multi-agent system is
desired to be sin(ω0t). The exo-system (12) is then given
by

Ā0 =

[
0 1

−ω2
0 0

]
, C̄0 =

[
1 0

]
(23)

with x̄0(0) = [2, 0]T. Thus, nq = nq0 = 3 is pre-
served, but the exo-system has to be shaped as desired. If
B̄0 = [0, 1]T is chosen, the resulting system is invertible
and one may design a rank-equalizing pre-compensator
to change the relative degree to nq. Transforming the
system using the observability matrix renders the exo-
system as (18) with

R0 =
[

0, −ω2
0 , 0

]
, M0 = 1

H∞ almost regulation of output consensus - ε = 0.05

y
i
,i

∈
S̃

Time (sec)

H∞ almost regulation of output consensus - ε = 0.01

y
i
,i

∈
S̃

0 5 10 15 20 25 30

0 5 10 15 20 25 30

−6

−4

−2

0

2

4

6

−6

−4

−2

0

2

4

6

Fig. 6. H∞ almost regulation of output consensus for two
values of ε: the upper plot is for ε = 0.01; the lower plot is
for ε = 0.05. The red dash lines show y0.

Regulation of output consensus ε = 0.01

y
i
,i

∈
S̃

Time (sec)

Leaderless synchronization - ε = 0.01

y
i
,i

∈
S

0 5 10 15 20

0 5 10 15 20

−10

−5

0

5

10

−100

0

100

200

300

400

Fig. 7. A comparison between leaderless synchronization
(upper) and regulation of output consensus (lower) is given
to distinguish the difference in the consensus trajectories.
The consensus trajectory in the leaderless case may be un-
bounded.

and x0 = [2, 0, −2ω2
0 ]T. Agent 1 is the root of one span-

ning tree in the network graph, and we link agent 0 with
agent 1 with weight ψ1 = 1 as depicted in Fig. 4b. In
fact, we choose π = {1}. Let ω0 = 0.5. Fig. 6 displays the
results, where the outputs of all agents are plotted, for
ε = 0.01 and ε = 0.05. As expected, smaller ε leads to a
better disturbance rejection. To discern the contrast be-
tween the leaderless synchronization and the regulation
of output consensus, the consensus trajectories for each
case are plotted in Fig. 7. It is established from Fig. 7
that the consensus trajectory for the leaderless synchro-
nization is unbounded although λ(A + BR) = {0,±i}
implies that the response of the system would be oscil-
latory; however, the network is driven by disturbance.
By contrast, the consensus trajectory in the regulation
of output consensus is close to what is desired.
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H∞ almost formation with output regulation - ε = 0.01
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H∞ almost formation with output regulation - ε = 0.01
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Fig. 8.H∞ almost formation control with output regulation;

the upper plot shows yi, i ∈ S̃ and the lower plot depicts
the regulation error yi − y0, i ∈ S.

7.4 H∞ Almost Formation Control with Regulation

This part builds upH∞ almost regulation of output con-
sensus into formation control. To be specific, agents have
to form a desired configuration while they are forced to
follow the reference y0. This can be portrayed as virtual
reference formation control. Simulation is carried out for
the same network as before. The formation set is selected
as

Sf = {10, 5,−5,−10}
Thus, the objective is to have

y1 − 10 = y2 − 5 = y3 + 5 = y4 + 10 = y0
.
= sin(0.5t)

as time approaches to infinity. The result is given in
Fig. 8.

References

Chopra, N., Spong, M., 2008. Output synchronization of
nonlinear systems with relative degree one. In: Blon-
del, V., Boyd, S., Kimura, H. (Eds.), Recent Advances
in Learning and Control. Vol. 371 of Lecture Notes in
Control and Information Sciences. Springer Berlin /
Heidelberg, pp. 51–64.

Fax, J. A., Murray, R. M., 2004. Information flow and
cooperative control of vehicle formations. Automatic
Control, IEEE Transactions on 49 (9), 1465–1476.

Grip, H. F., Yang, T., Saberi, A., Stoorvogel,
A. A., 2012. An observer-based output synchroniza-
tion protocol for heterogeneous networks of non-
introspective agents. In: American Control Conf.
Montreal, Canada.

Kim, H., Shim, H., Seo, J. H., 2011. Output consensus of
heterogeneous uncertain linear multi-agent systems.
Automatic Control, IEEE Transactions on 56 (1), 200
–206.

Kokotovic, P. V., O’Reilly, J., Khalil, H. K., 1986. Sin-
gular Perturbation Methods in Control: Analysis and
Design. Academic Press, Inc., Orlando, FL, USA.

Li, Z., Duan, Z., Chen, G., Huang, L., 2010. Consensus
of multiagent systems and synchronization of complex
networks: A unified viewpoint. Circuits and Systems
I: Regular Papers, IEEE Transactions on 57 (1), 213
–224.

Li, Z., Duan, Z., Huang, L., 2009. H∞ control of net-
worked multi-agent systems. Journal of Systems Sci-
ence and Complexity 22, 35–48.

Lin, P., Jia, Y., march 2010. RobustH∞ consensus anal-
ysis of a class of second-order multi-agent systems with
uncertainty. Control Theory Applications, IET 4 (3),
487 –498.

Lin, P., Jia, Y., Li, L., 2008. Distributed robust consen-
sus control in directed networks of agents with time-
delay. Systems & Control Letters 57 (8), 643 – 653.

Olfati-Saber, R., Fax, J., Murray, R., jan. 2007. Con-
sensus and cooperation in networked multi-agent sys-
tems. Proceedings of the IEEE 95 (1), 215 –233.

Olfati-Saber, R., Murray, R., sept. 2004. Consensus
problems in networks of agents with switching topol-
ogy and time-delays. Automatic Control, IEEE Trans-
actions on 49 (9), 1520 – 1533.

Ozcetin, H. K., Saberi, A., Sannuti, P., 1992. Design
for H∞ almost disturbance decoupling problem with
internal stability via state or measurement feedback–
singular perturbation approach. International Journal
of Control 55 (4), 901–944.

Ren, W., Beard, R., 2005. Consensus seeking in multia-
gent systems under dynamically changing interaction
topologies. Automatic Control, IEEE Transactions on
50 (5), 655 – 661.

Ren, W., Beard, R., Atkins, E., 2005. A survey of consen-
sus problems in multi-agent coordination. In: Amer-
ican Control Conference, 2005. Proceedings of the
2005. Vol. 3. pp. 1859 – 1864.

Saberi, A., Kokotovic, P. V., Sussmann, H. J., 1990.
Global stabilization of partially linear composite sys-
tems. SIAM Journal on Control and Optimization
28 (6), 1491–1503.

Saberi, A., Sannuti, P., 1988. Squaring down by
static and dynamic compensators. Automatic Con-
trol, IEEE Transactions on 33 (4), 358 –365.

Sannuti, P., Saberi, A., 1987. Special coordinate basis
for multivariable linear-systems - finite and infinite
zero structure, squaring down and decoupling. Inter-
national Journal of Control 45 (5), 1655–1704.

Seo, J. H., Shim, H., Back, J., 2009. Consensus of high-
order linear systems using dynamic output feedback
compensator: Low gain approach. Automatica 45 (11),
2659 – 2664.

Tanner, H., Pappas, G., Kumar, V., 2004. Leader-to-
formation stability. Robotics and Automation, IEEE
Transactions on 20 (3), 443 – 455.

Ugrinovskii, V., 2011. Distributed robust filtering with
H∞ consensus of estimates. Automatica 47 (1), 1 – 13.

Wu, C. W., Chua, L., 1995a. Application of graph the-

11



ory to the synchronization in an array of coupled non-
linear oscillators. Circuits and Systems I: Fundamen-
tal Theory and Applications, IEEE Transactions on
42 (8), 494 –497.

Wu, C. W., Chua, L., 1995b. Application of kronecker
products to the analysis of systems with uniform linear
coupling. Circuits and Systems I: Fundamental The-
ory and Applications, IEEE Transactions on 42 (10),
775 –778.

Yang, T., Roy, S., Wan, Y., Saberi, A., 2011a. Construct-
ing consensus controllers for networks with identical
general linear agents. International Journal of Robust
and Nonlinear Control 21 (11), 1237–1256.

Yang, T., Saberi, A., Stoorvogel, A. A., Grip, H. F.,
Dec. 2011b. Output consensus for networks of non-
identical introspective agents. In: Decision and Con-
trol and European Control Conference (CDC-ECC),
2011 50th IEEE Conference on. pp. 1286 –1292.

Yang, T., Stoorvogel, A., Saberi, A., 29 2011-july 1
2011c. Consensus for multi-agent systems – synchro-
nization and regulation for complex networks. In:
American Control Conference (ACC), 2011. pp. 5312
–5317.

Zhang, H., Lewis, F., Das, A., aug. 2011. Optimal de-
sign for synchronization of cooperative systems: State
feedback, observer and output feedback. Automatic
Control, IEEE Transactions on 56 (8), 1948 –1952.

Zhao, J., Hill, D., Liu, T., dec. 2010. Passivity-based
output synchronization of dynamical networks with
non-identical nodes. In: Decision and Control (CDC),
2010 49th IEEE Conference on. pp. 7351 –7356.

Zhao, J., Hill, D., Liu, T., march 2011. Synchronization
of dynamical networks with nonidentical nodes: Cri-
teria and control. Circuits and Systems I: Regular Pa-
pers, IEEE Transactions on 58 (3), 584 –594.

Zhou, K., Doyle, J., 1998. Essentials of robust control.
Vol. 104. Prentice Hall Upper Saddle River, NJ.

A Proof of Lemma 1

Before embarking on the proof, we would like to stress
that the problem of H∞ almost synchronization can be
stated equivalently by choosing ζ as the controlled out-
put and designing a protocol such that ‖Twζ(s)‖∞ < γ′

for some γ′ > 0 where

ζ = Twζ(s)w

In this case, the objective is to approximately decouple
ζ from w to the desired level in the sense of the H∞
norm of Twζ . We shall show in Lemma 3 that these two
formulations are equivalent.

To prove Lemma 1, we first write the closed-loop equa-
tions after suitable state transformations; second, the
unobservable modes are removed and the order of the
system from w to ζ is reduced. Then, the H∞ norm of
the transfer function based on the reduced order system

is established. Finally, we show that theH∞ norm of the
transfer function from w to ei,j can be made arbitrarily
small.

A.1 Closed-loop Equations

Let x∗i , xi − x̂i be the observation error for agent i;
then, in view of (5) and (7), the closed-loop equations
for agent i can be written as

ẋi = Axi +BRxi + ε−nqBFS(xi − x∗i ) + Eiwi

ẋ∗i = Ax∗i +BRx∗i + ε−1KC
∑N

j=1
lijx
∗
j + Eiwi

Let R = [R1, R̄] where R1 ∈ Rp×p and

R̄ =
[
R2 · · · Rnq

]
, where Ri ∈ Rp×p

Consider the following state transformations

ei = Sxi, zi = S̄x∗i , S̄ ,

[
Ip 0

−εK̄ ε Ip(nq−1)

]

The closed-loop equations can be then recast as:

ėi = ε−1(A+BF )ei +Reei − ε−1BFSS̄−1zi + SEiwi

żi = Azzi +Rzzi + ε−1CTK1C
∑N

j=1
lijzj + S̄Eiwi

in which

Re = B
[
εnq−1R1, ε

nq−2R2, · · · , Rnq

]
Rz = εB

[
R1 + R̄K̄, ε−1R̄

]
, Az =

[
C1K̄ ε−1C1

εK̄ ′K̄ K̄ ′

]

where K̄ ′ = A1− K̄C1. We split zi into z1,i = Czi ∈ Rp
and z2,i such that zi = col {z1,i, z2,i}. Let

F =
[
F1 F2 · · · Fnq

]
K̄ =

[
K̄T

1 K̄T
2 · · · K̄T

nq−1

]T
where Fi ∈ Rp×p, K̄i ∈ Rp×p. We represent

FSS̄−1 =
[
F ∗1 F ∗2

]
F ∗1 = F1 +

∑nq−1

s=1
εsFs+1K̄s

F ∗2 =
[
F2 εF3 · · · εnq−3Fnq−1 ε

nq−2Fnq

]
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Defining Ẽ2,i , E2,i − K̄E1,i and Ẽz , ÃzK̄ + B1R1,
one may show the closed-loop equations as:

εėi = (A+BF )ei + εReei −BF ∗1 z1,i −BF ∗2 z2,i + εSEiwi

εż1,i = εC1K̄z1,i + C1z2,i +K1

∑N

j=1
lijz1,j + εE1,iwi

ż2,i = εẼzz1,i + Ãzz2,i + εẼ2,iwi

For i ∈ S, consider the following notations

G = diag{SEi}, G̃1 = diag{E1,i}, G̃2 = diag{Ẽ2,i}
e = col {ei}, z1 = col {z1,i}, z2 = col {z2,i}

Considering the network Laplacian L = [lij ] for i, j ∈ S,
the closed-loop equations for the network are given by

εė = (IN ⊗ (A+BF )) e+ (IN ⊗ εRe)e
− (IN ⊗BF ∗1 )z1 − (IN ⊗BF ∗2 )z2 + εGw (A.2a)

εż1 = (IN ⊗ εC1K̄ + L⊗K1)z1

+ (IN ⊗ C1)z2 + εG̃1w (A.2b)

ż2 = (IN ⊗ εẼz)z1 + (IN ⊗ Ãz)z2 + εG̃2w (A.2c)

ζ = (L⊗ C)e (A.2d)

A.2 Reduced-order Dynamics

One right eigenvector of L is 1 ∈ RN . Let 1L represent
its left eigenvector. Suppose the Jordan form of L is
obtained using the matrix U which is chosen as

U =
[
Ū 1

]
⇒ U−1 =

[
ŪT
L

1T
L

]

It implies that ŪT
L Ū = IN−1, Ū

T
L 1 = 1T

LŪ = 0, and

1T
L1 = 1. Thus, one can find

U−1LU =

[
∆ 0

0 0

]
, LU =

[
Ľ 0

]
(A.3)

where Ľ = Ū∆. Since L ∈ Gβ , all eigenvalues of ∆ lies in
C+. The following state transformations are introduced:[

ē

e∗

]
= (U−1 ⊗ Ipnq )e (A.4a)

[
z̄1

z∗1

]
= (U−1 ⊗ Ip)z1 (A.4b)

[
z̄2

z∗2

]
= (U−1 ⊗ Ip̄)z2 (A.4c)

where p̄ = p(nq−1). Denoting N̄ = N−1, the states ē, z̄1

and z̄2 are vectors of the dimensions N̄ ×pnq, N̄ ×p and
N̄ × p̄, respectively. Obviously, the states e∗, z∗1 and z∗2
are vectors of the dimensions pnq, p and p̄, respectively.
Consider the following notations:

Ĝe = (ŪT
L ⊗ Ipnq )G, G∗e = (1T

L ⊗ Ipnq )G
Ĝz1 = (ŪT

L ⊗ Ip)G̃1, G∗z1 = (1T
L ⊗ Ipnq )G̃1

Ĝz2 = (ŪT
L ⊗ Ip̄)G̃2, G∗z2 = (1T

L ⊗ Ip̄)G̃2

As a result, the system dynamics is divided into two
subsystems. One subsystem is of order 2pnqN̄ , and is
given by

ε ˙̄e = (IN̄ ⊗ (A+BF ))ē+ (IN̄ ⊗ εRe)ē
− (IN̄ ⊗BF ∗1 )z̄1 − (IN̄ ⊗BF ∗2 )z̄2 + ε Ĝew (A.5a)

ε ˙̄z1 = (IN̄ ⊗ εC1K̄ + ∆⊗K1)z̄1

+ (IN̄ ⊗ C1)z̄2 + ε Ĝz1w (A.5b)

˙̄z2 = (IN̄ ⊗ εẼz)z̄1 + (IN̄ ⊗ Ãz)z̄2 + ε Ĝz2w (A.5c)

ζ̄ = ζ = (Ľ⊗ C)ē (A.5d)

It follows from (A.5d) that ζ is only affected by ē since
the chosen output for the system only captures disagree-
ment between agents and it depends only on ei,j =
yi−yj . The other subsystem is of order 2pnq and is given
by

εė∗ = (A+BF )e∗ + εRee
∗

−BF ∗1 z∗1 −BF ∗2 z∗2 + εG∗ew (A.6a)

εż∗1 = εC1K̄z
∗
1 + C1z

∗
2 + εG∗z1w (A.6b)

ż∗2 = εẼzz
∗
1 + Ãzz

∗
2 + εG∗z2w (A.6c)

When all agents have reached an agreement, ζ is zero
which does not impose any constraints on the dynamic
system (A.6). In fact, (A.6) determines the consensus
trajectories when ζ = 0. It enunciates the fact that the
consensus trajectories may be unbounded.

It is then inferred that the objective in the network
synchronization is to design a protocol such that the
reduced-order dynamics (A.5) vanishes in time. Even-
tually, the H∞ almost synchronization problem for the
network of agents is converted to the H∞ control of the
reduced-order dynamics.

A.3 H∞ Analysis

We prove the theorem for ‖Twζ‖∞ as the transfer func-
tion of the reduced order system (A.5). According to
(A.5d), ‖ζ‖ = ρζ‖ē‖ for some ρζ independent of ε. As
A + BF is Hurwitz stable, there exists Pc = PT

c > 0
which solves the following Lyapunov function:

(IN̄ ⊗ (A+BF ))
T
Pc + Pc (IN̄ ⊗ (A+BF )) = −2I
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Choose the positive definite function Wc = εēTPcē and
differentiate it along the trajectories of (A.5a). Denote

s0 = ‖Pc(IN̄ ⊗Re)‖ ρ1 = ‖PcĜe‖
s1 = ‖Pc(IN̄ ⊗BF ∗1 )‖ s2 = ‖Pc(IN̄ ⊗BF ∗2 )‖

Notice εs0 = O(ε) and s1 and s2 are bounded. For suffi-
ciently small ε, we obtain

(1− εs0) >
1

2
(A.7)

Then, one can find the upper bound for Ẇc as

Ẇc ≤−‖ē‖2+2ρ2

√
‖z̄1‖2+‖z̄2‖2‖ē‖+2ερ1‖ē‖‖w‖

(A.8)

where ρ2 =
√

2 max{s1, s2}. To find the upper
bound (A.8), we have made use of the fact that

x + y ≤
√

2
√
x2 + y2. Since K1 < 0 and λ(∆) ∈ C+,

∆⊗K1 is Hurwitz stable. Thus, the Lyapunov equation

(∆⊗K1)HP1 + P1(∆⊗K1) = −Q1 (A.9)

has a unique solution P1 > 0. Recalling Definition 1, as
L ∈ Gβ , Re{λi(∆)} > β, for i = 1, · · · , N̄ .

Proposition 1 For any β > 0, there exists a bounded
P1 > 0 such that the Lyapunov equation (A.9) holds and

‖Q1‖ > 4q (A.10)

where q = q(β).

PROOF. See Appendix D.

Proposition 1 states that for the set Gβ , we can construct
a block diagonal matrix P1 > 0, which is bounded; P1

solves the Lyapunov function (A.9) for Q1 > 0 such that
‖Q1‖ is bounded from below by a function of β > 0.
Choose W1 = qεz̄T

1 P1z̄1 and differentiate it in time. The

upper bound for Ẇ1 is then given by

Ẇ1 ≤ −2q2‖z̄1‖2 − 2q‖z̄1‖2(q− εs3)

+ 2qs4‖z̄1‖‖z̄2‖+ 2qερ3‖z̄1‖‖w‖

where ρ3 = ‖P1Ĝz1‖ and

s3 = ‖P1(IN̄ ⊗ C1K̄)‖ s4 = ‖P1(IN̄ ⊗ C1)‖

Since Ãz is Hurwitz stable, the equation

(IN̄ ⊗ Ãz)TP2 + P2(IN̄ ⊗ Ãz) = −(2q + q−1s2
4)I

has the unique solution P2 = PT
2 > 0. The derivative

of W2 = q z̄T
2 P2z̄2 along the trajectories of (A.5c) is

bounded by

Ẇ2 ≤ −(2q2 + s2
4)‖z̄2‖2 + 2qεs5‖z̄2‖‖z̄1‖+ 2qερ4‖z̄2‖‖w‖

in which

s5 = ‖P2(IN̄ ⊗ Ẽz)‖ ρ4 = ‖P2Ĝz2‖

Consider Wo = W1 +W2 and differentiate in time. One
may find an upper bound for Ẇo as

Ẇo ≤ −q2‖z̄1‖2 + 2qs4‖z̄1‖‖z̄2‖ − s2
4‖z̄2‖2

− 2q‖z̄1‖2(q− εs3) + 2qεs5‖z̄2‖‖z̄1‖ − q2‖z̄2‖2

− q2‖z̄1‖2 − q2‖z̄2‖2 + 2qερ3‖z̄1‖‖w‖+ 2qερ4‖z̄2‖‖w‖

The first line is a square and is negative. The second line
can be made negative by choosing ε sufficiently small to
have (A.11) satisfied.

q− εs3 > 0 (A.11a)

2q4 − 2q3εs3 − q2ε2s2
5 > 0 (A.11b)

Then, it turns out that

Ẇo ≤ −q2‖z̄1‖2 − q2‖z̄2‖2 + 2qερ5

√
‖z̄1‖2 + ‖z̄2‖2‖w‖

where ρ5 =
√

2 max{ρ3, ρ4}. Consequently, we select the
following Lyapunov function for the system (A.5):

V = (2 + ρ2
ζ)Wc + (1 + (2 + ρ2

ζ)
2ρ2

2 q
−2)Wo (A.12)

Differentiating V with respect to time yields

V̇ ≤− ‖ē‖2 + 2(2 + ρ2
ζ)ρ2

√
‖z̄1‖2 + ‖z̄2‖2‖ē‖

− (2 + ρ2
ζ)

2ρ2
2(‖z̄1‖2 + ‖z̄2‖2)

− ρ2
ζ‖ē‖2 − (q2‖z̄1‖2 + q2‖z̄2‖2 + ‖ē‖2)

+ 2ερ6

√
q2‖z̄1‖2 + q2‖z̄2‖2 + ‖ē‖2‖w‖

where ρ6 =
√

2 max{ρ1(2+ρ2
ζ), ρ5(1+(2+ρ2

ζ)
2ρ2

2 q
−2)}.

The first two lines comprise a square, which is negative.
Then, we arrive at

V̇ ≤ −ρ2
ζ‖ē‖2 − (q2‖z̄1‖2 + q2‖z̄2‖2 + ‖ē‖2)

+ 2ερ6

√
q2‖z̄1‖2 + q2‖z̄2‖2 + ‖ē‖2‖w‖ (A.13)

Completing the square, it gives rise to

V̇ + ‖ζ‖2 − (ερ6)2‖w‖2 ≤ 0 (A.14)

Therefore, it follows from Kalman-Yakubovich-Popov
Lemma (Zhou and Doyle, 1998) that

‖Twζ‖∞ < ερ6
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and the contribution of w to ζ vanishes as ε → 0. Note
that (A.14) is obtained if ε ∈ (0, ε∗1] where ε∗1 is the largest
ε which satisfies the conditions (A.7) and (A.11).

We would like to draw attention to the fact that P1 is
found for a set of networks, say Gβ , not for a given net-
work L ∈ Gβ ; accordingly, s3, s4, and s5 are independent
of one specific choice for the network graph.

Inequality (A.13) accentuates that ē, z̄1, z̄2 → 0 expo-
nentially fast and agreement is reached if w = 0 al-
though it makes no conclusions about the agreement
states (e∗, z∗1 , z

∗
2). Thus, the agreement trajectories can

be nonzero or even unbounded. ehsan �

So far, we have shown that the proposed family of pro-
tocols can reject w from ζ to the desired level. Lemma 3
demonstrates that (7) has a similar decoupling effect on
e. We define

ei,j = T i,jwe (s)w

Lemma 3 Given ε > 0 and for γ, γ′ > 0, the following
statements are equivalent.

(1) ‖Twζ‖∞ < εγ

(2) ‖T i,jwe‖∞ < εγ′

PROOF. If (2) is given, (1) is deduced for some γ > 0
since ζ is the weighted sum of ei,j ’s. To show the other
direction, by an appropriate choice of A (which is Hur-
witz stable) and B, the input-output representation of
(A.5) is described by

ζ = ε (L⊗ C)(sI − A)−1Bw (A.15)

We pick one agent arbitrarily. Let it be agent N . Due
to zero row-sum property of the Laplacian, we have∑N
j=1 lijyN = 0. Thus, we recast the network measure-

ment as

ζi =
N∑
j=1

lijyj −
N∑
j=1

lijyN =
N∑
j=1

lijej,N

Let σi , ζi − ζN and eN , col {ei,N} for i ∈ S1 where
S1 = {1, 2, · · · , N̄}. Thus, one may find

σi =
N̄∑
j=1

l∗ijej,N

where l∗ij = lij − lNj , j ∈ S. Let L̄ , [l∗ij ] ∈ RN̄×N be

obtained by removing the last row of L− 1 lTN where lTk
denotes the k th row of L. Let L∗ , [l∗ij ] ∈ RN̄×N̄ be the
reduced Laplacian which is found by discarding the last

column of L̄. According to Yang et al. (2011a), L∗ > 0.

Therefore, defining σ , col {σi}, we obtain

σ = (L∗ ⊗ Ip)eN

In view of (A.15),

σ = ε (L̄⊗ C)(sI − A)−1Bw

Hence,

eN = ε (L∗⊗ Ip)−1(L̄⊗ C)(sI − A)−1Bw

It shows that T i,jwe depends on ε, and ‖T i,jwe (s)‖∞ < εγ′

is attained for some γ′ > 0.

B Proof of Lemma 2

Before starting the proof of Lemma 2, we recall the fol-
lowing result from Sannuti and Saberi (1987).

Lemma 4 (Sannuti and Saberi 1987) Consider an
invertible system which has no invariant zeros and is of
uniform rank nq (i.e. all infinite zeros have the same
order nq). It is described as{

˙̄x = Āx̄+ B̄ū

z = C̄x̄

where x̄ ∈ Rpnq and z, ū ∈ Rp. There exist a nonsin-
gular state transformation Γ0 and a nonsingular input
transformation M such that x = Γ0 x̄ and u = Mū
transform the system into{

ẋ = Ax+B(u+Rx)

z = Cx

(B.2a)

(B.2b)

where A, B, and C are as (6). Also, R ∈ Rp×pnq . �

As stated in Section 4.4, the design procedure is three-
step. Step 1: According to (Saberi and Sannuti, 1988),
the squaring-down pre-compensator for the right-
invertible system is given by

Σ1,i :

{
ṗ1,i = Ap1,ip1,i +Bp1,iup1,i
ūi = Cp1,ip1,i +Dp1,iup1,i

(B.3a)

(B.3b)

where up1,i ∈ Rp, and Ap1,i is Hurwitz. It makes agent
i invertible while adding new stable invariant zeros.
Step 2: The rank-equalizing pre-compensator is de-
signed based on (Saberi et al., 1990) and is given by

Σ2,i :

{
ṗ2,i = Ap2,ip2,i +Bp2,iup2,i
up1,i = Cp2,ip2,i +Dp2,iup2,i

(B.4a)

(B.4b)
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Defining pi = col {x̄i, p1,i, p2,i}, the cascade intercon-
nection of Σ2,i, Σ1,i and agent i can be shown byṗi = Λp,ipi + Λu,iup2,i + Λw,iw̄i

yi =
[
Ci 0 0

]
pi

(B.5a)

(B.5b)

which is an invertible system, with uniform rank nq.
Step 3: According to Sannuti and Saberi (1987), there
exist nonsingular state and input transformations such
that pi = Γ1,i col {xa,i, xi} and up2,i = Γ2,i ud,i trans-
form (B.5) into the special coordinate basis (s.c.b)

ẋa,i = Aa,ixa,i + Lad,iyi + Ea,iw̄i (B.6a)

ẋi = Axi +B(ud,i +Ra,ixa,i +Rd,ixi) + Ed,iw̄i
(B.6b)

yi = Cxi (B.6c)

where xa,i ∈ Rna,i and xi ∈ Rpnq represent the zero
dynamics and the infinite-zero structure, respectively.
A, B and C are given by (6). Obviously, one can find

Eo,i ,

[
Ea,i

Ed,i

]
= Γ−1

1,iΛw,i

From now on, the goal is to make the system equa-
tions (B.6b) similar to (10). The is achieved by means
of a feedback to decouple the zero dynamics from xi
subsystem and add the required terms. Therefore, we
need to estimate pi. The measurement available for the
system (B.5) is y∗m,i , C∗m,i pi = diag{Cm,i, I, I} pi.
Since (A,Cm,i) is detectable, the pair (Λp,i, C

∗
m,i) is de-

tectable, and one can design an observer to reconstruct
pi by reading y∗m,i and up2,i . Let the estimation error be

x̃i , col {xa,i, xi} − col {x̂a,i, x̂i} where col {x̂a,i, x̂i} is
the estimated signal. The dynamic equation of x̃i is given
by (11a) whereHi is Hurwitz stable. Now, we choose the
following pre-feedback

ud,i = ui −Ra,ix̂a,i −Rd,ix̂i +Rx̂i (B.7)

Considering ui = Mu′i and substituting (B.7) in (B.6b)
give rise to (10) and (11). Thus, Wi = [Ra,i, (Rd,i−R)].
According to Fig. 2, u′i is the new input of agent i.

C Proof of Theorem 3

It follows from Lemma 2 that there exists a dynamic
compensator that makes agent i ∈ S have the dynamics
of (5) for an arbitraryR and nonsingularM .R ∈ Rp×pnq

is partitioned as R = [R1, R̄] where R1 ∈ Rp×p. The
vector f̄i ∈ Rpnq for i ∈ S is formed as

f̄i =

[
fi

0

]
⇒ fi = Cf̄i (C.1)

The state error of formation is then denoted xf,i = xi−
f̄i. In view of Af̄i = 0, Rf̄i = R1fi and ḟi = 0, (5) is
recast as

ẋf,i = Axf,i +B(uf,i +Rxf,i) + Eiwi
yf,i = Cxf,i

(C.2a)

(C.2b)

where uf,i = ui+R1fi. In compliance with Section 4, the
observer-based protocol for (C.2) will take the following
form

˙̂xi = Ax̂i +B(uf,i +R x̂i)− ε−1K
N∑
j=1

lijCx̃j (C.3a)

uf,i = ε−nqFSx̂i (C.3b)

in which x̃j = xf,j − x̂j . It then yields closed-loop equa-
tions similar to those given in Section 4.3. The rest of
the proof is akin to the proof of Lemma 1.

D Proof of Proposition 1

We choose P1 = (−P ⊗K−1
1 ) in which P > 0 is diagonal

as P = diag{p1, · · · , pN̄} where pi ∈ R must be chosen
appropriately. We seek P1 and Q1 > 0 which satisfy
(A.9). Substitution of P1 in (A.9) results in

P1(∆⊗K1) + (∆⊗K1)HP1 = −(P∆ + ∆HP )⊗ I

Choosing Q1 = Q⊗ I, the objective is reduced to show
that

P∆ + ∆HP = Q

where Q > 0. We intend to find P so that ∀v ∈ RN̄ , v 6=
0, vTQv > 0. Since ∆ is in the Jordan form, vTQv can
be expressed as

vTQv =
N−1∑
i=1

Re{λi}piv2
i + 2

N−2∑
i=1

ρipivivi+1 (D.1)

in which ρi ∈ {0, 1} and ρi = 1 if λi is a repeated eigen-
value of L. Let ρi = 1; then one may write:

vTQv =
1

3

N−1∑
i=1

Re{λi}piv2
i

+
1

3
Re{λ1}p1v

2
1 +

1

3
Re{λN−1}pN−1v

2
N−1

+
N−2∑
i=1

√1

3
Re{λi+1}pi+1vi+1 +

pi√
1
3 Re{λi+1}pi+1

vi

2

+
N−2∑
i=1

(
1

3
Re{λi}pi −

p2
i

1
3 Re{λi+1}pi+1

)
v2
i (D.2)
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Obviously, if ρi = 0, any positive pi satisfies (A.9) for
Q > 0. Equation (D.2) will be positive if we set pN−1 = 1
and define pi’s recursively according to

pi =
β2

9
pi+1 (D.3)

for i ∈ {1, · · · , N − 2}. Clearly, the first three lines of
(D.2) are positive for pi > 0, i ∈ 1, · · · , N̄ . We show that
the last line is positive for this particular choice. In view
of (D.3), we have

1

3
Re{λi}pi−

p2
i

1
3 Re{λi+1}pi+1

=

1

3

β2

9
pi+1

(
Re{λi} −

β2

Re{λi+1}

)
> 0

because Re{λi} > β. Thus, P > 0 is bounded and

‖P‖ = max{1,
(
β2

9

)N̄−1

} ⇒ ‖P1‖ = ‖P‖‖K−1
1 ‖

Moreover, the proposed construction turns out that ‖Q‖
is bounded from below since

vTQv >
1

3

N−1∑
i=1

βpiv
2
i ⇒ Q >

1

3
βP

It means that ‖Q‖ = ‖Q1‖ > 4q where q = O(β).

E Simulation Data: Models of Agents

A1 =


0 1 0

0 0 1

0 0 0

 , B1 =


0

0

1

 , CT
1 =


1

0

0



A2 =

[
0 2

3 0

]
, B2 =

[
0

1

]
, CT

2 =

[
1

1

]

A3 =


0 1 0 0

0 0 1 0

−1 0 0 −1

0 −1 0 0

, B3 =


0 0

0 0

0 1

1 0

, CT
3 =


0

0

0

1



A4 =



−1 0 0 0 1

0 1 1 0 1

0 1 0 0 1

1 0 1 1 1

0 0 0 1 1


, B4 =



0 0

0 1

0 0

1 0

0 0


, CT

4 =



0

0

0

0

1


The disturbances act on agents through the following
disturbance matrices.

ET
1 =

[
1 2 3

]
, ET

2 =
[

1 2
]

ET
3 =

[
3 1 2 0

]
, ET

4 =
[

4 4 3 5 3
]

F Simulation Data: Shaping Procedure

F.1 Squaring-Down Pre-compensators

There is no need for squaring down agents 1 and 2; to
keep the coherency we show

Σ1,1 : ū1 = up1,1 , Σ1,2 : ū2 = up1,2

and Σ1,3 and Σ1,4 are designed for agents 3 and 4:

Σ1,3 :


ṗ1,3 =

[
0 1

−2 −3

]
p1,3 +

[
172.1

−165.1

]
up1,3

ū3 =

[
0.1964 0.2411

1 1

]
p1,3 +

[
−1

16

]
up1,3

Σ1,4 :


ṗ1,4 = −p1,4 + 5up1,4

ū4 =

[
−1

1

]
p1,4 +

[
−1

−15

]
up1,4

F.2 Rank-Equalizing Pre-compensators

Agent 1 does not need rank equalization. Thus,

Σ2,1 : up1,1 = up2,1

Since agent 2 and 3 are of relative degree 1, the compen-
sators are the same, obviously with different inputs and
outputs; so, we just show Σ2,2 for agent 2:

Σ2,2 :


ṗ2,2 =

[
0 1

0 0

]
p2,2 +

[
0

1

]
up2,2

up1,2 =
[

1 0
]
p2,2
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The compensator for agent 4 is a single intergrator

Σ2,4 :

{
ṗ2,4 = up2,4
up2,4 = p2,4

F.3 Pre-feedback

Pre-feedback laws can be developed by designing ob-
servers for each compensated agent and the following
information according to (B.7).

Rd,1 = 0 Ra,1 = 0

Rd,2 =
[
−4, 2, 2

]
Ra,2 = 4

Rd,3 =
[

80, −24, 6
]

Ra,3 =
[
−1, 0.70, 0.78, −1.45, −4.36

]

Ed,4 =
[

72, −25, 7
]

Ea,4 =
[
−1.00, 1.50, 1.50, −4.50

]
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