
Experimental Validation of a Uniformly
Semi-globally Exponentially Stable Non-linear
Observer for GNSS- and Camera-aided Inertial

Navigation for Fixed-wing UAVs

Lorenzo Fusini, Jesper Hosen, Håkon H. Helgesen, Tor A. Johansen
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Abstract—This paper provides experimental valida-
tion of a uniformly semi-globally exponentially stable
(USGES) non-linear observer for estimation of attitude,
gyro bias, position, velocity and acceleration of a fixed-
wing Unmanned Aerial Vehicle (UAV). The available
sensors are an Inertial Measurement Unit (IMU), a
Global Positioning System (GPS) receiver, a video cam-
era, and an inclinometer. The UAV is flown with the
sensor payload and all data is stored locally on a hard
drive, which is recovered at the end of the flight. The non-
linear observer is then tested offline with the recorded
sensor data. An optical flow algorithm is used to calculate
the UAV velocity based on the camera images, which is
used as a reference vector of the body-fixed velocity in
the attitude observer. The results are compared with an
Extended Kalman Filter (EKF) and illustrate that the
estimates of the unmeasured states converge accurately to
the correct values, and that the estimates of the measured
states have less noise than the measurements.

I. INTRODUCTION

The estimation of position, velocity, and at-
titude of a vehicle at any time is commonly
referred to as ”navigation”. The most used tool
for this purpose has been the EKF, but in the
last decades researchers have started to investigate
new solutions, alternative to the Kalman filter,
to the navigation problem, namely by developing
non-linear observers with complete stability proofs
and experimental validation. Non-linear observers

have the advantage, over the EKF, of featuring a
smaller computational footprint and often being
globally exponentially stable (GES), a result that
renders the observers robust to disturbances and
initialization uncertainties. The problem of atti-
tude estimation has received significant attention
as a stand-alone problem [1]–[11]. In addition
to this, other researchers have integrated Inertial
Navigation System (INS), magnetometer/compass
and GNSS to estimate the navigation states of a
vehicle.

In [12] the authors expanded the vector-based
observer proposed by [6] and [7] to include GNSS
velocity measurements. [1] and [2] built glob-
ally exponentially stable (GES) attitude estimators
based on multiple time-varying reference vectors
or a single persistently exiting vector. A similar
observer was developed in [13] and [14] to include
also gyro bias and GNSS integration. An extension
of this [15] replaced the rotation matrix with the
unit quaternion for representing attitude, consid-
ered Earth rotation and curvature, a non-constant
gravity vector, and included accelerometer bias
estimation.

Another sensor commonly used in navigation is
the camera. Low weight, low power consumption,
and a wide range of machine vision software



make it a viable choice for navigation purposes.
Some drawbacks are its dependence on lighting
and weather conditions, which directly affect the
availability of features in the scene, and the dif-
ficulty in separating camera motion from moving
objects in complex non-stationary environments.

Optical flow (OF) is how features in an im-
age plane move between two consecutive images,
caused by relative motion between the camera and
the object being depicted. In the simplest case it
could be understood as the pixel displacement of
a single feature between two successive images.
The OF can be represented as multiple vectors
describing the change in the image plane in time.
Several methods exists for determining the OF of
a series of images, e.g. [16]–[19].

Machine vision and OF have been used for
different applications in UAV navigation includ-
ing indoor manoeuvring [20], [21], linear and
angular velocity estimation [22]–[24], and obstacle
avoidance [20], [25]–[29] as well as height above
the ground estimation in [30]. [31], [32] use OF
in assisting a landing of a UAV independent of
external sensor inputs. OF from a single camera
is used in [33], [34] to estimate body axes angular
rates of an aircraft as well as wind-axes angles.
[24], [35], [36] have used OF as input in Kalman
filter-based navigation systems, fusing OF mea-
surements with acceleration and angular velocity
measurements. [37], [38] have used camera as
sensor for navigating in GPS-denied environments.

A comparison of the performance of different
methods of estimating the attitude of UAV based
on machine vision is presented in [39], and differ-
ent OF algorithms are evaluated in [23], [40] by
estimating UAV velocity.

In [41] OF vectors are used to calculate the
normalized body-fixed velocity of the UAV, and
fed into the non-linear observer as a reference
vector.

A. Contribution of this Paper

This paper provides experimental tests of a
USGES non-linear observer for estimation of atti-
tude, gyro bias, position, velocity, and acceleration

of a fixed-wing UAV [41]. Exponential stabil-
ity guarantees strong convergence and robustness
properties, hence it is an important property to
have in systems that are exposed to disturbances
and uncertain initialization. The camera can some-
times replace the magnetometers: in small UAVs
the magnetometers are heavily affected by distur-
bances and noise generated by the engine, while
the camera is not conditioned by this.

The sensor data are logged during the UAV
flight and used offline on a PC to test the ob-
server. An OF algorithm is used to calculate the
body-fixed velocity of the UAV based on the
camera images, altitude and inclinometer data. To
demonstrate their validity, the estimated states are
compared with those evaluated via the EKF.

II. NOTATION AND PRELIMINARIES

Vectors and matrices are represented by lower-
case and uppercase letters respectively. X−1, X+,
and tr(X) denote the inverse, pseudoinverse, and
trace of a matrix respectively, XT the transpose of
a matrix or vector, X̂ the estimated value of X ,
and X̃ = X− X̂ the estimation error. ‖ ·‖ denotes
the Euclidean norm, In the identity matrix of order
n, and 0m×n the m× n matrix of zeros. A vector
x = [x1, x2, x3]

T is represented in homogeneous
coordinates as x = [x1, x2, x3, 1]T . The function
sat(·) performs a component-wise saturation of its
vector or matrix argument to the interval [−1, 1].
The operator S(x) transforms the vector x into the
skew-symmetric matrix

S(x) =

 0 −x3 x2

x3 0 −x1
−x2 x1 0


The inverse operation is denoted as vex(·), such
that vex(S(x)) = x. For a square matrix A, its
skew-symmetric part is represented by Pa(A) =
1
2
(A− AT ).

Two reference frames are considered in the pa-
per: the body-fixed frame {B} and the North-East-
Down (NED) frame {N} (Earth-fixed, considered
inertial). The rotation from frame {B} to {N} is
represented by the matrix Rn

b ≡ R ∈ SO(3), with
SO(3) representing the Special Orthogonal group.



A vector decomposed in {B} and {N} has
superscript b and n respectively. The camera loca-
tion w.r.t. {N} is described by cn = [cnx, c

n
y , c

n
z ]T .

A point in the environment expressed w.r.t. {N}
is tn = [xn, yn, zn]T : note that a point located
on the ground corresponds to zn = 0 and such
it will be throughout the paper. The same point
expressed w.r.t. {B} is tb = [xb, yb, zb]T . It will
also be assumed that every point is fixed w.r.t.
{N}. The greek letters φ, θ, and ψ represent the
roll, pitch, and yaw angles respectively, defined
according to the zyx convention for principal
rotations [42], and they are collected in the vector
Θ = [φ, θ, ψ]T . A 2-D camera image has coor-
dinates [r, s]T , aligned with the yb- and xb-axis
respectively (see Fig. 2). The derivative [ṙ, ṡ]T of
the image coordinates is the OF. The subscript F

indicates a quantity evaluated by means of the OF.

A. Measurements and Sensors

The sensor payload consists of an IMU, a GPS
receiver, a video camera, and an inclinometer,
providing the following information:

• GPS: NED position pn and, by differentia-
tion, NED velocity vn;

• IMU: biased angular velocity ωbm = ωb +
bb, where bb represent the gyro bias, and
acceleration ab;

• camera: 2-D projections [r, s]T onto the
image plane of points [xn, yn, zn]T from the
3-D world;

• inclinometer: roll φ and pitch θ angles.

Further information on the actual sensors em-
ployed in the experiment is presented in Section
V.

III. OPTICAL FLOW

The observer presented in Section IV depends
on velocity measurements from the on-board cam-
era decomposed in the body-fixed frame. These
measurements are generated from OF, therefore
it is necessary to compute the OF vectors from
consecutive images before these vectors are trans-
formed to velocity measurements. The OF calcu-

lation and the transformation is presented in the
forthcoming section.

A. Optical flow computation

There exist several methods for computing OF.
For the experiment presented in Section V two
specific methods are combined. The first one
is SIFT [18] which provided the overall best
performance in [23]. SIFT uses a feature-based
approach to compute OF. The total number of OF
vectors in each image depends on the number of
features detected and matched together. Since the
transformation in Section III-B requires at least
three OF vectors [41], it is necessary to make sure
that this is handled. It is not possible to guarantee
three OF vectors with SIFT since homogeneous
environments, like snow or the ocean, increase the
difficulty of finding distinct features. Therefore the
OF vectors created by SIFT are combined with a
second method, which is based on region matching
[43].

The region matching method used here is a
template matching approach based on normal-
ized cross-correlation [44]. The displacements of
twelve templates, created symmetrically across
the images, are used to find twelve OF vectors.
Template matches below a given threshold are dis-
carded and the corresponding OF vector removed.
Unreliable matches can occur in case of uniform
terrain, changes in brightness or simply when the
area covered by the template has disappeared from
the image in the time between the capture of
images. An example of OF vectors computed with
SIFT and template matching is displayed in Fig.
4.

In case of mismatches, both methods will create
erroneous OF vectors. It is desired to locate and
remove these vectors. Therefore an outlier detector
is implemented before the vectors are used to
calculate body-fixed velocities. The outlier detec-
tor utilizes a histogram to find the vectors that
deviate from the mean with respect to direction
and magnitude.

B. Transformation from optical flow to velocity

For the OF computations to be useful in the ob-
server, a transformation to body-referenced veloc-



(a) (b)

(c)

Fig. 1. a) Image captured at time t0. b) Image captured at time
t0+∆t. c) Optical flow vectors between image a) and b), generated
by SIFT (red) and Template Matching (green).

ity is necessary. The transformation is motivated
by [41] and the pinhole camera model is used [45].
The camera-fixed coordinate system is related to
the body-fixed coordinate system through Fig. 2,
where the downward-looking camera is aligned
with the body z-axis. The focal point of the camera
is for simplicity assumed to coincide with the
origin of {B}.

xb

yb zb

Ob

image plane

Ors

r

s

Fig. 2. Pinhole camera model. The camera is oriented downwards,
while xb is the direction of flight.

It is necessary to relate a point in the terrain
expressed in {N} tn to {B}, since points in the

terrain are used to compute the body-referenced
velocity. The matrix Rn

b and vector cn represent a
rotation and a translation between {N} and {B}.
They can be merged to form a homogeneous 4×4-
transformation T nb

T nb (Θ) =

[
Rn
b (Θ) cn

01×3 1

]
such that tn = T nb (Θ)tb where tn and tb is the same
homogeneous point represented in {N} and {B}
respectively. The transformation can be inverted to
find tb from tn

tb = T nb (Θ)−1tn =

[
Rn
b (Θ)T −Rn

b (Θ)T cn

01×3 1

]
tn

(1)
and tb is now a function of xn, yn, zn, cnx, cny , cnz ,
φ, θ, ψ.

The relationship between tb and its projection
onto the image plane is expressed by the well-
known pinhole camera model [45] [46].[

r

s

]
=
f

zb

[
yb

−xb

]
, zb 6= 0 (2)

where f is the focal length of the camera. As tb

in itself is not available, the relationship in (1) is
used to express tb in (2) asx

b

yb

zb

 =


scnz

s sin(θ)+cos(θ)(f cos(φ)+r sin(φ))

− rcnz
s sin(θ)+cos(θ)(f cos(φ)+r sin(φ))

− fcnz
s sin(θ)+cos(θ)(f cos(φ)+r sin(φ))

 (3)

All features tracked by the camera are assumed
to be stationary with respect to {N}. Hence the
UAV linear and angular velocity relative to a fea-
ture tracked by the OF algorithm, vbF and ωbF , will
be equal for every tracked feature. Furthermore it
is assumed that the terrain is flat, such that every
feature is located at the same altitude. For every
feature j, the relationship between OF and body-
fixed linear/angular velocity is given as

[
ṙj

ṡj

]
= −Mj(f, rj , sj , φ, θ, c

n
z )

[
vbF

ωbF

]

Mj =
f

zbj

 0 1 −y
b
j

zbj
−y

b
j
2

zbj
− zbj

ybjx
b
j

zbj
xbj

−1 0
xb
j

zbj

xb
jy

b
j

zbj
−x

b
j
2

zbj
− zbj ybj


(4)



where Mj ∈ R2×6 in (4) is motivated by [41]. If
the number of features being tracked is k, then the
OF vector has dimension 2k. A matrix M ∈ R2k×6

might be created by concatenating the matrices
Mj, j = 1 . . . k, and the following relationship is
obtained



ṙ1

ṡ1
...
ṙk

ṡk

 = −M
[
vbF
ωbF

]
,M =

M1

...
Mk

 (5)

By calculating the pseudoinverse of M in (5)
the angular and linear velocity can be computed
as

[
vbF
ωbF

]
= −M+



ṙ1

ṡ1
...
ṙk

ṡk

 (6)

M+ exists only if MTM has full rank. This can
only happen if the number of flow vectors are
greater or equal to three. This is always the case
in the experiment.

IV. OBSERVER DESIGN

A. Dynamic System

The dynamics of attitude, position, and velocity
is described by

Ṙ = RS(ωb) (7a)
ṗn = vn (7b)
v̇n = an + gn (7c)

The objective is to estimate the attitude R, the
position pn, and the velocity vn with exponential
convergence rate. In addition to this, an estimator
for the gyro bias bb is also provided.

B. Assumptions

The observer design is based on the following
assumptions:

Assumption 1: the OF algorithm uses a suffi-
cient number of image features, such that M has
full rank and Eq. (6) can be used.

Assumption 2: the gyro bias bb is constant.

Assumption 3: there exists a constant cobs > 0
such that, ∀t ≥ 0, ‖vbF × ab‖ ≥ cobs.

Assumption 3 is a condition of non-collinearity
for the vectors vbF and ab, i.e. the angle between
them is non-zero and none of them can be iden-
tically zero (see, e.g., [12], [6]). For a fixed-wing
UAV this means that the observer cannot work
while the vehicle stands still on the ground, but
presents no issues during flight.

C. Observer Equations

The full observer was introduced in [41] as

Σ1


˙̂
R = R̂S(ωbm − b̂b) + σKP Ĵ

˙̂
bb = Proj(b̂b,−kIvex(Pa(R̂Ts KP Ĵ)))

(8)

Σ2



˙̂pn = v̂n +Kpp(p
n−p̂n) +Kpv(v

n−v̂n)

˙̂vn = ân + gn+Kvp(p
n−p̂n) +Kvv(v

n−v̂n)

ξ̇ = −σKP Ĵa
b +Kξp(p

n−p̂n) +Kξv(v
n−v̂n)

ân = R̂ab + ξ

(9)

OF

{[
v̂bF

ω̂bF

]
= −M̂+

[
ṙ

ṡ

]
(10)

The subsystem Σ1 represents the attitude observer,
whereas Σ2 represents the translational motion
observer. In addition, (10) is given by machine
vision. σ ≥ 1 is a scaling factor tuned to achieve
stability, kI is a positive scalar gain, Proj(·, ·)
represents a parameter projection [47] that ensures
that ‖b̂b‖ does not exceed a design constant Lb̂b >
Lbb (see Appendix), and R̂s = sat(R̂). The matrix
Ĵ is the output injection term, whose design is
inspired by the TRIAD algorithm [48] and defined
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Fig. 3. Block diagram of the observer. Σ1 represents the attitude
observer, and Σ2 the translational motion observer.

as

Ĵ(vbF , v̂
n, ab, ân, R̂) := ÂnA

T
b − R̂AbATb (11a)

Ab := [vbF , v
b
F × ab, vbF × (vbF × ab)] (11b)

Ân := [v̂n, v̂n × ân, v̂n × (v̂n × ân)] (11c)

The subsystem Σ2 represents the translational
motion observer, where Kpp, Kpv, Kvp, Kvv, Kξp,
and Kξv are observers gains yet to be defined, and
gn = [0, 0, 9.81]T is the gravity vector in NED.

The system Σ1–Σ2 is a feedback interconnec-
tion, as illustrated by Fig. 3.

D. Stability Proof

The error dynamics of the non-linear observer
can be written in a compact form as

Σ1


˙̃R = RS(ωb)−R̂S(ωbm−b̂b)−σKP Ĵ

˙̃bb = −Proj(b̂b, τ(Ĵ))

(12a)

Σ2

{
˙̃w = (A−KC)w̃ +Bd̃

(12b)

where w̃ = [(p̃n)T , (ṽn)T , (ãn)T ]T collects the es-
timated position, velocity and acceleration vectors,
d̃ = (RS(ωb)− R̂S(ωbm− b̂b))ab + (R− R̂)ȧb, and
the four matrices in (12b) are defined as

A =

[
06×3 I6

03×3 03×6

]
, B =

[
06×3

I3

]
,

C =
[
I6 06×3

]
, K =

 Kpp Kpv

Kvp Kvv

Kξp Kξv

 .

Theorem 1 provides conditions that ensure
USGES of the origin of the error dynamics (12).

Theorem 1: Let σ be chosen to ensure stability
according to Lemma 1 in [13] and define HK(s) =
(Is−A+KC)−1B. There exists a set (0, c) such
that, if K is chosen such that A−KC is Hurwitz
and ‖HK(s)‖∞ < γ, for γ ∈ (0, c), then the origin
of the error dynamics (12) is USGES as defined by
[49] when the initial conditions satisfy ‖b̂b(0)‖ ≤
Lb̂b .

Proof: For the proof, see [41].

V. EXPERIMENTAL RESULTS

This section describes the experiment carried
out to gather the necessary data and the results
obtained with the non-linear observer and OF.

A. Setup

The UAV employed is a UAV Factory Penguin-
B, equipped with a custom-made payload that
includes all the necessary sensors. The IMU is a
Sensonor STIM300, a low-weight, tactical grade,
high-performance sensor that includes gyroscopes,
accelerometers, and inclinometers, all recorded at
a frequency of 300 Hz. The chosen GPS receiver
is a uBlox LEA-6T, which gives measurements at
5 Hz. The video camera is an IDS GigE uEye
5250CP provided with an 8mm lens. The camera
is configured for a hardware-triggered capture at
10 Hz: the uBlox sends a digital pulse-per-second
signal whose rising edge is accurately synchro-
nized with the time of validity of the recorded GPS
position, which guarantees that the image capture
is synchronized with the position measurements.
The experiment has been carried out on 6 February
2015 at the Eggemoen Aviation and Technology
Park, Norway, in a sunny day with good visibility,
very little wind, an air temperature of about -8◦C.
The terrain is covered with snow and flat enough
to let all features be considered as lying at zero
altitude.

The observer is implemented using forward
Euler discretization with a time-varying step de-
pending on the interval of data acquisition of
the fastest sensor, namely the STIM300, and it
is typically around 0.003 seconds. The various



parameters and gains are chosen as Lbb = 2◦/s,
Lb̂b = 2.1◦/s, σ = 1, KP = diag[0.1, 0.1, 0.5],
kI = 0.006, Kpp = 30I3, Kpv = 2I3, Kvp = I3,
Kvv = 100I3, Kξp = I3, and Kξv = 50I3. All the
gains are obtained by running the observer several
times and correcting the gains until a satisfactory
performance was achieved. Concerning the gains
of the translational motion observer, it is also pos-
sible to tune them with the help of a linear matrix
inequality formulation that allows ‖HK(s)‖∞ to
satisfy the conditions of Theorem 1 (see [13], [50]
for details).

The reference provided for the attitude, posi-
tion, and velocity is the output of the EKF of
the autopilot mounted on the Penguin-B. An exact
reference for the gyro bias is not available, but
an approximation of the real value is calculated
by averaging the gyro measurements at standstill
before and after the flight. The accelerometer bias
is not estimated, but it is computed the same
way as the gyro bias and subtracted from the
accelerometers measurements before being used in
the observer.

All the images are processed with a resolu-
tion of 1600×1200 (width×height) pixels and in
their original state, without any filtering. The lens
distortion of the camera is not accounted for,
and no correction is applied to the images. SIFT
is implemented with the open source computer
vision library (OpenCV) [51] with default settings.
Each match is tagged with a value indicating the
accuracy of the match, and the smallest of these
values is considered to be the best match. To in-
crease the reliability of the OF vectors, each match
is compared to the best one. Every match with
an uncertainty more than double the uncertainty
of the best match is removed. Also the template
matching algorithm is implemented with OpenCV.
The size of the templates is chosen to be 120×90
pixels and a correlation of 99% is required in order
for a template match to be considered reliable and
not removed.

B. Results

The results here presented refer to a complete
flight of the Penguin-B, from take-off to landing,
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Fig. 4. Body-fixed velocity in the x, y, and z axis (blue, red, and
green, respectively) calculated via machine vision.

which correspond to a travelled distance of ap-
proximately 9 km in around 5 min. The time on the
x-axes is the elapsed time since the data logging
begins, and only the significant part involving the
flight is represented. The manoeuvres performed
include flights on a straight line and turns with
a large and small radius of curvature, namely ap-
proximately 200 m and 100 m, as it can be noticed
from Fig. 6. The body velocity calculated via the
OF is represented in Fig. 4 and is the result of
(6). The estimated attitude, position, and velocity
are illustrated in Fig. (5)–(7): it is clear that the
observer (blue, solid line) performs well when
compared to the EKF (red, dashed line). The pitch
estimate presents some deviation, probably due to
a misalignment of the sensor on the payload. The
estimated North and East velocities show some
small peaks at around 1130–1150 s and 1240 s,
which are due to the presence of outliers in the
GPS data. The estimated gyro bias is presented in
Fig. 8: the estimates do not converge as well as the
other states, but they remain within 0.2◦ of their
initial estimate.

VI. CONCLUSIONS

In this paper a USGES non-linear observer
has been tested on experimental data obtained
by flying a fixed-wing UAV with a custom-made
payload of sensors. An OF algorithm has been
employed to calculate the body-referenced ve-
locity of the vehicle by means of IMU, camera
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Fig. 6. Estimated (blue, solid) and EKF (red, dashed) position on
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images and GPS measurements. Such velocity,
accelerometers measurements, estimated NED ve-
locity, and estimated NED acceleration have been
used as reference vectors in the injection term
of the observer in order to provide the desired
estimates. The results presented for different types
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Fig. 8. Gyro bias calculated at standstill (dashed) and estimated
by the observer (solid). The x, y, and z components are blue, red,
and green, respectively.

of manoeuvres confirm the validity of the analysis
and design.
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APPENDIX

The parameter projection Proj(·, ·) is defined as:

Proj(b̂b, τ)=

{(
I− c(b̂b)

‖b̂b‖2
b̂bb̂bT

)
τ, ‖b̂b‖≥Lb, b̂bT τ>0

τ, otherwise

where c(b̂b) = min{1, (‖b̂b‖2 − L2
b)/(L

2
b̂b
− L2

bb
)}.

This operator is a special case of that from Ap-
pendix E of [47].


