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Abstract—This paper considers the control of a
multirotor-type unmanned aerial vehicle (UAV) with a
suspended load. The load is modeled as a pendulum, with
a rigid link. We consider the case when the suspended
load is connected to the centre of gravity of the UAV,
and the interconnected system is modeled by Kane’s
method. A nonlinear controller based on the backstepping
technique is derived, that ensures trajectory tracking of
the UAV regardless of the pendulum motion. The origin of
the tracking error is proved to be globally asymptotically
stable, and results are verified by simulations.

I. INTRODUCTION

The ability to remotely deploy sensors or other
payload packages with unmanned aerial vehicles
(UAVs), would enable several interesting applica-
tions. For instance, one could automatically deploy
and recover environmental sensors in hazardous
areas, or to areas that are hard or expensive to
reach with traditional means. To this end, the
use of multirotor type UAVs has several benefits.
Several types of multi-rotor UAVs are available
today, where the most common are the quadcopter.
Multirotors are able to hover, which would enable
gentle placement of the payload. They are also
capable of maneuvering in complex environments.

Dynamic modeling and attitude control of the
multirotor UAV itself have been extensively studied
in the literature. This includes several nonlinear
attitude controllers [1], [2], [3]. In [4], the authors
give a good overview of the current state-of the art
control techniques and dominant physical effects
on the aerodynamics of the vehicles.
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Norway through its Centers of Excellence funding scheme, grant
number 223254 (Centre for Autonomous Marine Operations and
Systems).

In this paper, we consider the transportation
phase of a mission composed of a multirotor
UAV, carrying a payload suspended by a wire.
Previous work on this topic includes [2], were the
authors employ an adaptive controller to respond to
changes in the multirotor centre of gravity. In [5],
the authors models the wire as a series of intercon-
nected links, and develop a nonlinear geometric
controller to stabilize the system. [6] models the
multirotor-payload system with a hybrid approach
to handle wire collapse, and develops trajectory
controllers for the load position in 2D. Helicopters
with suspended loads are considered in [7],[8],
which also included multi-lift operations.

We develop a nonlinear tracking controller for
a single-lift operation, where a single multirotor
transports a suspended load with known mass.
The proposed controller can later be extended to
include systems with unknown load mass, and
also for trajectory synchronization in multi-vehicle
operations.

Although damping of the payload swing is not
the focus of this paper, we illustrate how one
classical approach, namely Input Shaping [9], can
be used to generate trajectories that minimizes the
residual swing of the suspended payload.

A. Organization

In Section II, we outline the basis for the
mathematical models used for control synthesis.
The interconnected model of the UAV and the
suspended payload is based on Kane’s equation.
In Section III, we develop a nonlinear tracking
controller based on the backstepping technique.
The results are summarized in Theorem 1, and



proved by Lyapunov analysis. Two numerical sim-
ulations are conducted in Section IV, to show the
performance of the controller.

II. SYSTEM MODELING

In this section, we start by presenting the dynam-
ical model of a multirotor. The model (1)–(4) can
be derived by Newtonian or Lagrangian methods,
and readers are referred to [4] for details on its
derivation. By further assuming the presence of an
internal attitude controller, the relevant dynamics
for this study is extracted. Finally, the dynamics
of the complete system including the suspended
load are introduced.

Let the multirotor dynamics be modeled by [4]

ṗ = v (1)
mcv̇ = mcg + Rf (2)

Ṙ = RS(ω) (3)
Iω̇ = S(Iω)ω + M (4)

where p ∈ R3 is the UAV position in the inertial
frame {n}, v ∈ R3 the translational velocity in
{n}, R ∈ SO3 a rotation matrix from the inertial
frame {n} to the body-fixed frame {b}, ω ∈ R3 the
angular velocity of the UAV, represented in {b}.
Further, the operator S(·) is the skew-symmetric
transformation, such that p × q = S(p)q. mc is
the mass of the UAV, and I the body-fixed inertia
matrix. f is upwards thrust directed along the
negative body-aligned z-axis, and M are applied
moment about the UAV.

Consider now a load being suspended in the
centre of gravity of the UAV. This will affect the
translational motion (2) by a term τL, parame-
terized by the load dynamics, but the rotational
motion (4) is unaffected. As control of the attitude
of the multicopter is not considered in this paper,
the model considering the translational motion is
now

ṗ = v (5)
mcv̇ = mcg + Rf + τL (6)

Further, assume now that a sufficiently fast at-
titude controller is present. The direction of the
applied force for translational motion is given by
R, and by manipulating the roll and pitch of the

UAV we can apply force in a desired direction. An
example of such a controller is given in [4]. Thus,
the term Rf can be replaced by a inertial control
force F ∈ R3, resulting in

ṗ = v (7)
mcv̇ = mcg + F + τL (8)
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Fig. 1. Illustration of pendulum angle parameterization by two con-
secutive rotations φL and θL about the x- and y-axis, respectively.

Next, the suspended load dynamics are modeled
as a pendulum. This simple model have been used
with success in earlier work [10]. We consider the
suspended load a point-mass, connected by a rigid
link to the centre of gravity of the UAV. This is
valid for non-aggressive maneuvers where the wire
remains in tension. We parameterize the pendulum
displacements by φL and θL, which is the load
rotation about the inertial x- and y-axis, respec-
tively, see Figure 1. The generalized coordinates
for the system are thus η = [p, φL, θL]. Physical
damping of the pendulum swing is modeled by
a linear damping term, which is valid for low
speeds. By utilizing Kane’s equation [11], we get
the dynamical model given by (9):

η̇ = ν

M∗(η)ν̇ + C∗(η,ν)ν + G(η) + Dν = τ
(9)

where M∗(η) and C∗(η,ν) can be seen in (10)–
(11), τ :=

[
F 01×2

]T, ν := [vT, φ̇L, θ̇L]T, and



M∗(η) =


mL +mc 0 0 0 LmL cθL

0 mL +mc 0 −LmL cφL cθL LmL sφL sθL
0 0 mL +mc −LmL cθL sφL −LmL cφL sθL
0 −LmL cφL cθL −LmL cθL sφL L2mL cθL

2 0
LmL cθL LmL sφL sθL −LmL cφL sθL 0 L2mL

 (10)

C∗(η,ν) =


0 0 0 0 −L θ̇LmL sθL

0 0 0 LmL

(
φ̇L cθL sφL + θ̇L cφL sθL

)
LmL

(
φ̇L cφL sθL + θ̇L cθL sφL

)
0 0 0 −LmL

(
φ̇L cφL cθL − θ̇L sφL sθL

)
−LmL

(
θ̇L cφL cθL − φ̇L sφL sθL

)
0 0 0 −1

2
L2 θ̇LmL s(2 θL) −1

2
L2 φ̇LmL s(2 θL)

0 0 0 1
2
L2 φ̇LmL s(2 θL) 0

(11)

G(η) =


0
0

−g (mL +mc)
LgmL cos θL sinφL
LgmL cosφL sin θL

 . (12)

The term Dν is the linear damping force, in-
corporating the effects of air drag at low speed.
D = diag{[0, 0, 0, d, d]}, where d > 0 is a drag
coefficient.

As can be seen in (9), the equations are orga-
nized in matrix form, which is typical in the lit-
erature of robotic manipulation. This form greatly
simplifies the control and analysis procedures. In
fact, as is common in robotic manipulators, the ma-
trix Ṁ∗(η)−2C∗(η,ν) is skew symmetric, which
is a very useful property in Lyapunov analysis.
As can be seen from (10), M∗(η) is singular at
θL = π/2. This is due to the representation of
the pendulum configuration, and corresponds to the
case where the suspended load is directed out of
the nose of the UAV. Although this may violate the
assumptions of pendulum model and load being
suspended on CG, we illustrate in the next section
how a infinitesimal singularity avoidance term can
be added to use the model for theoretically valid
control design and analysis.

III. CONTROL DESIGN

In this section, we design a nonlinear trajectory-
tracking controller for the UAV. We utilize the

backstepping technique [12], to design the con-
trollers in two steps. To achieve this, with a slight
abuse of terminology, we view (9) as an under
actuated system, in which element 4 and 5 of τ
is zero. The design procedure is inspired by [13]

The model developed in the previous section has
a representation singularity at θL = π/2. This is
an undesired feature in control-design. Thus, we
create a perturbed model, in which we avoid the
singularity by adding an infinitesimal singularity
avoidance term at M∗

4,4. The model used for con-
trol design are then:

η̇ = ν (13)
M(η)ν̇ + C(η,ν)ν + G(η) + Dν = τ (14)

where M(η) = M∗(η), C(η,ν) = C∗(η,ν)
except for

M(η)4,4 = L2mL cos θL
2 + ε sin θL

2, (15)

and

C(η,ν)4,4 = −1

2
L2mLθ̇L sin 2θL +

1

2
εθ̇L sin 2θL.

(16)

ε > 0 is an infinitesimal positive constant. As can
be seen, C(η,ν) is also perturbed to maintain the
skew-symetric property. This added term ensures
that the mass matrix is non-singular. This perturbed
model is now used in the rest of this section.



Consider now a sufficiently smooth desired tra-
jectory r(t). We define the error signals z1 ∈ R3

and z2 ∈ R5 as

z1 := p− r (17)

z2 := [z2,1, z2,2, z2,3, z2,4, z2,5]
T = ν −α (18)

where α := [α1, α2, α3, α4, α5]
T ∈ R5 is a vector

of stabilizing functions to be specified later.
Now, let H be the selection matrix

H =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

 (19)

such that error dynamics becomes

ż1 = Hν − ṙ (20)

and

M(η)ż2 = M(η)ν̇ −M(η)α̇

= τ −C(η,ν)ν −G(η)

−Dν −M(η)α̇

(21)

A. Step I

Consider a Lyapunov function candidate (LFC)
for the first sub-system as

V1(z1, t) =
1

2
zT1 z1 (22)

It’s derivative along the solution of z1(t) is

V̇1(z1, t) = zT1 (Hν − ṙ)

= zT1 (α1:3 + Hz2 − ṙ)
(23)

where (·)i:j represents the 1-indexed elements of
(·) from i to j. By designing the stabilizing func-
tions α1:3 as

α1:3 = ṙ−K1z1, (24)

where K1 = KT
1 > 0 is a positive definite matrix.

The derivative of V1(z1, t) becomes

V̇1(z1, t) = −zT1K1z1 + zT1Hz2 (25)

B. Step II

Next, consider the LFC V2(z1, z2, t) for the
complete system as:

V2(z1, z2, t) = V1(z1, t) +
1

2
zT2M(η)z2 (26)

which satisfies

V2 ≥ 0, ∀(z1, z2) 6= 0 (27)

Taking the derivative of (26) along the solution
of (20) and (21) yields

V̇2(z1, z2, t) = −zT1K1z1

+zT2 (τ−Cα−G−Dν + HTz1 −Mα̇)

where we have utilized the skew-symetric property
of 1

2
Ṁ(η)−C(η,ν). Suppose now that the control

τ can be set to

τ = Cα+G+Dα−HTz1 +Mα̇−K2z2 (28)

where K2 = KT
2 > 0. This results in

V̇2(z1, z2, t) = −zT1K1z1 − zT2K2z2 − zT2Dz2

< 0, ∀(z1, z2) 6= 0

which by standard Lyapunov arguments guarantees
that (z1, z2) is bounded and converges to zero.
However, as we cannot set a desired moment about
the suspension point of the load, the fourth and fifth
row of (28) must instead be equal to zero. We now
design the remaining stabilizing functions α4 and
α5 to ensure that the fourth and fifth row of (28)
is indeed zero. By extracting these rows from (28),
we get the constraint equations

τ 4:5 =

[
0
0

]
= C4:5;4:5α4:5 + G4:5 + D4:5;4:5α4:5

+M4:5;4:5α̇4:5 + M4:5,1:3α̇1:3 −K2,4:5z2,4:5

where the arguments of C and M have been
dropped for notational clarity, and (·)i:j;k:l extracts
rows i− j, columns k − l of (·) Solving for α̇4:5,
this results in a dynamic equality constraint

Mα(η)α̇4:5 = −Dαα4:5 −Cα(η,ν)α4:5

+γ(η, z1, z2, r̈)
(29)



where

Mα(η) = M4:5;4:5(η),

the lower 2x2 block of M(η)

Cα(η,ν) = C4:5;4:5(η,ν),

the lower 2x2 block of C(η,ν)

Dα = diag{[d, d]} > 0

and

γ(η, z1, z2, r̈) = −G4:5 + K2,4:5z2,4:5

−M4:5,1:3(r̈−K1Hz2 + K1K1z1)

in which we have used the fact that
α̇1:3 = r̈−K1ż1

= r̈−K1Hz2 + K1K1z1
(30)

Also, note that the matrix Ṁα − 2Cα retains
the skew-symetric property. The variables α4:5 be-
comes a dynamic state in the controller, according
to (29). In fact, (29) is a stable differential equation
driven by the converging error signals (z1, z2) and
the bounded reference signal r. As z2,4:5(t) → 0,
it follows that |α4:5 − [φ̇L, θ̇L]T| → 0 as t → ∞.
This is stated more formally in Theorem 1.

Theorem 1. The trajectory tracking problem of a
multirotor UAV is solved by applying the first three
rows of the control law (28) to (14). Moreover,

F = C1:3;4:5(η,ν)α4:5 + G1:3 − z1

+ M1:3;4:5(r̈−K1Hz2 + K1K1z1)

+ M1:3;4:5α̇4:5 −K2,1:3z2,1:3

(31)

where K1 > 0 ∈ R3, K2 > 0 ∈ R5, z1 := p − r,
z2 := ν −α, and

α1:3 = ṙ− z1 (32)

The smooth reference signals r, ṙ and r̈ are pro-
vided by an external guidance system or a refer-
ence model, while α4:5 are given by the dynamic
constraint

Mα(η)α̇4:5 = −Dαα4:5 −Cα(η,ν)α4:5

+γ(η, z1, z2, r̈)
(33)

The equilibrium point (z1, z2) = 0 is Uniformally
Globally Asymptotically Stable (UGAS), α4:5 ∈
L∞ and satisfies

lim
t→∞
|α4:5(t)− [φ̇L(t), θ̇L(t)]T| = 0 (34)

The control law (28) thus guarantees that the
tracking error z1 = p−r converges asymptotically
to zero.

Proof. The closed-loop system can be expressed
as[

I3×3 0
0 M(η)

] [
ż1
ż2

]
=

[
−K1 H
−HT −D−K2

] [
z1
z2

]
+

[
0 0
0 −C(η,ν)

] [
z1
z2

]
(35)

Mα(η)α̇4:5 = −Dαα4:5 −Cα(η,ν)α4:5

+γ(η, z1, z2, r̈)
(36)

The Lyapunov function candidate (26) satisfies
V̇2 < 0, ∀(z1, z2) 6= 0. Hence, the equilibrium point
z1 = z2 = 0 of the z subsystem is UGAS [12,
Theorem 4.9]. The unforced α4:5 system, (29) with
γ = 0, is globally exponentially stable. This can
be seen from the Lyapunov function

Vα(α4:5, t) =
1

2
αT

4:5Mα(η)α4:5 (37)

whos derivative along (29) is

V̇α(α4:5, t) = αT
4:5(−Dαα4:5 + γ)

≤ −1

2
αT

4:5Dαα4:5 ≤ 0

for ||α4:5||2 > 2||γ||2/d. Since (z1, z2) ∈ L∞,
r, ṙ, r̈ ∈ L∞ and since η enters γ through
the bounded functions cos · and sin ·, we have
γ(η, z1, z2, r̈) ∈ L∞. Thus, the α4:5 subsystem is
input-to-state stable from γ to α4:5 by [12, Theo-
rem 4.19]. Hence, α4:5 converges to the bounded
set {α4:5 : ||α4:5|| ≤ 2

d
||γ||} since z2,4:5(t)→ 0 as

t→∞.

Remark 1. Note that the global results presented
in Theorem 1 applies to the perturbed model (14).
This model is valid as long as the wire is taut, and
we stay somewhat away from the representation
singularity at θL = π/2. At this point, the model is
perturbed by the infinitesimal constant ε, which in
practice will have negligible impact on the results.

Remark 2. Also, note that the load angles φL and
θL are not included in the coordinate change (17)–
(18), but their derivatives are. The angles acts as



external inputs to the system dynamics through the
saturating geometric functions cos and sin, and are
thus treated as bounded inputs in the analysis. See
Figure 2.

r(t)

ż1 α̇4,5

cos(·)
sin(·)

ż2

Bounded, measured signals

η4,5

ν4,5

[·]

(36) (37)

Fig. 2. Structure illustrating the proof. By Theorem 1, the feedback
law (31) renders the origin of [z1, z2] globally asymptotically stable.
The signal α4,5, needed by (31), is shown to be bounded. The load
angles act on both sub-systems through the saturating trigonometric
geometric functions cos(·) and sin(·), and ν4,5 is bounded by (34).

IV. SIMULATION STUDY

In this section, the multi-rotor translational dy-
namics is simulated using (14), and the controller
in Theorem 1 is used for trajectory control. We
consider a multirotor of mass mc = 2.5 kg, a
payload of mL = 0.2 kg suspended with a L =
0.7 m wire. Two simulations will be presented.
The first will demonstrate the tracking capabilities
of the controller in a complicated maneuver, while
the second will supplement the controller with a
trajectory generator that suppresses residual swings
in the payload.

A. Trajectory Tracking
In this simulation, the multirotor will track a

spiral-like trajectory, and come to a stop at the
top of the spiral. The trajectory is fed through a
third order reference model to generate the nec-
essary signals r(t), ṙ(t) and r̈(t), as illustrated in
Figure 3. The reference model is given by (38),
where ω0 = 2, ζ = 1/

√
2 are tuning param-

eters, and we can acquire the reference signals
by [r(t), ṙ(t), r̈(t)] = ξ(t) ∈ R9. The resulting
trajectory r(t) can be seen in Figure 4.

The system is simulated in Matlab, and (14)
is solved using the RK4 method at 100 Hz. In
Figure 5 the actual multirotor position vs desired
position is shown, and we see that the controller is
capable of tracking the reference signal completely.

Reference
model

rd(t) r(t)
ṙ(t)
r̈(t)

Fig. 3. Trajectory generation structure with a third-order reference
model.

This is in spite of the heavy movement of the
suspended payload, as can be seen in Figure 6.
Note that in practice, the model is not valid for
such high load swing angles, but the results illus-
trate the capabilities of the controller non the less.
In practice, additional filters needs to be added
to reduce the induced swing the payload. The
procedure is illustrated in the next section.
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Fig. 5. Multi-rotor position (blue) vs reference trajectory (dashed
green).

B. Swing-free maneuver
In this simulation, we utilize a method called

Input-Shape Filtering to generate a reference tra-
jectory that minimizes the residual swing in the
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 0 13×3 0
0 0 13×3

−ω3
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Fig. 6. Load swing-angles during first simulation. In the figure
φL(t) are blue and θL(t) are red.

maneuver. This method is inspired by skilled oper-
ators of cargo cranes. Consider a over-head single-
axis translational crane, and a horizontal movement
is desired. If the operator would simply push
the button to move the crane and hold it in, a
suspended load would start to swing. However, if
the operator pushed the button once, to generate a
step and initial swing, and then pushed again at the
exact time when the load have zero swing angle,
the resulting motion would cancel out the residual
swing.

This method is popular in the literature, and the
reader is referred to [9] for a thorough introduction
to the method. By following the design procedure
in [14], an Input Shape Filter I, as depicted in
Figure 7, is designed as

A1 = 0.4948, A2 = 0.5052, t2 = 0.8392

t2

A1 A2

t

Fig. 7. Input shape filter I, tuned after the frequency response of
the pendulum-motion of the suspended load.

The resulting desired trajectory is obtained by
the convolution of the shape filter:

ξ̄ = ξ ∗ I (39)

so we now have collect the reference signals as
[r(t), ṙ(t), r̈(t)] = ξ̄(t).

In this simulation, the multi-rotor will follow
a box-like trajectory, as seen in the green line in
Figure 9. All other parameters are identical to those
in the previous section. In Figure 9, the the re-
sulting path both with and without the input shape
filter is presented, which illustrate the effectiveness
of this procedure. Further, the tracking controller
developed in this paper, is able to track the desired
trajectory, as shown in Figure 11. Figure 10 shows
the resulting load angles, with and without the
input shape filter.

Reference
model

Input
Shape Filter

rd(t) r(t)
ṙ(t)
r̈(t)

Fig. 8. Trajectory generation structure with an Input Shape filter
and a third-order reference model.
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Fig. 9. The multi-rotor path (green), along with the suspended load
position in Simulation two. The red path shows the load trajectory
when an input shape-filter is enabled, the blue when it is disabled.

C. Discussions
In the foregoing sections, we demonstrated the

controller on two simulation cases. In both cases,
the trajectory controller presented in Theorem 1
tracked the desired trajectory perfectly. In the first
simulation, we saw that the controller perfectly
cancelled the effects of heavy load movements. In
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the second simulation, we illustrated how popu-
lar anti-swing techniques can be applied without
any additional re-design of the controller. Active
feedback-type swing-dampers can also be included
in the design, for instance by applying a delayed
feedback approach [15].

V. CONCLUSIONS

In this paper, we have studied trajectory control
of a multirotor-type UAV with a suspended payload
connected in the UAV COG. By assuming that
the suspension wire is a rigid link, we developed
mathematical models of the system using Kane’s
method. Further, we developed a perturbed model
to avoid a representation singularity. The perturba-
tion was done such that the models were equal for
small load swing angles, and an infinitesimal term
was added around the singularity θL = π/2. Since
the assumptions on the first model are unlikely to
hold for such load angles, the additional effects of
this perturbation is negligible in practice.

We proposed a theorem for trajectory control
of the multirotor UAV with suspended payload,
guaranteeing that the tracking error converges to
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Fig. 12. Control inputs during simulation case two. Blue, green
and red represents forces along x, y and z-axis, respectively.

zero. The equilibrium point was proven UGAS
by Lyapunov analysis. We briefly showed how
available techniques can be applied to generate
trajectories for swing-free maneuvers.
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