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Abstract

This article proposes a framework for motion control of mechanical systems with application to underwater marine craft.
Motivated by analytical mechanics, control problems are reformulated as modeling of constrained multi-body systems.
Then, techniques for forward dynamics simulations are employed to obtain valid models under any circumstances. The
suggested method is then used to develop a novel path-following controller for UUVs. Moreover, a strategy is proposed to
handle underactuation. Computer simulations are also conducted to verify the validity of the theoretical developments.
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1. Introduction

Interacting with and exploring the subsea world are in-
conceivable without the help of robotic systems. However,
the unstructured and hazardous ocean environment en-
courages the use of semi- and fully autonomous unmanned
underwater vehicles (UUVs) to take the danger away from
personnel. Generally speaking, UUVs consist of remotely
operated vehicles (ROVs) and autonomous underwater ve-
hicles (AUVs) [1].

Inaccurate path following may cause uncertainties in
the characteristics of recorded information in seabed map-
ping or may lead to losing the UUV in under-ice oper-
ations. To provide an enhanced solution, the article is
dedicated to path following of UUVs. In contrast to a
considerable number of articles, the present study calls at-
tention to the subtle but powerful capabilities of analytical
mechanics for handling constrained multi-body systems.

In fact, the gist of the proposed method is to view mo-
tion control problems as modeling of mechanical systems,
consisting of several bodies, subject to various constraints.
Then, with the help of Lagrangian mechanics [2], a math-
ematical representation for motion of each body is indi-
vidually derived as if the body is allowed to move freely
in the selected configuration space. Imposing constraints,
the variational principle of analytical mechanics [3] and the
Lagrange multiplier method are taken into account in or-
der to find the forces that have to be exerted on each body
so that it meets all corresponding constraints. Hence, the
system is artificially constrained by virtue of control objec-
tives and the forces due to virtual constraints are applied
to the system as the control forces.
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This bright idea has been less used in maritime applica-
tions. References [4, 5] are of the few articles in this field.
They encompass trajectory tracking and formation con-
trol of fully actuated marine surface craft. However, this
has been of limited use in practice since marine craft are
mainly underactuated. On the other hand, most applica-
tions are concerned with path following and speed control,
usually called path maneuvering [6, 7]. In the path maneu-
vering scenario, steering the object along the path takes
precedence over the speed assignment. Therefore, by re-
laxing temporal constraints, compared to trajectory track-
ing, path maneuvering becomes less restrictive, resulting
in better performance [8] and more robust behavior in the
case of thruster saturations [7].

In the present article, we take this technique one stage
further to be able to apply it to path maneuvering. The
requirement is to place velocity constraints on the system
since [4, 5] only consider positional restrictions. Then,
path maneuvering of UUVs is taken into consideration to
illustrate the proposed technique. It is demonstrated that
the suggested methodology results in a novel controller
which gives the path following task priority over the speed
assignment task, facilitates the convergence proof, and
simplifies dealing with external disturbances. Moreover,
to handle underactuation, a method is suggested.

Previous Work

The concept of virtual constraints were first introduced
in [9] and developed within the task frame formalism [10].
It is very popular in the context of force control to handle
robot manipulators in contact with the environment [11].
Another thread of thought of virtually constrained sys-
tems is presented in [12] in which orbital stabilization and
periodic motion planning are considered while the concept
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of constraint forces are not used. Pertinent to [4, 5], a for-
mation controller for spacecraft is designed in [13] where
virtual holonomic constraints are placed on the system.

In [14], a fundamental equation of motion for con-
strained systems was developed based on Gauss’s prin-
ciple. Without utilizing the Lagrange multiplier method,
it determines the force of constraints. Subsequently, in
[15], the explicit equation of constrained motion was used
for tracking control of nonlinear systems. Afterwards, the
idea was expanded to trajectory tracking of robot manip-
ulators [16], synchronization of gyroscopes [17], and for-
mation keeping of satellites [18]. They all consider full
state trajectory tracking which leads to placing holonomic
constraints and do not discuss disturbances.

2. Equations of Motion of Mechanical Systems

Mathematical representation of an unconstrained me-
chanical system takes the following form [2]:

M(q)q̈ + n(q, q̇) = τ (1)

where q ∈ Rn is a vector of generalized coordinates that
uniquely characterizes the position and orientation of the
system in an n-dimensional configuration space. n is termed
as the number of degrees of freedom (DOF). Obviously, q̇
is the time-derivative of q and is called the generalized
velocity vector. M(q) = M(q)T ∈ Rn×n,M(q) > 0 is
the inertia matrix. The n-vector n(q, q̇) includes Coriolis-
centripetal, potential and viscous forces. τ ∈ Rn is a vec-
tor of generalized forces, arising from actuators, external
disturbances, or reactions among various bodies in a com-
plex system.

2.1. 6 DOF Model of UUVs

A robot-like model for marine craft is introduced by
[19]. Consider q = [pT ,ΘT ]T ∈ R3 × S3 as the vector of
the position and orientation expressed in the inertial frame
{i}, and ν = [υT ,ωT ]T ∈ R6 as the linear and angular
velocity vector expressed in the body-fixed reference frame
{b} (see Fig. 1). The kinetics is described by

Mbν̇ + Cb(ν)ν +Db(ν)ν + g(q) = τ bp + τ bdist (2)

in which Mb =MT
b > 0,Ṁb = 0, Cb = −CTb , and Db > 0.

In (2), τ bp represents the vector of actuator forces and

moments, and τ bdist captures forces due to external dis-
turbances, where the superscript “b” stands for the body
representation. The transformation between q̇ and ν is
described by the kinematic equation

q̇ = J (Θ)ν (3)

where the transformation matrix J (Θ) can be found in
[20]. Using (3), (2) is translated to the form (1) with

M(q) = J−T (Θ)MbJ−1(Θ), τ = J−T (Θ)(τ bp + τ bdist)

n(q, q̇) = Cn(q, q̇)q̇ +Dn(q, q̇)q̇ + J−T (Θ)g(q)

in which, Cn and Dn can be found by inspection.

2.2. Constrained Motion

The motion of a system might be restricted to assorted
constraints classified under various criteria. Holonomic
constraints are expressed in terms of generalized coordi-
nates; thus, a set of k holonomic constraints can be put in
the vector form:

G(q, t) = 0k k < n (4)

where t is the time variable and 0k is the k -vector of zeros.
In case constraints involve generalized velocities, kinematic
constraints arise [21]. A set of m first-order kinematic
constraints can be generally described by:

K(q, q̇, t) = 0m m ≤ n (5)

If kinematic constraints are integrable, they do not
depend on generalized velocities and they are inherently
holonomic even if the integrated form is not known.

Otherwise, it is said to be nonholonomic. A well-
trodden form of (5) is linear in the generalized velocities:

K(q, q̇, t) , A(q, t)q̇ + B(q, t) (6)

in which A ∈ Rm×n,B ∈ Rm. The stationary, driftless
form of (6) is called Pfaffian constraints. Details of termi-
nology and types of kinematic constraints can be found in
[2]. This article focuses on equality constraints.

2.3. Handling Constrained Motion

Contrary to the methods involved with elimination of
dependency between position variables [2] or velocities [22],
there exists another method that keeps constraints and
considers the effect of constraints as the forces acting on
the system so that the constraints hold.

For holonomic constraints, the reaction forces are ob-
tained by generalization of D’Alembert’s principle and uti-
lizing the Lagrange multiplier method [3]. Considering the
multiplier vector λG ∈ Rk, the additional force

τG = −WT
G(q, t)λG, WG = ∂G/∂q ∈ Rk×n (7)
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Figure 1: INFANTE AUV with the body-fixed reference frame. υ =
[u, v, w]T is the vector of linear velocities along the axes of {b}. ω =
[p, q, r]T is the vector of angular velocities about the axes of {b}. The
vector p = [x, y, z]T denotes the position in {i}, and the Euler angle
vector Θ = [φ, θ, ψ]T ∈ S3 represents the orientation of the craft.
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is applied to the system to satisfy holonomic constraints.
The result also follows from the principle of virtual work
stating that the force of constraints do no work under any
virtual displacements.

However, general nonholonomic constraints (5) are out-
side the scope of any principle that consists in the prin-
ciple of D’Alembert [23]. Nonetheless, the basic form of
the principle of D’Alemebert can be utilized to derive the
force of linear-in-velocity nonholonomic constraints (6). It
gives rise to

τK = −AT (q, t)λK , λK ∈ Rm (8)

The force of holonomic and nonholonomic constraints
are superimposed onto the model of the system as if the
system is not constrained but under the influence of addi-
tional forces; thus, the overall constraint force vector is

τ c = τG + τK (9)

Defining the multiplier vector λ , [λTK ,λ
T
G]T ∈ Rk+m

and the constraint Jacobian matrix W , [AT ,WT
G ]T ∈

R(m+k)×n, in view of (7) and (8), the constraint force vec-
tor (9) is recast as

τ c = −WTλ (10)

Remark 1. The forces of constraints, τ c, are generalized
forces. Hence, they are superimposed to the right-hand
side of (1) to correct the accelerations of the system.

3. “Virtually Constrained Motion” Controller

In the previous section, naturally constrained motion
and the concept of reaction forces were explained for me-
chanical systems. However, a system can be artificially
restricted to desired functions by means of control strate-
gies. The resulted reaction forces are then conceived as the
control inputs required to control the system as specified.
In this section, we go through the procedure of designing
controllers based on the concept of virtual constraints.

3.1. Overview of the control methodology

Fig. 2 illustrates the overall perspective of the method.
For this control strategy, the control objectives are formu-
lated in the forms (4) and (6), and regarded as virtual con-
straints imposed on the system. The system along with the
virtual confinements comprises the “constrained system”
block, explained in Section 2. The other block, namely
“constraint stabilization”, is to circumvent inconsistency
to the initial conditions, as well as solving the drift prob-
lem. This block is inspired by the stabilization method
of Baumgarte [24] for numerical resolutions of constrained
systems. From the control viewpoint, it makes the con-
trol system robust to external disturbances, measurement
noise, and modeling uncertainties by virtue of a feedback
loop. In this section, the concept of constraint stabiliza-
tion is enunciated. At the end of the section, we can grasp
the physical interpretation of the control methodology.
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Figure 2: Flow chart showing the proposed method for control of
virtually constrained mechanical systems.

3.2. Constraint Stabilization

The goal of the constraint stabilization task is to make
the constraint manifold invariant and attractive so that if
the constraints are violated for any reason, whether due to
inconsistent initial conditions or due to unknown perturba-
tions, they are properly enforced. To this end, holonomic
constraints are stabilized at the velocity level in order to
be merged with nonholonomic confinements; after that,
the unified function is stabilized to find the control law.
The unification method is now clarified.

3.2.1. Constraint Unification

As k holonomic constraints (4) must hold always, the
corresponding manifold is made invariant using Ġ = u2G.
Picking u2G = −PGG with positive definite PG ∈ Rk×k,
G = 0k is globally exponentially stable (GES) and

Ġ+ PGG = 0k ⇒WGq̇ +Gt + PGG = 0k (11)

in which WG = ∂G/∂q ∈ Rk×n, and Gt = ∂G/∂t ∈ Rk.
Eq. (11) is identical to the nonholonomic linear-in-velocity
constraints (6) in structure. Putting (11) and (6) into a
unified representation, it follows that

Φ(q, q̇, t) ,W(q, t)q̇ + a(q, t) (12)

a(q, t) =

[
B(q, t)

Gt(q, t) + PGG(q, t)

]
(13)

Φ ∈ Rm+k is called the unified constraint function, and it
must be always zero. With this aim in view, the system
Φ̇ = uΦ is made uniformly globally exponentially stable
(UGES) by a proper selection for uΦ. Considering the
positive definite matrix PΦ ∈ R(m+k)×(m+k), uΦ may be
chosen as −PΦΦ; it then gives rise to

Φ̇ +PΦΦ = 0m+k ⇒W q̈+ Ẇ q̇+ ȧ+PΦΦ = 0m+k (14)

whereW is the constraint Jacobian matrix defined in (10).

3.2.2. Reaction Forces

To derive constraint forces, one should solve the model
(1) for acceleration; i.e.

q̈ =M(q)−1 (τ + τ c − n(q, q̇)) (15)
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where τ is the impressed force vector and τ c is given by
(10). Substituting (15) into (14) yields

WM−1WTλ =WM−1 (τ − n) + Ẇ q̇ + ȧ+ PΦΦ (16)

In (16), ifW ∈ R(m+k)×n is a full-row-rank matrix (i.e.
rank(W) = m+ k ≤ n), the product WM−1WT is a non-
singular square matrix of order (m + k). Then, following
computation of the vector of multipliers λ, the reaction
forces are found using (10) at each instant of time. In case
W has n linearly independent columns (i.e. rank(W) =
n ≤ m+ k), the product WM−1WT is not invertible. To
solve the problem, the constraint force vector has to be
directly computed from (16) by utilizing Moore-Penrose
(MP) pseudo-inverse [25] forWM−1. SinceWM−1 is full
column rank, its MP pseudo-inverse, denoted by (WM−1)†,
is equal to MW† in which W† = (WTW)−1WT . Conse-
quently, the vector of constraint forces emerges as

τ c = n(q, q̇)− τ −MW†
(
Ẇ q̇ + ȧ+ PΦΦ

)
(17)

Theorem 1 states that applying the constraint force vector
to (1) ensures achievement of the control objectives.

Theorem 1 (“Virtually Constrained Motion” Controller).
Consider the n-DOF mechanical system (1) subject to k
holonomic (4) and m nonholonomic constraints (6). The
reaction force vector (16) ensures that all trajectories of
the system move such that the manifold

E = {(q, q̇) : G = 0k, Ġ = 0k,K = 0m} (18)

is rendered uniformly globally exponentially stable (UGES),
provided W is full (row/column) rank.

Proof. Applying (16) to (1) as the constraint force vec-
tor results in (14), which implies (11). Considering V =
1
2 (GTG+ ΦTΦ) > 0, for G,Φ 6= 0 as the Lyapunov func-
tion candidate and differentiating along the solutions of
(11) and (14), it follows that V̇ < 0, for G,Φ 6= 0 . Ac-
cording to Lyapunov stability [26], (G,Φ) is GES at the
origin. Since Φ = [KT , (Ġ+ PGG)T ]T , it results in GES
of (G, Ġ,K) = 0. Therefore, the relation (16), coming
out of the stabilization process, makes E GES. The full
rank property of W insures existence and uniqueness of
the reaction forces τ c, as explained.

The control laws derived from the proposed control
methodology can be physically interpreted. Considering
control objectives as virtual constraints together with sta-
bilization process resembles placing generalized dampers
and springs between bodies; these imaginary objects cre-
ate forces when they leave their equilibrium. Put alter-
natively, once the bodies of the system violate the con-
straints, the imaginary dampers and springs turn active
to preserve the constraints. One can recognize the de-
scription of the generalized dampers and springs in (16).
On the other hand, although the control laws are derived
from physical first principles, the procedure bears superfi-
cial resemblance to the recursive method of backstepping
[27] and sliding-mode control [28].

Remark 2. From the control point of view, positional
constraints are stabilized using a PD-type controller and
velocity constraints are stabilized using a P-type controller.

Remark 3. The reader might wonder how to ensure full
rank property of W. It is observed that if the constraints
are independent, the Jacobian matrixW possesses linearly
independent rows. By independent, we mean that con-
straints are not redundant or unnecessary. Moreover, in-
consistent constraints must be avoided. Those constraints
that contradict one another are called conflicting or incon-
sistent [29].

4. Case Study: Path Maneuvering of UUVs

Path maneuvering is considered to illustrate the pro-
posed method.

System Description. A realistic assumption for UUVs is
to use an independent depth controller; thus, the craft
is thought to move in the horizontal plane. Assuming
that the dynamics of heave, roll, and pitch is negligible,
the model is reduced to 3 DOFs [20]. Therefore, the
vector of generalized coordinates is q = [x, y, ψ]T , see
Fig. 1. The generalized velocities are related to the body-
frame velocities ν = [u, v, r]T through the kinematic re-
lation (3) in which the transformation matrix is J (ψ) =
diag(R(ψ), 1) ∈ SO(3) where ∀α ∈ [−2π, 2π]

R(α) ,

[
cos(α) − sin(α)
sin(α) cos(α)

]
S(α) ,

[
0 −α̇
α̇ 0

]
(19)

The kinetic equation (2) is valid but g(q) is zero due to
horizontal motion and neutral bouyancy. Presuming ho-
mogeneous mass distribution and xz -plane symmetry, the
system matrices are in the forms

Mb =

 m11 0 0
0 m22 m23

0 m23 m33

 ,Db =

 d11 0 0
0 d22 d23

0 d32 d33


(20a)

Cb =

 0 0 − (m22v +m23r)
0 0 m11u

m22v +m23r −m11u 0


(20b)

τ bp , [τu, τv, τr]
T . If the vehicle is not capable of moving

sideways independently by an immediate force, τv = 0 and
the vehicle is termed as underactuated.

Path Parametrization. A path parameterized by the vari-
able % ∈ R is considered. The position of every point on
the path is denoted by pp(%) = [xp(%), yp(%), zp(%)]T ∈ R3.
Presume the path is smooth and physically feasible to be
followed by the craft. Consider a particle, called the path
particle, whose motion is restricted to the path; therefore,
its position takes that of the path at the current instant of
time; thus, one can parameterize the position of the path
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particle with the parameter $(t) ∈ R and denote it by
pp($). A local reference frame, which is named the path
frame and denoted by {p}, is placed on the path particle
such that its x -axis is tangent to the path in the direction
of the particle’s motion. Let the speed vector of the path
particle, expressed in {i}, be V p = ṗp; since the speed is
always tangent to the path, the velocity vector, expressed
in {p}, is νp = [up(t), 0, 0]T .

The projection of the path on the xy plane creates a 2-
D path. Similarly, a particle moving on the projected path
is considered and a frame, denoted by {p′}, is located on
that. These notations are also defined: p̄p($) = [xp, yp]

T ,

V̄ p = ˙̄pp, ν̄p = [ūp, 0]T . If x
′
(%) , dx

d% , the azimuth angle,

ψp, and the elevation angle, θp, are given by [30]

ψp = tan−1

(
y

′

p

x′
p

)
, θp = tan−1

 −z′

p√
(x′
p)

2 + (y′
p)

2

 (21)

Notice ūp = up cos(θp). The kinematic relation V̄ p =
R(ψp)ν̄p holds. Since

∥∥V̄ p

∥∥ = ‖ν̄p‖ = |ūp|, one can obtain

$̇ =
ūp√

(x′
p)

2 + (y′
p)

2
(22)

Problem Formulation. The path maneuvering problem is
to make the craft converge to and follow the path with
the commanded forward speed profile, ud(t) > 0,∀t. It
can be defined as a dynamic task and a geometric task, as
classified in [31]. From the constrained multi-body systems
standpoint, it is tantamount to restricting the motion of
the vehicle to that of the path particle so that the vehicle
travels on the path in the desired direction.

We set out to design a 2-D path-following controller
based on the 3-DOF horizontal model of UUVs. To that
end, the error vector between the vehicle and the projected
path particle, ε , [s, e]T , is given by

ε(t) = R(ψp)
T
(
p̄− p̄p($)

)
(23)

in which p̄ = [x, y]T . ε is the error vector expressed in {p′};
see Fig. 3. To put it clearly, the along-track error, s, and
the cross-track error, e, represent the distance between the
vehicle and the particle along the x-axis and y-axis of {p′},
respectively. Therefore, one objective is to make ε(t)→ 0
as time tends to infinity.

Inspired by the line-of-sight (LOS) guidance method,
the following approach angle is proposed to guide the ve-
hicle to reach p̄p [30]

ψr = tan−1 (−e/∆e) , ∆e > 0 (24)

Consequently, the desired angle is found using

ψd = ψp + ψr (25)

Thus, another constraint is placed on the heading. For the
path maneuvering scenario, the path particle can be sim-
ply asked to move with ūp = ud. However, it is justifiable
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Figure 3: Geometric representation of the path-following problem

to use ūp = ud + σs, σ > 0. This choice makes the path
particle be at the shortest distance relative to the UUV
since if s > 0 the particle speeds up and if s < 0 it slows
down; see Fig. 3. This choice also helps to achieve better
performance when UUV’s thrusters saturate.

Eventually, the constraint set is written as

K , RT (ψ) ˙̄p− [ud, vd]
T

(26)

G ,
[
ψ − ψd, εT

]T
(27)

We gloss over the reasoning behind placing constraints on
the sway velocity. It suffices to mention that it is neither
redundant nor inconsistent.

Control Law. Considering (26) and (27), it is straightfor-
ward to utilize the aforementioned stabilization procedure
and the control law (16) in order to make the set E invari-
ant and force all the states of the vehicle to approach it.
The requirement is to find the Jacobian matrix W. With
this object in view, the time-derivative of ε is found. It is

ε̇ = R(ψp)
T ˙̄p+ S(ψp)

Tε− ν̄p (28)

Accordingly, the constraint Jacobian matrix is written as

W =

R(ψ)T 02

0 1
R(ψp)

T 02

 ∈ R5×3 (29)

Obviously, rank(W) = 3; thus, (17) is directly used. How-
ever, to have the constraint forces expressed in {b}, using
(3), (14) is converted to

Wbν̇ + Ẇbν + ȧ+ PΦΦ = 05 (30)

where Wb , WJ (ψ) ∈ R5×3. Using the kinetic relation
(2), the vector of constraint forces emerges as

τ bp = nb(ν)−MbW†b
(
Ẇbν + ȧ+ PΦΦ

)
(31)

in which nb(ν) = Cb(ν)ν+Db(ν)ν. Corrolary 2 states the
result formally.

Corollary 2 (2-D Path Maneuvering for fully actuated
UUVs). Assume a fully actuated UUV, described by model
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(1), structurally stable in roll and pitch. The control law
(31) makes the UUV converge to the path with the com-
manded forward velocity ud(t) > 0 ∀t > t0 if: 1) vd = 0 to
have no sideways motion; 2) the desired heading is given
by (25); 3) $ is updated using (22).

Proof. It follows from Theorem 1 that ũ , u − ud, ṽ ,
v−vd, ψ̃ , ψ−ψd, and ε are GES at the origin. Therefore,
the UUV converges to the path particle exponentially fast
while u(t) converges to ud with an exponential rate.

To deepen our understanding of the control law, let us
look into it by finding the MP inverse W†b :

W†b =

[
0.5I2 02 0.5R(γ)

0T2 1 0T2

]
∈ R3×5 (32)

where γ , ψ−ψp = ψr+ ψ̃. It is recast asW†b = Y+Z(γ)
where Y = [I3, 03×2] and Z is found by inspection. The
decomposition suggests splitting the control law up into
two parts as

τ bp = τn + τ ε (33)

τn eliminates nonlinearities of the system and acts like
a feedback linearizing PD controller so that ũ, ṽ, and ψ̃
become zero. Defining h , Ẇbν+ ȧ+PΦΦ, it is given by

τn = nb(ν)−MbYh (34)

τ ε = −MbZ(γ)h arises from the inclusion of the geomet-
ric error ε in the design procedure and holds

ë+ pe2ė+ pe1e = 0 (35)

to ensure that the craft exponentially converges to the
path. Therefore, e, ė, and ë are globally bounded. Thus,
global boundedness of ψ̇r and ψ̈r is established because

ψ̇r = −κė, ψ̈r = −κë+ 2κ2ė2e/∆ (36)

where κ , ∆/(∆2 + e2). An inspection of Z(γ) and τ ε
reveals that: 1) as long as γ 6= 0, the first component of
τ ε affects the surge dynamics. Thus, if the craft is off the
path and/or ψ̃ 6= 0, the controller alters the forward speed
to reach the path faster. A similar effect is seen in the
second component. The contribution of τ ε to the rudder
command is multiplied by m23 and is not as major as the
others; 2) at steady state when all conditions are satisfied,
τ ε is null; 3) due to the special shape of Z(γ), the error
system of ψ̃ is not affected by inclusion of ε; i.e.

¨̃
ψ + pψ2

˙̃
ψ + pψ1ψ̃ = 0 (37)

while the error systems of ũ and ṽ get affected with that.
To put is clearly, inclusion of ε in the design mainly results
in manipulation of the forward (and sway) velocity in order
for fast convergence to the path when the craft does not
move on the desired path. On the negative side, it might
cause large commands which exceed saturation levels if ε
is large, or it may lead to reverse thrust.

4.1. Extension to Underactuated UUVs

Assuming fully actuated marine craft is too idealistic,
as a great number of UUVs are unactuated in sway. More-
over, at high speeds, sway thrusters become inefficient even
if they are mounted on the craft. Hence, for the planar
motion of UUVs, we will rely only on the forward force
(τu) and the turning moment (τr), and it is assumed that
τv = 0. In this regard, underactuation places a constraint
on the resulted control law. In fact, since there is no in-
stantaneous control action in sway, it is impossible to as-
sign arbitrary values to vd(t) and it must be adapted in
conformity with the system dynamics and the designed
controller. Thus, setting τv = 0, a differential equation for
vd comes out. It is given by

1
2m22v̇d = −d22vd + g(ζ, t) + uvd(t) (38)

in which ζ , [ũ, ṽ,
˙̃
ψ, ψ̃, ε̇T , εT ]T , g(ζ, t) and uvd are non-

linear terms which are given in Appendix A. The result
for underactuated UUVs is formalized in Corollary 3.

Corollary 3 (2-D Path Maneuvering for 3-DOF Under-
actuated UUVs). Consider a sway-unactuated UUV, de-
scribed by model (1) with the system matrices (20), struc-
turally stable in roll and pitch. The first and the third
elements of (31) make the UUV converge to the path with
the desired velocity ud(t) > 0 ∀t > t0 if: 1) vd is found by
integration of (38); 2) the desired heading is given by (25);
3) $ is updated using (22). It is ensured that vd ∈ L∞ and
the control signals are well-defined.

Proof. It follows from Corollary 2 that ζ is UGAS/ULES
at the origin; so the path maneuvering objectives are ac-
complished as specified. The concern is about the unactu-
ated dynamics, which prescribes a strict constraint on the
derived control law so that τv = 0. Taking vd as a DOF
to cope with this restriction, (38) is obtained to adjust
vd properly to satisfy the condition. Since limt→0 ṽ = 0,
and τu and τr depend on vd, the characteristics of vd is
vital for boundedness of the unactuated dynamics and in-
ternal stability of the closed-loop system. Because the
UUV is open-loop stable in sway (d22 > 0), the system
1
2m22v̇d = −d22v is UGES. It follows from Lemma 4.6 in
[26] that the system (38) is input-to-state stable from the
input rvd = g(ζ, t) + uvd(t) to the state vd(t) since it is
globally Lipschitz in (vd, rvd). The input rvd ∈ L∞ since
ζ, ud ∈ L∞, and the path is smooth. It is inferred that if
the path is straight, v(t) converges to zero as t→∞.

Now, it is conspicuous why v − vd is included in the
constraint set (26). Indeed, the approach can employ the
idea proposed in [32] to have a smooth transition from fully
actuation at low speeds to underactuation at high speeds,
and the other way around.

Remark 4. For marine craft unactuated in sway, τv is not
identically zero since rudder deflection δ produces a sway
force, denoted by τ0v(δ), besides a yaw moment. In [33–
35], a coordinate transformation is employed for removing
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the contribution of the rudder deflection from the sway
dynamics. For the proposed method, there is no need for
such transformations, and it suffices to modify the differ-
ential equation for vd to include the contribution of the
rudder. In fact, the constraint arising from underactua-
tion bcomes τ0v(δ) + τ bp,v = 0, in which τ bp,v is the second
component of the control law in (31).

4.2. Dealing with Ocean Currents

It is assumed that the underactuated UUV is subject
to irrotational constant ocean currents. An inherent draw-
back of LOS guidance-based path-following controllers is
that they are fragile in the presence of disturbances and
steady-state errors are inevitable, as the LOS guidance
system provides a wrong heading angle. The explanation
can be given as follows: in order to counteract the compo-
nent of currents perpendicular to the path, UUVs rotate to
create a sideslip angle (β) so as to provide a component of
the forward velocity against currents. It implies that the
heading angle of the AUV cannot be equal to the slope of
the path tangential; i.e. the relative angle ψr can never be
zero. Equivalently, e cannot be zero.

One remedy is to align the total speed, V , along the
line of sight between the UUV and the desired point on
the path tangential. However, for underactuated UUVs,
the total speed is an uncontrollable value. In [19], the
following control law is proposed

τr = τn,r − kdė− kpe− ki
∫ t

0

e(%)d% (39)

where τn,r is appropriately designed. Since the cross-track
error linearly affects the yaw moment, saturation may eas-
ily come up. Alternatively, the integral LOS guidance
strategy is put forward in [34, 36] as

ψr = tan−1
(
e+σ

∫ t
0
eint(%)d%

∆

)
(40)

in which the relative angle ψr is modified to allow the craft
to have a sideslip angle while e = 0. In fact, the method
aims to correct the desired heading angle ψd. Akin to the
previous method, this method employs the yaw moment to
reject disturbances. As the integral of e influences through
tan−1 function, the amplitude of e does not have that much
effect on the control signal; however, large e or improper
choice of σ may easily lead to poor performance.

For the proposed method, augmentation of integral ac-
tion can robustify the controller to constant or slowly vary-
ing ocean currents. A PID-type controller is only needed
for the geometric error ε, which converts (35) to

ë+ pe2ė+ pe1e+ pe0

∫ t

0

e(%)d% = 0 (41)

It does not change the results of Corollaries 2 and 3. Adding
integral action to the ε-subsystem adjusts the forward ve-
locity so that the UUV catches the path. If the exact dy-
namic task is demanded, integral action can be augmented
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Figure 4: The paths travelled by the AUV. Performance in the pres-
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Figure 5: u and ψ̃ on the left, and the control signals on the right.
The solid blue lines belong to the controller with integral action and
the dash red lines are for the controller without integral action.

to the ũ-dynamics but care must be taken to avoid windup.
Note that there is no need for a PID-type controller for the
heading loop because underactuated UUVs have to rotate
and have a sideslip angle; thus, ψ̃ cannot be zero if e = 0.
We would like to draw the reader’s attention to the point
that decreasing ∆ might be one solution to reduce the
steady-state error as increasing the gains of the controller
associated with ε dynamics can be an alternative. The for-
mer manipulates τr to redirect the vehicle and may lead
to aggressive behavior. The latter exploits τu and modifies
the velocity to attenuate disturbance effects.

4.3. Simulation Results

Simulation 1. The nonlinear model of INFANTE AUV
(Fig. 1) described in [37] is used for simulating a realistic
environment while a simplified model according to (20) is
considered for control design. The INFANTE AUV is un-
actuated in sway. The maximum propeller thrust is 920N
which makes the AUV move at a speed of 5m/s in calm
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water. The rudder deflection saturates at 30◦. Actuator
dynamics is approximated by a first-order transfer func-
tion. The path is described by pp(%) = [10, %]T . The ini-

tial conditions are q0 = [0, 0, π/2]T and ν0 = [2m/s, 0, 0]T .
Ocean currents with a speed vector q̇c = [0, 0.5m/s, 0]T are
considered. The results are shown in Figs. 4 and 5.

A comparison is drawn between the case integral ac-
tion is included and the case it is not. The parameters
of the two controllers are kept identical to have compara-
ble results. It is inferred from the results that the path-
maneuvering objectives, ũ = 0 and ε = 0, are achieved
when integral action is augmented to the controller.

Simulation 2. For this experiment, the ODIN AUV [38]
is used to extend the controller to 3-D case. The AUV is
spherical and equipped with four horizontal thrusters and
four vertical ones; the AUV is underactuated and neutrally
buoyant. The model parameters and the thruster config-
uration matrix are taken from [39]. Each thruster, whose
dynamics is approximated by a first-order model, can pro-
vide a maximum thrust of 27N. The AUV is controlled
separately in heave with a decoupled depth controller.

The ODIN AUV is asked to set out on a voyage from
rest when it is located at p0 = [0, 0,−102]T while τ dist =
[0, 5, 0]T . The given path is a helix with variable curvature,
defined by pp(%) = [10 sin(%/5), 8 cos(%/5), 0.1% − 100]T .
The results are displayed in Figs. 6 and 7.

Fig. 6 shows the desired path and the traveled path
in a 3-D plot, indicating that the controller performance
is satisfactory. Path-following trajectory in the horizon-
tal plane and the distance error components are plotted
in Fig. 7, providing a better insight into the way the con-
troller performs.

The constraint ψ − ψd with ψd given by (25) means
that the x -axis of {b} must be ideally tangent to the path.
However, when the path’s curvature is nonzero and the
UUV is underactuated, the sway velocity differs from zero
even at the absence of external disturbances. Thus, the
total speed is not aligned with the x -axis of {b}, and a
sideslip angle exists. Because the path that an UUV makes
is constructed by the total speed, geometric errors (see
Fig. 7) will be nonzero. On the other hand, when the
LOS guidance method is used to find the desired heading,
the UUV is always guided towards a point on the path
tangential that is perhaps not on the path when the cur-
vature is different from zero (see Fig. 3). In other words,
in curved path following with the LOS guidance system,
the path is approximated to straight segments at each in-
stant; this can be seen as an inherent deficiency of the
method. Decreasing ∆ would be suggested to reduce er-
rors; however, it might cause aggressive behavior. Another
remedy is to modify the desired heading and compensate
for the sideslip angle as ψ̄d(t) = ψp(t) + ψr(t) − β. As-
suming β is known, ψ̄d forces the total speed to be aligned
with the LOS. Nonetheless, the controller requires β̇ and
β̈, which makes it difficult to implement. Alternatively,
the proposed method where ε is explicitly included in the

3D path following
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controller parallel with integral action can lower errors sig-
nificantly.

5. Concluding Remarks

A methodology for motion control of marine craft is
proposed. Inspired by analytical mechanics, we establish
a link between modeling and simulation of constrained
multi-body systems in one hand and motion control of
underwater vehicles, on the other hand. The beauty of
the presented approach consists in simplicity and physical
interpretability, where imaginary dampers and springs in-
troduce a deformable body and take care of motion of the
vehicle. Moreover, a novel path-maneuvering controller,
which gives precedence to the geometric task, is designed.
Consequently, the vehicle converges to the path faster, and
the drawback of the traditional LOS guidance strategy in
the presence of ocean currents is resolved.

Appendix A.

The time-varying function υvd is

υvd(t) = (m11ud + d23) ψ̇p +m23ψ̈p
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which is L∞ by assumption. A{i,j} denotes (i, j) entry

of the matrix A. Thus, pei , P{2,2}εi for i = 1, 2. The
following notations are used:

PG = diag{pG1,PGε} PGε = diag{pG2, pG3}
PΦ = diag{pΦ1, pΦ2, pΦ3,PΦε} PΦε = diag{pΦ4, pΦ5}
Pε2 = PGε + PΦε Pε1 = PGεPΦε

pψ2 = pG1 + pΦ3 pψ1 = pG1pΦ3

Hε2 , 1
2R(γ)

(
S(γ)T + Pε2

)
,Hε1 , 1

2R(γ)
(
S(γ̇)T + Pε1

)
The coupling term is formulated as

g(ζ, t) = W (ζ, t)T ζ + 0.5m22 sin(γ)u̇d

where W is equal to

m11(
˙̃
ψ + ψ̇p − κė)

d22 − 0.5m22pΦ2

d23 +m11ud −m23pψ2 + 0.5m22(ũ+ ud)
−m23pψ1

−κm11ud +m23κpe2ė−m22(H{2,2}ε1 + 0.5κu)− κd23

2m23κ
2ė2/∆ + κm23pe1 −m22H{2,2}ε1

−m22(H{2,1}ε2 − 0.5 sin(γ)σ)

−m22H{2,1}ε1
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