
Nonlinear Observer for Tightly Integrated Inertial
Navigation Aided by Pseudo-Range

Measurements

Tor A. Johansen, Jakob M. Hansen, Thor I. Fossen

Center for Autonomous Marine Operations and Systems (AMOS), Dept. Engineering Cybernetics,
Norwegian University of Science and Technology, Trondheim, Norway.

Email: tor.arne.johansen@itk.ntnu.no, thor.fossen@ntnu.no

A modular nonlinear observer for inertial navigation aided
by pseudo-range measurements is designed and analyzed.
The attitude observer is based on a recent nonlinear com-
plementary filter that uses magnetometer and accelerometer
vector measurements to correct the quaternion attitude esti-
mate driven by gyro measurements, including gyro bias esti-
mation. A tightly integrated translational motion observer is
driven by accelerometer measurements, employs the attitude
estimates, and makes corrections using the pseudo-range and
range-rate measurements. It estimates position, range bias
errors, velocity and specific force in an Earth-fixed Cartesian
coordinate frame, where the specific force estimate is used
as a reference vector for the accelerometer measurements in
the attitude observer. The exponential stability of the feed-
back interconnection of the two observers is analyzed and
found to have a semi-global region of attraction with respect
to attitude observer initialization, and local region of attrac-
tion with respect to translational motion observer initializa-
tion. The latter is due to linearization of the range measure-
ment equations that is underlying the selection of injection
gains by solving a Riccati equation. In typical applications
the pseudo-range equations admit an explicit algebraic so-
lution that can be easily computed and used to accurately
initialize the position and velocity estimates. Hence, the lim-
ited region of attraction is not seen as a practical limitation
of the approach. Advantages of the proposed nonlinear ob-
server are low computational complexity and a solid theoret-
ical foundation.

1 Introduction
Range measurement is the basis for global satellite nav-

igation systems, hydro-acoustic positioning systems, terres-
trial radio navigation, and other positioning systems. Such
systems commonly detect the time-of-arrival (TOA) of sig-
nals encoded in electromagnetic or acoustic waves to esti-
mate the range, and are therefore prone to systematic errors
such as clock synchronization errors or uncertain wave prop-
agation speed. Since they do not directly measure the true

geometric range, they are often called pseudo-range mea-
surements.

Inertial sensors such as accelerometer and gyros can be
used to estimate position and velocity by integrating the kine-
matic equation. Since biases and other errors are accumu-
lated in this process, leading to unbounded errors on the esti-
mates, inertial navigation systems are usually aided by range
measurements that can be used to stabilize these errors us-
ing a state estimator. There are two main design philoso-
phies for these such estimators: Loosely and tightly coupled
integration, [1–3]. In a loosely integrated scheme, a stan-
dalone estimator for position and velocity in an Earth-fixed
Cartesian reference coordinate frame is first made using only
the pseudo-range measurements. These position and veloc-
ity estimates are in turn used as measurements in a state ob-
server that integrates them with the inertial measurements.
In a tightly integrated scheme, the pseudo-range measure-
ments are used directly in the state observer together with
the inertial measurements. While the advantage of loosely
coupled integration is a high degree of modularity, the ad-
vantage of tight integration is increased accuracy and fault
tolerance, in particular in situations with highly accelerated
vehicles and few range measurements, weak or noisy signals,
unknown wave propagation delays, poor transponder geom-
etry, or other anomalies, e.g. [1,2]. More accurate models of
measurement errors can be used in the integration filter and a
reduced number of pseudo-range measurements can be used
for aiding when a standalone position estimate cannot be de-
termined, [1–3].

The state-of-the-art method for real-time fusion of the
data from the individual sensors are nonlinear versions of
the Kalman-filter (KF), [1, 2, 4], including the extended KF,
unscented KF, particle filter, and specially tailored variants
such as the multiplicative KF for attitude estimation using
quaternions, [5, 6]. While the KF is a general method that
has found extremely wide applicability, it has some draw-
backs. This includes the relatively high computational cost
and a rather implicit and not so easily verifiable convergence



properties that may require advanced supervisory functions
and accurate initialization, [7]. Its major advantages are flex-
ibility in tuning and application, as it is a widely known and
used technology with intuitive and physically motivated tun-
ing parameters interpreted as noise covariances, and provid-
ing certain optimality guarantees.

Our objective is to develop a low-complexity nonlin-
ear observer for inertial navigation aided by a magnetome-
ter and pseudo-range measurements, where the observer has
properties founded on stability theory. The nonlinear ob-
server structure is inspired by [8], where a loose integration
between GNSS position/velocity measurements and inertial
measurements was derived with semiglobal asymptotic sta-
bility conditions. Its extension to tightly integrated inertial
navigation is non-trivial since the measurement equations
are nonlinear when considering pseudo-range and range-rate
measurements for aiding, instead of being linear when posi-
tion and velocity estimates in an Earth-fixed Cartesian coor-
dinate frame are used for aiding.

A similar research objective is pursued in the series of
articles represented by [9–14]. Using a state transformation
and a state augmentation they derive a linear time-varying
(LTV) model which is closely related to the nonlinear model,
and use this for the design of an estimator for attitude, posi-
tion and velocity using hydro-acoustic range measurements.
In contrast, our objective is to avoid unnecessary computa-
tional complexity.

We base the design philosophy on the assumption that
the line-of-sight (LOS) vectors between the vehicle and the
used transponders1 are relatively slowly time-varying. This
is a good assumption in many practical situations, such as
terrestrial navigation using satellites, and surface ship posi-
tioning in deep waters using hydro-acoustic transponders at
the seabed. In this case, time-varying observer gains mul-
tiplying pseudo-range and range-rate errors in the injection
terms can be designed to shape the dynamics of the observer
using a time-varying linearized relationship between range
and vehicle position. Using the semiglobally exponentially
stable nonlinear attitude observer of [15], see also [8,16], we
do not use a KF in the observer, but a slowly time-varying
Riccati equation for gain matrix updates to the translational
motion observer is employed. This allows the integration of
the Riccati equation to be performed on a slower time-scale
corresponding to the relative geometric configuration of the
transponders and the receiver, or even solved periodically at
low rate as an algebraic Riccati equation. This ensures low
computational complexity, and a rigorous analysis of the ob-
server error dynamics stability is made in the paper.

1.1 Outline
The paper is organized as follows: Models and pre-

liminaries are described in section 2. This includes exis-
tence, uniqueness and computation of algebraic solution to
the pseudo-range equations. In section 3 we present ob-
servers for attitude and translational motion, and analyze the

1Note that we use the term transponder as a general concept that also
includes navigation satellites in space, for example.

stability of their interconnections. The method is compared
to a multiplicative EKF using experimental pseudo-range
measurements to illustrate the methods in section 4 before
conclusions are made in section 5. A short and preliminary
version of this paper is presented in [17].

1.2 Notation
We use || · ||2 for the Euclidean vector norm, || · || for

the induced matrix norm, and denote by (z1;z2) the column
vector with the vector z1 stacked over the vector z2. We de-
note by In the identity matrix of dimension n, and we use 0
to symbolize a matrix of zeros, where the dimensions are im-
plicitly given by the context. For simplicity of notation, we
usually let time dependence be implicit.

A unit quaternion q = (sq;rq) with ||q||2 = 1 consists of
a scalar part sq ∈ R and a vector part rq ∈ R3. For a vector
x ∈R3 we denote by x the quaternion with zero real part and
vector part x, i.e. x = (0;x). The conjugate of a quaternion
q is denoted q∗, and the product of two quaternions is the
Hamilton quaternion product. For a vector x ∈ R3 we define
the skew-symmetric matrix

S(x) =

 0 −x3 x2
x3 0 −x1
−x2 x1 0


We may use a superscript index to indicate the coordinate
system in which a given vector is decomposed, thus xa and
xb refers to the same vector decomposed in the coordinated
systems indexed by a and b, respectively. The rotation from
coordinate frame a to coordinate frame b may be represented
by a quaternion qb

a. The corresponding rotation matrix is de-
noted R(qb

a). The rate of rotation of the coordinate system
indexed by b with respect to a, decomposed in c, is denoted
ωc

ab. We use e for the Earth-Centered Earth-Fixed (ECEF)
coordinate system, b for the vehicle BODY-fixed coordinate
system, and i for the Earth-Centered Inertial (ECI) coordi-
nate system.

2 Models and preliminaries
2.1 Vehicle kinematics

The vehicle model is given by

ṗe = ve (1)
v̇e = −2S(ωe

ie)v
e + f e +ge(pe) (2)

q̇e
b =

1
2

qe
bω

b
ib−

1
2

ω
e
ieqe

b (3)

where pe, ve, f e ∈ R3 are position, linear velocity and spe-
cific force in ECEF, respectively. The attitude of the vehicle
is represented by a unit quaternion qe

b. It represents the ro-
tation from BODY to ECEF, and ωb

ib represents the rotation
rate of BODY with respect to ECI. The known vector ωe

ie
represents the Earth’s rotation rate about the ECEF z-axis,
and ge(pe) denotes the plumb-bob gravity vector.



2.2 Measurement models
The inertial sensor model is based on the strapdown as-

sumption, i.e. the IMU is fixed to the BODY frame and
gives measurements f b

IMU = f b and ωb
ib,IMU =ωb

ib+bb where
bb ∈ R3 denotes the rate gyro bias that is assumed to satisfy
||bb||2 ≤Mb for some known bound Mb and is slowly time-
varying:

ḃb = 0 (4)

It is further assumed that any accelerometer bias and drift is
compensated for. The magnetometer measures the direction
of the 3-dimensional Earth magnetic vector field mb

mag = mb.
Range measurements are typically generated by measur-

ing the TOA of known signal waveforms (acoustic or elec-
tromagnetic). Due to errors in clock synchronization and
wave propagation velocity, such measurements often con-
tain systematic errors (biases) in addition to random errors,
e.g. [18], and must therefore be treated as pseudo-range mea-
surements. The range measurement model is

yi = ρi +ζ
T
i β, ρi = ||pe− pe

i ||2 (5)

for i = 1,2, ....,m where yi is a (pseudo-)range measurement,
pe

i is the known position of the i-th transponder, m is the
number of transponders, ρi is the geometric range, β ∈ Rn is
a vector of range error model parameters (biases) to be es-
timated, and the coefficient vector ζi describes the influence
of each element of β on pseudo-range measurement yi. This
framework allows both individual and common mode slowly
time-varying errors such as receiver clock bias (i.e. ζi = 1
and β := c∆c where ∆c is the clock bias and c is the wave
speed) or wave propagation delays to be taken into account:

β̇ = 0 (6)

Note that β̇ = 0 is the classical constant parameter assump-
tion in adaptive estimation and does not prevent us from es-
timating a slowly time-varying β in practice.

Range-rate measurements are usually found by consid-
ering Doppler-shift or tracking of features or codes in sig-
nals. Also here there may be systematic (bias) errors in some
cases, depending on the sensor principle and technology. The
range-rate (speed) measurement model is given by

νi =
1
ρi

(pe− pe
i )

T (ve− ve
i )+ϕ

T
i β (7)

where νi is the relative range-rate measurement, the coeffi-
cient vector ϕi describes the effect of each element of β on
range speed measurement νi, and we define ve

i := ṗe
i . Eq. (7)

follows from time-differentiation of (5), assuming an inde-
pendent error model. Hence, we use the term ϕT

i β instead of
ζT

i β̇ in (7) since it provides additional flexibility in modeling.

2.3 Algebraic range and pseudo-range solutions
Despite the nonlinear form of the pseudo-range mea-

surement equation (5), we can use its quadratic structure to
get a relatively simple algebraic solution, [18–21]. Assume
an arbitrary reference position p̂e is given, and define LOS
vectors p̆e

i := p̂e− pe
i for every i. The following explicit pro-

cedure can be used to determine a position estimate.

Lemma 1. Assume we have available pseudo-range mea-
surements y1,y2,y3, and y4 where the three first transponder
line-of-sight vectors among p̆e

1, p̆e
2, p̆e

3, and p̆e
4 are linearly

independent, and

y4 6= (y1,y2,y3)Ă−1 p̆e
4 (8)

where Ă =
(

p̆e
1 p̆e

2 p̆e
3
)

Assume ζi = 1 for all i = 1,2,3,4
(i.e. a single common mode error parameter β ∈ R), then
pe = p̂e + p̃e is derived from z = (p̃e;β) where

z =
řǔ+ v̌

2
, ǔ = Â−T ě, v̌ = Â−T b̌

ř =
−2− ǔT Mv̌±

√
(2+ ǔT Mv̌)2− ǔT Mǔ · v̌T Mv̌

ǔT Mǔ

where ě = (1;1;1;1), b̌ ∈ R4 has components b̌i = y2
i −

||p̆e
i ||22, M = diag(1,1,1,−1), and

Â =

(
p̆e

1 p̆e
2 p̆e

3 p̆e
4

y1 y2 y3 y4

)

Proof. The proof is similar to those found in [18–21]. �
The computations are analytic and the most complex op-

erations are the inversion of a 4× 4-matrix as well as the
square-root computation. We note that there are in general
two solutions. This ambiguity can be solved in several ways.
For example, by using five or more pseudo-range measure-
ments, the problem can be solved directly from a linear equa-
tion, cf. [18–21]. Ambiguity may also be resolved using do-
main knowledge. One example is terrestrial navigation when
there is a large distance to the navigation satellites such that
non-terrestrial solutions for the vehicle position can be ruled
out. Another example is underwater navigation where all
transponders are located on the seabed and the vehicle is at
the surface or at some distance from the seabed such that po-
sitions below the seabed can be ruled out. Additional sensors
for e.g. depth or altitude can also be used directly to select
the correct solution.

Remark 1. The velocity can be estimated by solving a lin-
ear problem by inserting the position and bias parameter es-
timates in the measurement equation (7).

Remark 2. If the condition (8) does not hold, the null-space
of Â is given by y4β+(y1,y2,y3)p̆e

4 = 0. Solutions for pe may
be estimated by fixing β, or solved using another measure-
ment if available.



Fig. 1. Observer block diagram.

Remark 3. With an error model that requires a vector β ∈
Rn rather than a scalar β, the solution may require more than
4 measurements and up to n coupled quadratic equations to
be solved, possibly leading to additional ambiguity.

In typical range-measurements systems, the remaining
measurement errors are typically so small that a good posi-
tion and velocity initialization of an observer can be found
using Lemma 1 such that a relatively small region of attrac-
tion with respect to position, velocity and bias parameter ini-
tialization error can be accepted.

We have chosen to consider only the effect of slowly
time-varying systematic errors (parameterized by β), such as
biases, in this presentation and analysis. Rapidly varying
errors such as noise can possibly be handled by appropri-
ate tuning of the gains and may not influence the structure
of the observer. In some cases, better estimation accuracy
can be achieved by further modeling of the errors using e.g.
Markov-like models, which are straightforward to include in
the proposed framework by augmenting the translational mo-
tion observer with the new states.

3 Nonlinear observer
The overall structure of the observer is given in Figure

1. Sections 3.1 and 3.2 describes the two main modules, i.e.
the attitude observer and the translational motion observer.
In addition, the initialization based on the algebraic pseudo-
range solver was presentd in Section 2.3, and the Riccati so-
lution and gain computation in Section 3.3.

3.1 Attitude observer
We use the attitude observer from [15, 16]

˙̂qe
b =

1
2

q̂e
b

(
ω

b
ib,IMU − b̂

b
+ σ̂

)
− 1

2
ω

e
ieq̂e

b (9)

˙̂bb = Proj
(
−kIσ̂, ||b̂b||2 ≤Mb̂

)
(10)

σ̂ = k1mb
mag×R(q̂e

b)
T me + k2 f b

IMU ×R(q̂e
b)

T satM f ( f̂ e)

(11)

where ωe
ie and me are assumed known. Proj(·) is a projection

operator that ensures ||b̂b||2 ≤ Mb̂ with Mb̂ > Mb, see [8].
Moreover, satM f (·) is a saturation operator, with M f such
that || f e||2 ≤M f . The QUEST algorithm, [22], may be used
for initialization of the attitude.

The estimation error is defined as q̃ = qe
bq̂e∗

b and b̃ =

bb− b̂b, and we define χ = (s̃; b̃) where s̃ denotes the scalar
part of the quaternion q̃. Semiglobal stability of the origin
χ = 0 of the error dynamics of the attitude observer can be
established under the following observability assumption:

Assumption 1. The acceleration f b and its rate ḟ b are
uniformly bounded, and there exist a constant cobs > 0 such
that || f b×mb||2 ≥ cobs for all t ≥ 0.

Initial conditions are restricted to the following sets:

Assumption 2. q̂e
b(0) ∈ D(ε), where D(ε) = {q̃ | s̃ > ε}

represents a set of attitude errors bounded away from 180◦

by a margin determined by an arbitrary constant ε ∈ (0, 1
2 ).

Moreover, b̂(0) ∈ B = {b ∈ R3 | ||b||2 ≤Mb}.

Lemma 2. Assume f̂ e = f e. Then for each ε ∈ (0, 1
2 ) there

exists a k∗P > 0 such that if k1,k2 > k∗P and kI > 0 then

||χ(t)||2 ≤ κae−λat ||χ(0)||2 (12)

for some κa,λa > 0.

Proof. See [8]. �

3.2 Translational motion observer
We propose the following observer

˙̂pe = v̂e +
m

∑
i=1

(
K pp

i ey,i +K pv
i eν,i

)
(13)

˙̂ve = −2S(ωe
ie)v̂

e + f̂ e +ge(p̂e)+
m

∑
i=1

(
Kvp

i ey,i +Kvv
i eν,i

)
(14)

ξ̇ = −R(q̂e
b)S(σ̂) f b

IMU +
m

∑
i=1

(
Kξp

i ey,i +Kξv
i eν,i

)
(15)

f̂ e = R(q̂e
b) f b

IMU +ξ (16)

˙̂
β =

m

∑
i=1

(
Kβp

i ey,i +Kβv
i eν,i

)
(17)

where the gain matrices K∗i are in general time-varying.
While the structure is similar to [8], the injection terms are
different, and [8] does not include estimation of parameters
β. A common feature is that f e is viewed as an unknown in-
put, which is estimated in (15)–(16) to be used in (11). The
injection errors from pseudo-range and range-rate measure-
ments are defined as ey,i := yi− ŷi and eν,i := νi− ν̂i, with
estimated measurements

ŷi = ρ̂i +ζ
T
i β̂, ν̂i =

(
p̂e− pe

i
ρ̂i

)T

(v̂e− ve
i )+ϕ

T
i β̂



where ρ̂i := ||p̂e− pe
i ||2, and the estimation errors are p̃ :=

pe− p̂e, ṽ := ve− v̂e, and β̃ := β− β̂. Next, we consider a
linearization of the injection terms.

Assumption 3. At all time, ρ≥ ρi ≥ ρ > 0.

Assumption 4. At all time, ||ve− ve
i ||2 ≤ ν.

Assumption 5. The transponder positions pe
i and their ve-

locities ve
i are known.

Lemma 3. The injection errors satisfy

ey,i =

(
p̂e− pe

i
ρ̂i

)T

p̃+ζ
T
i β̃+ εy,i (18)

eν,i =

(
v̂e− ve

i
ρ̂i

)T

p̃+
(

p̂e− pe
i

ρ̂i

)T

ṽ+ϕ
T
i β̃+ εν,i

(19)

where

||εy,i||2 ≤
1
ρ
||p̃||22 (20)

||εν,i||2 ≤
1
ρ
||p̃||2 · ||ṽ||2 +

3ν

2ρ2 ||p̃||
2
2 (21)

Proof. See Appendix A. �
We define the state of the error dynamics as x :=

(p̃; ṽ; f̃ ; β̃), where f̃ := f e− f̂ e replaces ξ as a state by com-
bining (15) and (16). Summarized, the equations for the
predicted measurement error can now be written in the lin-
earized time-varying form

ey,i = Cy,ix+ εy,i (22)
eν,i = Cν,ix+ εν,i (23)

where the 2m rows Cy,i and Cν,i of the time-varying ma-
trix C := (Cy,1; . . . ;Cy,m;Cν,1; . . . ;Cν,m) are defined by Cy,i :=
(d̆T

i , 0, 0, ζT
i ) and Cν,i := (v̆T

i , d̆T
i , 0, ϕT

i ). The esti-
mated line-of-sight vectors are d̆i := (p̂e − pe

i )/ρ̂i = p̆e
i /ρ̂i

and the normalized estimated relative velocity vectors are
v̆i := (v̂e− ve

i )/ρ̂i, for i = 1,2, ...,m. We note that

C =

(
GT 0 0 DT

p
BT GT 0 DT

v

)

where G = (p̆e
1, ..., p̆e

m)∈R3×m, B = (v̆e
1, ..., v̆

e
m)∈R3×m, and

D = (Dp,Dv) with Dp = (ζ1, ....,ζm) and Dv = (ϕ1, ....,ϕm).
We note that the time-varying matrix C is known at the

current time and can be used for selection of gains. We
also observe that in typical applications with large distance
between the vehicle and transponders, their relative posi-
tions and line-of-sight vectors will be slowly time-varying,

and hence the measurement matrix C will be slowly time-
varying, since due to Lemma 1 the transients resulting from
initialization of position and velocity are not expected to be
significant. Following similar steps as in [8], we arrive at the
error dynamics

ẋ = (A−KC)x+ρ1(t,x)+ρ2(t,χ)+ρ3(t,x) (24)

where

A :=


0 I3 0 0
0 0 I3 0
0 0 0 0
0 0 0 0

 , K :=


K pp

1 . . . K pp
m K pv

1 . . . K pv
m

Kvp
1 . . . Kvp

m Kvv
1 . . . Kvv

m

Kξp
1 . . . Kξp

m Kξv
1 . . . Kξv

m

Kβp
1 . . . Kβp

m Kβv
1 . . . Kβv

m


The perturbation terms are defined as ρ1(t,x) :=
(0;ρ12(t,x);0;0) with ρ12(t,x) = −2S(ωe

ie)x2 + (ge(pe)−
ge(pe− x1)) and ρ2(t,χ) := (0;0; d̃;0) with

d̃ = (I−R(q̃)T )R(qe
b)(S(ω

b
ib) f b + ḟ b)

−S(ωe
ie)(I−R(q̃)T )R(qe

b) f b−R(q̃)T R(qe
b)S(b̃) f b

In [8] it is shown that ||ρ2(t,χ)||2 ≤ γ3||χ||2 for some con-
stant γ3 > 0. A fundamental difference compared to [8] is
that the matrix C is time-varying (rather than constant), and
there is an additional perturbation term ρ3(t,x) := Kε(t,x)
that results from the linearization of the injection terms:
ε := (εy,1; ...;εy,m;εν,1; ...;εν,m). We note that from Lemmas 1
and 3 that ε is small when ρ is large compared to ||p̃||2, ||ṽ||2
and ν.Compared to [8] this means that a different strategy
for selection of gains is needed, and one can not hope for
a global stability result. Nevertheless, as in [8], we want to
employ a constant parameter θ ≥ 1 in order to assign a cer-
tain time-scale structure to the error dynamics (24). For this
purpose, we introduce the non-singular state-transform ma-
trix

Lθ := blockdiag
(

I3,
1
θ

I3,
1
θ2 I3,

1
θ3 In

)
(25)

and the state transform η = Lθx.

Lemma 4. Let K0 ∈ R(9+n)×2m be an arbitrary time-
varying gain matrix, and θ ≥ 1 be an arbitrary constant.
Define

K := θL−1
θ

K0Eθ (26)

and assume the time-varying Eθ ∈ R2m×2m satisfies EθC =
CLθ. Then the error dynamics (24) is equivalent to

1
θ

η̇ = (A−K0C)η+
1
θ

ρ1(t,η)+
1
θ3 ρ2(t,χ)

+K0Eθε(t,L−1
θ

η) (27)



Proof. The transformed dynamics are derived by substitut-
ing (24) in η̇ = Lθẋ. It is straightforward to show that the
structure of A leads to LθAx = θAη. Moreover,

LθKCx = θLθL−1
θ

K0EθCx = θK0CLθx = θK0Cη

The rest of the proof follows by change of variables accord-
ing to η = Lθx. �

The existence of an Eθ satisfying EθC = CLθ depends
on the null-space of C, as shown next.

Assumption 6. i) The number of transponders is m≥ 3+
dk/2e, where k = rank(DT ). ii) 3 of the estimated line-of-
sight vectors are linearly independent, i.e. rank(G) = 3. iii)
3 of the estimated normalized relative velocity vectors are
linearly independent, i.e. rank(B) = 3.

Lemma 5. Eθ = CLθC+ satisfies EθC = CLθ, where C+ is
the Moore-Penrose right pseudo-inverse of C.

Proof. See Appendix A. �.
The assumption is reasonable and closely related to the

assumptions underlying Lemma 1, as well as observability
that will be considered shortly. If there are no range-rate
measurements, it can be verified that condition i) can be re-
placed by m≥ 3+ k.

3.3 Stability analysis
As the first step towards the stability analysis, we con-

sider the LTV nominal error dynamics

1
θ

η̇ = (A−K0C)η (28)

and analyze its stability and robustness before we consider
the effect of the perturbations in (27).

Let R > 0 be a symmetric matrix that can be interpreted
as the covariance of the pseudo-range and range-rate mea-
surement noises. The observability Gramian for the system
(A,R−1/2C) is

W (t, t + τ) =
∫ t+τ

t
Φ

T (T )CT (T )R−1C(T )Φ(T )dT

where the transition matrix is Φ(T ) = eAT , and we recall
(from e.g. [23]) that the LTV system is said to be uniformly
completely observable if there exist constants α1,α2,τ > 0
such that for all t ≥ 0 we have α1I ≤W (t, t + τ)≤ α2I.

Assumption 7. The LTV system (A,R−1/2C) is completely
uniformly observable.

Remark 4. Assumption 7 is related to Assumption 6, as
well as the conditions of Lemma 1. This is further discussed
in Appendix B.

There may be many ways to choose a time-varying gain
matrix K0 such that (28) has desired performance and stabil-
ity. A straightforward approach with considerable flexibility
for tuning is to use a Riccati-equation similar to the gain of
a Kalman-Bucy filter for the system (A,C) as described be-
low. In this case, the close relationship between the complete
uniform observability conditions and the boundedness of the
covariance matrix estimate P is well known, e.g. [7], and can
be monitored in real-time without much additional computa-
tions.

Assumption 8. C is uniformly bounded.

Remark 5. It can be observed that the only terms in C that
may not be uniformly bounded are of the form (v̂e− ve

i )/ρ̂i.
Thus, unbounded C may only occur if ṽ goes unbounded.
While this can be dealt with in many ways, a simple ap-
proach is resetting of v̂e based of the velocity computed from
raw range and range-rate measurements (cf. Lemma 1) if v̂e

grows out of bounds.

Lemma 6. Let

K0 := PCT R−1 (29)

where P satisfies the Riccati equation

1
θ

Ṗ = AP+PAT −PCT R−1CP+Q (30)

for some positive definite symmetric matrices Q,R, and P(0).
Then P is uniformly bounded and the origin is a globally
exponentially stable equilibrium point of the LTV nominal
error dynamics (28) with any constant θ≥ 1.

Proof. The proof follows from [23, 24], and we repeat the
main ideas since we need the Lyapunov function later. Con-
sider a Lyapunov function candidate U(η, t) = 1

θ
ηT P−1η,

which is positive definite and well-defined due to the time-
varying matrix P satisfying (30) being symmetric, positive
definite with some margin, and bounded. It follows by stan-
dard arguments that along the trajectories of (28) and (30)
that U̇ =−ηT (P−1QP−1+CT R−1C)η and the result follows
by the positive definiteness of P−1 and Q. �

The structure of the observer is illustrated in the block
diagram in Figure 1. We notice two feedback loops where
one is due to the use of f̂ e as a reference vector in the atti-
tude observer and the other is caused by linearization of the
pseudo-range measurement equations to get the C-matrix in
(29) and (30).

Initialization of position and velocity is based on the al-
gebraic solution, cf. Lemma 1. If the vehicle is not strongly
accelerated during initialization, then also the specific force
initialization can be made accurately with ξ(0) = 0 that gives
f̂ e(0) = R(q̂e

b(0)) f b
IMU (0). Below, we analyze the conditions

for exponential stability.

Assumption 9. Initial conditions are in the following sets:



1. X ⊂ R9+n is a ball containing the origin.
2. P ⊂R(9+n)×(9+n) is an arbitrary compact set of symmet-

ric positive definite matrices.
3. D(ε) = {q̃ | s̃ > ε} represents a set of attitude errors

bounded away from 180◦ by a (small) margin deter-
mined by an arbitrary constant ε ∈ (0, 1

2 ).
4. B = {b ∈ R3 | ||b||2 ≤Mb}.

Assumption 10. Observer gains are chosen according to

1. k1,k2 > 0 are sufficiently large, cf. [8].
2. kI > 0 is arbitrary.
3. K is chosen according to (26), (29) and (30) tuned by

symmetric Q,R > 0.

Proposition 1. There exists a θ∗ ≥ 1 such that for all θ ≥
θ∗, P is uniformly bounded and

√
||x(t)||22 + ||χ(t)||22 ≤ κe−λt

√
||x(0)||22 + ||χ(0)||22

for some κ > 0 and λ > 0.

Proof. Using U(η, t) := 1
θ

ηT P−1η, we get from the proof of
Lemma 6 that

U̇ = −η
T (P−1QP−1 +CT R−1C)η+

2
θ

η
T P−1

ρ1(t,η)

+
2
θ

η
T P−1PCT R−1Eθε+

2
θ3 η

T P−1
ρ2(t,χ)

≤ −γ1||η||22 +
2
θ
||η||2 · ||CT R−1|| ·

m

∑
i=1
||Eθ||(ε2

y,i + ε
2
r,i)

+
1
θ

γ2γ4||η||22 +
1
θ3 γ3γ4||η||2 · ||χ||2

where γ1,γ2,γ3,γ4 > 0 are constants independent of θ. Note
that a uniform bound on P−1 that does not depend on θ is
established in Lemma 6 in [17]. Next, using Lemma 3, we
have

U̇ ≤ −γ1||η||22 +
1
θ

γ5(ρ,ν)||η||32

+
1
θ

γ2γ4||η||22 +
1
θ3 γ3γ4||η||2 · ||χ||2

where γ5(ρ,ν) increases with ν and decreases with ρ, and is
independent of θ.

Similar to [8], we can show that for any δ > 0 and T >
0 there exists a θ∗1 ≥ 1 such that for θ ≥ θ∗1 there exists an
invariant set X1 ⊂ R9+n such that for ||η(0)||2 ∈ X1 we have
for all t ≥ T that ||η||2 ≤ δ. As argued in [8] this implies
|s̃| ≥ ε such that q̃ never leaves D(ε). Inspired by [8], we
now define the function

W (t, r̃, s̃, b̃) :=
(
1− s̃2)+2`srR(qe

b)b̃+
`

kI
b̃T b̃

where ` > 0 is a constant [16]. Under the condition |s̃| ≥ ε,
W is shown in [8] to satisfy

Ẇ ≤ −γ7||χ||22 + γ6θ
2||χ||2 · ||η||2 (31)

for some constants γ6,γ7 > 0 that are independent of θ. Next
we define the Lyapunov-function candidate V (t,η,χ) :=
U(t,η)+ 1

θ5 W (t,χ). Then

V̇ ≤−zT S(θ)z+
γ5(ρ,ν)

θ
||η||32

where we have defined the auxiliary state z := (||η||2;
||χ||2) ∈ R2, and the 2×2-matrix

S(θ) =

(
γ1− γ2γ4

θ
− γ3γ4+γ6

2θ3

− γ3γ4+γ6
2θ3

γ7
θ5

)
(32)

Considering the first-order and second-order principal mi-
nors of S, we get that S(θ∗)> 0 if

θ
∗ > max

(
γ2γ4

γ1
,

γ2γ4γ7 +(γ3γ4 + γ6)
2

γ1γ7

)
(33)

Hence, we can choose a θ∗ ≥ θ∗1 satisfying (33) such that
for all θ≥ θ∗ there exists an invariant set X2 and α3,α4 > 0,
where for all x ∈ X2 we have

V̇ ≤−α3||z||22−α4||χ||22 ≤−2λV

for some λ > 0, and the result follows by choosing X as the
largest invariant set such that X ⊂ X1 ∩X2, and application
of the comparison lemma, [25]. �

Remark 6. The translational motion observer is not a KF
since the state estimate update equation contains certain
nonlinear terms and the auxiliary state ξ. It has the attractive
feature that its error dynamics are accurately represented
by a nominal LTV system that is used as a basis for selec-
tion of the injection gain matrices using the formulas for the
Riccati-equation and gain matrix of the Kalman-Bucy filter.

Remark 7. In some cases when the parameter vector β in-
fluences all measurements in the same way, the variable β

(or at least some of its elements) can be eliminated from the
estimation problem by forming new measurements that are
differences between original measurements. This is known
as Time-Difference-of-Arrival (TDOA) measurements, e.g.
[18, 21], and can be employed in order to further reduce the
computational complexity of the estimator since an estimate
of β is not needed for most applications.

Since the LTV system (27) is slowly time-varying, we
can reap the benefits of solving the Riccati equation on a



slower time-scale than the estimator updates, roughly speak-
ing only when there is a significant change in the transpon-
ders’ LOS vectors due to the relative motion of the vehicle
and the transponders, or enabling or disabling some range
measurements. In many practical applications this can be
implementing by solving the algebraic Riccati-equation pe-
riodically at low rate. In the context of terrestrial GNSS this
relates to the dynamics of the satellites relative to the Earth,
and in the context of a surface ship on dynamic positioning
using hydro-acoustic positioning this relates to the motion of
the ship relative to the transponders at the seabed. Hence, the
proposed solution will in many typical applications not in-
cur much more computations than a fixed-gain strategy and
typically less than both a direct and indirect extended KF ap-
proach that would require updating of the covariance matrix
at a higher update frequency.

4 Experimental Results
Experimental data is acquired using a Penguin B fixed-

wing UAV equipped with a tactical grade IMU and GNSS
receiver. The inertial and magnetometer measurement are
available from an ADIS 16488 IMU at 410Hz, whereas
pseudo-range and carrier-phase measurements are supplied
by a u-Blox LEA-6T receiver at 5Hz. The pseudo-range
measurements are corrected for time of transmission be-
tween satellite and receiver, as well as the tropospheric delay.

Additionally, a similar GNSS-receiver at a known and
close location serves as a base station for a Real-Time-
Kinematic (RTK) solution for the UAV position. The RTK
position is determined using the open source program RTK-
LIB, and will be used as reference since the RTK position
is known to have decimeter-level accuracy, [3], since a fix
or float solution is achieved at every time during the experi-
ments. The flight trajectory is illustrated in Figure 2.

The nonlinear observer parameters are chosen as:
k1 = 0.25, k2 = 0.75, kI = 0.004, R = 0.12Im, Q =
blockdiag(0I3,10−10I3,2.5 ·10−4I3,1).

A Multiplicative-Extended-Kalman-Filter (MEKF) is
implemented for comparison. The MEKF integrates acceler-
ation and angular velocity measured by the IMU with global
ranges, see [5,6]. The attitude is represented as a unit quater-
nion, where the attitude increment ũ is included in the state
vector resulting in 16 states, i.e. xMEKF = [p̂e; v̂e; f̂ e; ũ; b̂b; β̂].
We note that the MEKF estimates f̂ e to be used as an ECEF
reference vector for the acceleration measurement in the at-
titude measurement model. The parameters for the MEKF
are: RMEKF = blockdiag(0.12Im,0.001I3,0.01I3) where the
six last elements correspond to the use of the magnetometer
and accelerometer as aiding sensors for attitude, QMEKF =
blockdiag(0I3,10−10I3,2.5 ·10−4I3,1,10−5I3,10−9I3).

It is interesting to note that the tuning of the TMO’s of
the nonlinear observers and the MEKF are compatible. The
diagonal elements of the covariance matrices Q and R can be
chosen based on the variances of the various measurements,
and the same values can be used in the NLO and MEKF. This
means that the nonlinear observer approach can take advan-
tage of the extensive experiences with Kalman-filtering.
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Fig. 2. Trajectory of the UAV.

4.1 Estimation accuracy
Experimental results where the position estimation er-

ror are shown for a part of the flight in Figures 3. The
position estimation performance of the proposed nonlinear
observer seen to be comparable to the MEKF, as shown in
Table 1. Two versions of the nonlinear observer are com-
pared, where the difference is related to the computation of
the time-varying gain of the TMO: A discrete-time version
where the TMO’s Riccati-equation is updated at the 5 Hz
GNSS frequency (denoted NLO) and a version where instead
the algebraic Riccati-equation is solved periodically at 0.003
Hz (denoted NLO-ARE). It is easily seen that their estimates
are very similar since the red and black curves are almost in-
distinguishable in Figure 3. Attitude estimates are shown in
Figure 4.

We remark that improved estimates could possibly have
been achieved by all methods by more realistic modeling
of GNSS pseudo-range measurement errors using Markov-
models. In order to keep the presentation and comparison
simple, we have chosen not to include this extension in the
present paper.

4.2 Computational load
The computational complexity of the proposed nonlin-

ear observer is compared to the MEKF by counting the av-
erage number of arithmetic operations (additions and multi-
plications) per second in Table 2. These results show that
the NLO and NLO-ARE computational loads are in avarage
23.6% and 21.6% of the MEKF, respectively.

The main difference in computational complexity is ob-
viously related to the use of fixed gains in the nonlinear atti-
tude observer. In addition, the TMO’s multi-rate implemen-
tation of the gain computations and Riccati-equation solu-
tions allows some computations to be saved. The MEKF im-
plementation runs at GNSS frequency, i.e. 5 Hz. On the
other hand, the two versions of the nonlinear observer up-
dates the gains either by solving the Riccati equation at 5Hz
(NLO) or an algebraic Riccati equation at 0.003Hz (NLO-
ARE). The differences in estimation accuracy documented



Fig. 3. Position estimation errors of nonlinear observer (red), nonlinear observer with ARE (black) and MEKF (blue). The RTK solution is
used as reference.

Table 1. Comparison of estimation accuracy, averaged over whole flight trajectory.

RMSE (x,y,z) STD (x,y,z)
NLO. 3.379 3.685 3.001 2.415 0.944 2.811
NLO-ARE 3.046 3.737 3.053 2.256 0.971 2.727
MEKF 3.475 3.715 2.983 2.461 0.959 2.858

Table 2. Numerical comparison of computational complexity. The values are average number of artihmetic operations per second.

MEKF NLO NLO-ARE
Mult. Add. Mult. Add. Mult. Add.

Attitude observer prediction (410 Hz) 82000 102500 8200 4920 8200 4920
Attitude observer correction (410 Hz) 81180 77080 54940 41000 54940 41000
Attitude observer gain computation (410 Hz) 147600 137760 − − − −
TMO prediction (5 Hz) 10845 10280 10845 10280 10845 10280
TMO correction (5 Hz) 7750 7275 7750 7275 7750 7275
TMO gain computation (5 Hz) 4250 4875 4250 4875 − −
TMO gain computation (0.003 Hz) − − − − 3 3
Total 333625 339770 85985 73270 81738 63478

in Section 4.1 strongly indicates that no significant loss of
estimation accuracy results from updating the Riccati equa-
tion at 0.003Hz versus 5Hz.

5 Conclusions

Position estimation based on pseudo-range and range-
rate measurements is an inherently nonlinear problem. In
order to design an estimator for fusing the pseudo-range and
range-rate measurements with inertial and compass measure-
ments, we have designed a nonlinear observer where the only
linearization is made with respect to the pseudo-range and



Fig. 4. Estimated attitude of nonlinear observer (red), nonlinar observer with ARE (black) and MEKF (blue).

range-rate measurement equations. The resulting observer
is semiglobally exponentially stable with respect to attitude
and gyro bias initialization errors, and locally exponentially
stable with respect to position, velocity and acceleration ini-
tialization errors. The practical validity of the linearization is
strongly motivated by the fact that a computationally simple
analytic formula can be used to explicitly solve the pseudo-
range equations in order to accurately initialize (or reset, if
necessary) the nonlinear observer position and velocity esti-
mates. Experimental results show that the accuracy can be
comparable to an MEKF.

A key feature of the method is a time-scale separation
that allows different observer blocks to be updated at differ-
ent rates:

1. Instantaneous resetting of position and velocity esti-
mates using an algebraic solution to the pseudo-range
equations during initialization or change of transponder
configuration. This approach justifies that only a local
region of attraction may be required for the position and
velocity estimates due to the good initialization accu-
racy.

2. Attitude estimation using a Riccati-free fixed-gain non-
linear observer, including gyro bias, on a fast time-scale
driven by the sampling rate of the IMU and magnetome-
ter.

3. Estimation of position, velocity, acceleration and er-
ror parameters for the pseudo-range measurement sys-

tem, using a nonlinear translational model observer with
time-varying gains operating on a slower time-scale
driven by the sampling rate of the range and range-rate
sensors.

4. Computation of slowly time-varying gain matrices for
the translational motion observer using a Riccati equa-
tion. These computations are made on the slowest time-
scale driven by the change in relative position between
the vehicle and the transponders, and for many appli-
cations it may be implemented by solving an algebraic
Riccati equation periodically at low rate.

The time-scale separation can be directly exploited for com-
putational efficiency in a multi-rate discrete-time implemen-
tation.
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Appendix A - Proofs
Proof Lemma 3. It follows by Taylor’s theorem that

ey,i =

(
p̂e− pe

i
ρ̂i

)T

p̃+ζ
T
i β̃+

1
2

p̃T Ȟi p̃ (34)

where

Ȟi =
1
ρ̌i

I3−
(p̌e− pe

i )(p̌e− pe
i )

T

ρ̌3
i

(35)

where p̌e is on the line between p̂e and pe, ρ̌i := ||p̌e− pe
i ||2.

The bound on εy,i follows using the triangle and Cauchy-
Schwarz inequalities.

Applying Taylor’s theorem also gives

eν,i =
(p̂e− pe

i )
T

ρ̂i
ṽ+

(v̂e− ve
i )

T

ρ̂i
p̃+ϕ

T
i β̃

+
1
2
(p̃; ṽ)T

(
J̆i H̆i
H̆i 0

)
(p̃; ṽ) (36)

where H̆i is defined similar to (35), and it is straightforward



to show that

J̆i =
1
ρ̆3

i

(
(p̆e− pe

i )(v̆
e− ve

i )
T + p̆e− pe

i )
T (v̆e− ve

i )I3
)

− 3
ρ̆5

i
(p̆e− pe

i )(p̆e− pe
i )

T (p̆e− pe
i )(v̆

e− ve
i )

T

were ρ̆i = ||p̆e− pe
i ||2 for some p̆e on the line between pe and

p̂e, and v̆e is on the line between ve and v̂e. The bound on εν,i
follows using the triangle and Cauchy-Schwarz inequalities.
�

Proof Lemma 5. In order to characterize the null-space
of C, let Z ∈ Rn×(n−k) have n− k columns that forms an
orthonormal basis for the null-space of DT and Y ∈ Rn×k

have k = rank(DT ) columns that forms an orthonormal ba-
sis for the range-space of DT . It follows that DT Z = 0 and
rank(DTY ) = k. Consider a vector x = (x1;x2;x3;x4), where
x1,x2,x3 ∈ R3 and x4 ∈ Rn. Let x4 = Zx4Z +Y x4Y where
x4Z ∈ Rn−k and x4Y ∈ Rk. The vector x belongs to the null-
space of C if Cx = 0, which is equivalent to M ·(x1;x2;x4Y ) =
0 where

M =

(
GT 0 DT

pY
BT GT DT

v Y

)

From Assumption 6 it follows immediately that M ∈
R2m×(6+k) has rank 6 + k and 2m ≥ 6 + k. From M ·
(x1;x2;x4Y ) = 0 it follows that the null-space of C is char-
acterized by x1 = 0,x2 = 0,x4Y = 0 while x3 and x4Z can be
arbitrary.

Now, consider a singular value decomposition C =
USV T , where the Moore-Penrose pseudo-inverse is given by
C+ =V S+UT , cf. [26]. From the characterization of the null-
space of C, we have

C+C =V S+SV T = blockdiag(I3, I3,03,J)

for some matrix J ∈ Rn×n, and we get LθC+C = C+CLθ

due to both C+C and Lθ sharing the same block diago-
nal structure. The result follows from EθC = CLθC+C =
CC+CLθ =CLθ since the Moore-Penrose pseudo-inverse sat-
isfies CC+C =C, [26]. �

Appendix B - Observability analysis
In this appendix we study the observability Gramian

W (t, t + τ), where we have assumed without loss of gen-
erality that R = I. The state transition matrix Φ(T ) = eAT is
straightforward to compute

Φ(T ) =


I3 T I3 (T 2/2)I3 0
0 I3 T I3 0
0 0 I3 0
0 0 0 In



We get the following expression

C(T )Φ(T ) =

(
GT T GT T

2 GT DT
p

BT T BT +GT T 2

2 BT +T GT DT
v

)

Let N(T ) := Φ(T )TCT (T )C(T )Φ(T ) ∈ R(9+n)×(9+n) be the
integrand of the observability Gramian. It is instructive to
consider some special cases.

Special case: Only range measurements, no pseudo-
range error parameters β.

Consider the case when n = 0 and there are only range
measurements (i.e. no range-rate measurements). Then

C(T )Φ(T ) = GT
(

I3 T I3
T 2

2 I3

)
We get N(T ) = Ξ(T )⊗GGT , where ⊗ denotes the Kro-
necker product, and

Ξ(T ) =

 1 T T 2

2
T T 2 T 3

2
T 2

2
T 3

2
T 4

4


We have W (t + τ, t) =

∫ t+τ

t Ξ(T )dT ⊗GGT . We observe
that while Ξ(T ) ∈ R3×3 has rank one, it is straightfor-
ward to prove that rank

(∫ t+τ

t Ξ(T )dT
)
= 3 for all τ > 0.

Consequently, with three linearly independent transponder
positions forming G, we have that rank(GGT ) = 3 and
rank(W (t+τ, t)) = 9 since rank(A⊗B) = rank(A) · rank(B).

Special case: Only range measurements, with receiver
clock bias.

In this case n = 1, and Dp = (1,1,1,1) since the receiver
clock bias is the same for all measurements made by the sin-
gle receiver. In this case W (t + τ, t) ∈ R10×10. Compared
to the previous case, it is straightforward to see that a fourth
transponder is needed such that GGT ∈R4×4 has full rank in
this case.


